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PREFACE 

Spectral theory was considered first by D. Hllbert about bounded 
symmetric operators on a sequence space. J. von Neumann made this 
spectral theory take a new form* He generated this theory to un- 
bounded symmetric operators, defining abstractly the Hilbert space. 
In this new style spectral theory was discussed by many mathematicians: 
P. Riesz, M. H. Stone, etc. 

On the other hand a spectral theory was born in semi-ordered li- 
near spaces* as an a Detract ion of the spectral theory in the Hilbert 
space. This spectral theory is constructed by means of generated, 
Stieltje*s integral, considering every spectrum as a continuous one. 
On the contrary there is another type of spectral theory established 
by the author, which is constructed by means of generated Riemann in- 
tegral in topological spaces considering every spectrum as a point one* 
This new spectral theory is explained precisely in Volume II of this 
Series, Modern Spectral Theory, Tokyo (1950), in the name of the second 
spectral theory. The auther has remarked in an earlier paper, Bine 
dpeJttraltheorie, Proc. Phys.-Math. Soc. Japan, 2)(l94l) 485-511, that 
this spectral theory also is applicable to the Hilbert space, but it is 
not well known. The purpose of this book is to make this new spectral 
theory revive in the Hilbert space. 

In this text spectral theory is constructed firstly about elements 
of the Hilbert space, and as its application, we consider the *{ctral 
theory of the normal operators. Furthermore, by means of this new 



ii 

spectral theory, we can discuss not only the mean ergodic theorem ob- 
tained by J. von Neumann, but the individual ergodic theorem obtained 
by J. D. Birkhoff , as a problem in the Hilbert space. Readers will 
be more interested, if they read this text, comparing Volume II of this 
Series, 

This book was written during 1950-51 as Volume IV of Tokyo Mathe- 
matical Book Series. But financial difficulties made it impossible 
to publish this book. Recently I have obtained financial help from 
Education Ministry of Japan, and it has become possible to publish this 
book. I express my warmest thanks to those who have made effort to 
publish this book. 

Sapporo, June 24, 1953 
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INTRODUCTION 

We can modify objects for consideration, and we obtain a notion of 
spaces . Let ft be a space. fiacji object modified by R is said to 
be a point or an element of R. * We shall define a, K. or R ? <t to 
mean that a is an element of R 

For two spaces A and , a correspondence Oi , which assigns to 
every element * R an element 0i(x ) 6 , is called a mapping of & 
into $ , and Oi ( X ) the ima^e of X by ^ . 

Let ft be a space. A mapping A of R into the space { , ( 
c^moosed of two elements 8 and , is called a set of R . For a 
set X of> A we d fine x 4 A or A * X to mean that corresponds to 
X by /4 f and * ? X or X 5 X to mean that correaponds to * by A . 
We shall say that a set A contains an element * , if * * ,/4 , and that 
a set ,4 does not contain an element % , if x A* A set, which 
does not contains every element x of R , is called the empty set, and 
denoted by A set, which contains every element of R , is called 
tne whole space, and denoted by R . 

For two sets A and 6 , we define A C B or 3 o A to mean that X A 
implies X 8 . We shall say that A includes & , or that 8 is a 
subset of X , if 8 ^ With this definition, we have obviusly that 
C A C ft f or ev8rv 8et A of R . 

For a condition (*) about at C j? , we shall denote by 

{ x : c(x) y 

the set which contains X if and only if COO is satisfied. For a 
set A of R , we define the complement ^ of ,4 as 

/'= lx : x? A \. 

With this definition, we have obviously fr" = A 

Let /I be an other space. Considering every set of R as an 
element, we obtain a space of sets of R. A mapping /4 X ( \ A ) 
of A into the space of sets of R is called a set system. For a 

set system Ay. ( * * A ) we define the union ~ /U * mean 

M/t 

J51 ^ = { X ; X A A for some X < /! j , 
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and the intersection Tl A*, to mean 

7T A. = I x ' X 6 /t x for all A 4 /I K 
With this definition we have obviusly 

*'or a set sequence A^ (v = 1, 2, ...) ve may write 



For two sets A and 5, if /4 :> Bi then we denote /4 &' by /| ~ 8 , that 
is, 

X- 8 = ix : ^^>)/ *?g} 

As a method for infinite process we are permitted to make use of 
the following axiom due to Zermelo: 

Choice Axiom. For any space fl, we can find a mapping of the space 
of seta of R into the space ft such that every set /) of contains the 
imago of A if A * 0. 

By virtue of Choice Axiom we can prove the following theorem due 
to Zorn: 

Maximal Theorem > Let C( ** t*a >**) be a condition for 
every finite number of elements x,, K, (* = 1| 2,..., K). This con- 
dition C is said to be satisfied by a set A of R , j C(x ( 9 ..., *) 
is satisfied for every finite number of elements T(.^^ A (f = 1* 2,...jx). 
If there is a set /\ of R by which C is satisfied, then we can find 
a maximal set f( of R -by which ff is satisfied, that is. there is po 
other set including A by which ff is satisfied* (C.f . Introductioh in 
Volume II or III in this Series: H. Nakano, Modern spectral theory, or 
Topology and linear topo logical spaces.) 

For two spaces #. and 5 , a mapping at of R, into 3 is said to tie 
a one-to-one correspondence between R and S , if for every different 
elements X , R , the images <?L(X) and 01 fy) are different, and 
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for any * no can find * R for which a Ol(x). For a one- 
to-one correspondence Ol between R. and <S , putting 

* i(}) for # = *(*), 

we also obtain obviusly a one-to-one correspondence between and R . 
This one-to-one correspondence 4 is called the inverse of Oi and denoted 
by Oi" 1 . Concerning the inverse 0l -l , we have obviously by defini- 
tion 



X = <3C*(oi(x.)) for x*R; ^ = <&(<*"()) for # .$. 

If a set /I of R is not the empty set, then we can consider A 
itself as a space of all elements x A . For two sets A , B dif- 
ferent from the empty set, if there exists a one-to-one correspondence 
between A and 5 considering A and 6 as two spaces, then we shall say 
that A and B nave the same density, or that the density of A coincides 
with that of B i and we write A ~ 8* With this definition, we see 
easily that A ^ A for every set A ^ ; A ~~ 8 implies B ~A > and 
A ~ S i B ~ C implies A ~~ C. Thus we obtain density classes, i.e. 
every two sets in the same density class have the same density, and every 
two sets in different density classes have different densities. This 
density classes will be called cardinal numbers. We define further 
by the cardinal number of the empty set. Cardinal numbers may be 
called often densities. 

For two cardinal numbers w and w , we define * ^ ** or ** < ** to 
mean that we can find two sets A and B such that w ? /4 :> 5 6 'f* 
With this definition, we have obviously that ** -H-, ** $p implies 
<** 3 , and p < ?i for every cardinal number p and the cardinal 
number R of R. . Furthermore we have the following theorem due to 
Bernstein: 

Theorem. **,<*!>*'**!' implies * = -H . 



Proof. If in. ^ tt , n, $ -HI, then we can find by definition ^ , 
,4, 4*1 and 6^ c ^ such that >4 D 6, DA. Since >4 , X, ^ there 
exists a one-to-one correspondence Oi between A 9 and A\ For each 
set X C A a , putting 
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we have obviously 01 (x) C A<* Thus, putting 

A* = 0l(A^> &* 0t(B--i) f r " ^ 1 2,.., 
we have >4 a :> J3 ^> ^ t D B|^^ 4 t> &,.}> a*^ 



<7t( B,,.., - ^ ) 
for every v = 1, 2,... . Since 



B. = ft *--..{ (&-,- /*-) + (/<.-- BJ}, 

Vat i.3| 

putting 

01 (x) for x 51 ( A,.,- B,,. 
* for x 2^ (B*-t->IJ 

we obtain a one-to-one correspondence between /^ and 8, , and 
hence -fv = -H 

If a set x4 of K. is infinite, that is, if A contains an infinite 
number of elements, then the density of A is said to be infinite, or 
we shall say that the cardinal number of A is infinite. For a set 
A of K. , if there exists a one-to-one correspondence between A and 
the totality of natural numbers, then the density of A is said to be 
COUR table, and the cardinal number of the countable density is denoted 

Theorem. ^ o is the least cardinal number among the infinite 
cardinal numbers. 

Proof. Let A be a set of an infinite density, and a x X 
( ^ X C Rj be a mapping by Choice Axiom. For an element <X 6 A , 
putting 

we can find by induction a sequence OL,, * A (v = 1> 2,...). Thus we 
have by definition $ 5 4 for the cardinal number C^ of A 

Let x { x A ) be a system of cardinal numbers. For a set 
A^ \ ( X A ), we obtain a sj.ace A of elements 



(A , *) for x A , % e /4 X - 

If there exists a set A of & such that we can find a one* to-one cor- 
respondence between A and A , then for the cardinal number ^ of /) 
we shall write 



If /I is a set of R with the cardinal number A and x = <W for all 
X 6 A , then we shall write 



With this definition, we see easily that **,w> = /fm*, and (*****') = 
i*f,( 4* ) for cardinal numbers -W, i* , . 

Theorem. ^ = for every infinite cardinal numbey \ 

Proof. Between two spaces (i',/*) (^,^*=1, 2,...) and \ 
(X = 1, 2,...), putting 

^- 1)4- k (i/, 4 = 1, 2,... 



- 

we obtain a one-to-one correspondence. Thus we have ^ 9 1> = ^ fl by 
definition. 

If a cardinal number is infinite, then for a set A we can 
find by Maximal Theorem a system A^ # Q ( *- A) sucn that 

A * <fah> A*A? = for x*f. 

A t A 

Thus there exists a cardinal number -m for which T =s ^ O -HI-, and hence 



A space R. is said to be linearly ordered, if for overy two .elements 
X i R it is defined x. < y. or ^ ^ x such that x < j , ^ ^ Z. im- 
plies it ^ Zjand x-^J, ^^X implies x = ^ . A linearly ordered 
space R is said to be well ordered, if every ?^ A * of R. contains 
the minimum element, that is, if there exists ex A such that ex 5= X for 
every X A . 

Zermelo proved by Choice Axiom that every space may be well ordered. 
We shall prove now however this theorem by Maximal Theorem. Every fi- 
nite set may be obviously well ordered. We consider the totality of 
well ordered sets of R . For two well ordered sets A and 6 , we 



shall say that A is a section of 8 > if X c 6 ; x < # in A is equi- 
valent to * 3 in 6 for every x, # /4 ; and x for x/4, 
J B - A By virtue of Maxi*ial Theorem, we can find a maximal sys- 
tem flt of well ordered sets of R subject to the condition: for every two 
sets of W, one of them is a section of the other. Then, putting 

^ = y X , we obtain a well ordered set A such that every X WC is 

X77t 

a section of X . Furthermore we have A - R . Because, if A * R> 
then for an element a. R A . putting x < & for every x /4 , we ob- 
tain a well ordered set i A , a } such that every X 7/t is a section of 
{/A, a}, and it is evident [A , M 6 T/T , contradicting the maximality 
of W. Thus R may be well ordered. 

Let R be a well ordered space. We shall prove that for any 
set A $ of R there exists a section of R which has the same densi- 
ty with A . We can assume obviously that the density of A is dif- 
ferent frorc that of R . We consider one-to-one correspondences ft x 
between a section X of R and a subset of A By virtue of Maxi- 
mal Theorem, we can find a maximal system Trr of one-to-one correspon- 
dences Ct K such that for every tflxti ^x t * ^> one f *t and X z is a 
section of the other and ^x,( x ) = ^x t ( x ) f r every x X, Xi. For 
such a maximal system W? , putting 

X = 5". X, ft (x) = 0l x (x) for *X, 

ft** W 

we obtain a one-to-one correspondence 0i Xo of a section X of R and a 

subset of A , and we have tfi Xtf * Trt by the maximality of #T. Since 

the density of A is different from that of R , we have obviously X *R 
If 0i Xp (xJ * /4, then for an element OL 6 /4 - ^ Xo ( X ')> putting 

^{X,, *}(*) = ^X/*) for eveiy x ^ X a 

and 01, .(X,,) = a for the minimum element X of R - X<, , we obtain a 
A > *oi 

one-to-one correspondence ^^x ,x # J^ a sec tion* { X , x, f of R and a sub- 
set of X, and it is obvious that Oi , v _ ,^ftt contradicting the maxi- 

* *0 I ^f 

mality of ^T. Thus we have ^ = tfl x (X d ). 

For every section X =* R of R , denoting by X x the minimum ele- 
ment of R - X , we have obviously X K ^ Xy if and only if X C Y. 
Therefore we can state 
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Theorem. For every space # , the totality of cardinal numbers 
in /^ is a well ordered space. 

Concerning topology, we shall make use of notations and termino- 
logies in Volume II or III in this Series. But, in this text, we 
need only be aquainted with elementary properties as stated in Intro- 
duction in Volume II : Modern spectral theory. 

Concerning complex numbers, we shall make use of usual notations: 
for a complex number d, , we denote by ft<rf the real part; by *yo< the 
imaginary part; by o? the conjugate complex number; and by |oc| the ab- 
solute value, i.e. 

X = K* + I CM 9 3 = #<* - i 7<* * 
let I = {(*)*+ CfoO* = v/^5 

The space of all complex numbers is called the complex plane and 
denoted by Gf. A topology is defined on the complex plane in usu- 
al sense: the system of point sets 

{ $ : | ? - o( | < I- for all > , o< & 

* 
constitutes a neighbourhood system. 

Let R be a topological space. A mapping <f of R into the 
complex plane Q- is called a function on R If the function va- 
lue c?(x) is real for every X R , then <f is said to be real valued, 
A function f on R is said to be continuous at a point * #, if for 
any > we can find an open set A * * such that 

!?(*)- ?(*)!< for every X*/l. 

A ftuiciion ^ i 9 said to be continuous in a set ^ C /^ , if ^ is conti- 
nuous at every point of A We may often consider a function <-f 
which takes the infinite point oo as a function value. In the case: 
<f (**) = oo , <f is said to be continuous at X fl > if for any > we 
can find an open set A * * such that 

|<?(x)l> for every x /4 , 
considering | oo | = + oo . 



HILBERT SPACES 

1 Linear Spaces 

A space R. is called a commutative group, if for every two elements 
4 e /I we have a, + 4 $ & such that 



l 0. +4 - 

2) (<X-f)-t- C = 0- 4- (^-t C ), 

3) for any & , 4 R we can find C e ft such that O, = - - C . 
Such an element C R is uniquely determined. Because, if 

<X = ^ + C = + ', 
then we can find by the postulate 3) t d R such that 

C = C'f o(, C' = *+ C, 
and we have by the postulates l) and 2) 



= C'^ fl( 3 C . 

Therefore we denote such C R by <X -^ . Thus we have 



0. = ^ -t- (a,- 4) for every it, ^ 6 K . 

Especially ^.= ^-t-(^--^), and hence we have by l) and 2) 
a <* + <-*-*)) + (*-/) 

-(-/*(-^))+ (^ -/) + (/-/). 
By the uniqueness of a. ^. we conclude therefore 

a - A = ^ - - for every a , ^ ^ ft 
that is , for every a 6 8, we obtain the same element a a . This 
uniquely determined element a.- 61 is called the zero element of R 
and denoted by 0. 

For each element <x of a commutative group /^ we define - O. to 
mean Q -a. With this definition, we have -(-a) = <X, because 

= 0. t (- Cu) = (- a) + (-(-*)). 

Since <+ (cx+ (-<)) = <v-f (^H- (-^)) = a 4- (7 = (X, we nave 
a + (-4)=a-- for every (X, 4 R . 
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A commutative group R is called a linear space, if for every d. K. 
and complex number o< we have o< a. R such that 



4; 

5) 
6) 
7) la = a. 

Since <? (X * 0- = & by the postulate 3)1 we have o & = for every 
OL fl . Therefore we have by 5) and ?) 

(X * (-l)<X = Oa = , and hence (-l)a * - <L. 
Furthermore <* (a- f) * * <x - of ^ for every 0- , 4 R t because 
o< ((X- ^ ) s ot(cx + (-4)) = o/a^< (-1)^ s o( a-o/^. 

Let R be a linear space in the sequel. A set of R is called 
a manifold of R , if it is not the empty set. A manifold A is said 
to be linear* if (X , 4 t A implies *t fr + f><t A for every complex 
numbers o< , jS . 

For a manifold A of R , an element a R is said to be a linear 
combination from At if we can find a finite number of elements x*, A 
and complex numbers <^^ (i/ = 1, 2,...,>t) such that 

*. 

a = ^1 <*,*,,. 

t-af 

We see easily that the totality of linear combinations from A consti- 
tutes a linear manifold of R . This linear manifold of R. is called 
the linear manifold generated by A It is evident by definition 
that the linear manifold generated by A is the least linear manifold 
including A . 

A system ax6K.(>-6/\) is said to be linearly independent, if 
every one is not a linear combination from the others, that is, if for 
a finite number of elements X^tA and complex numbers c^ u ( t- = 1, 2, 
-,*) 

,21.0^ a x . = implies o*,, = fftr every v/ = 1, 2, ,*. 

i-s I 

Functions on a linear space R are called functionaj.g on R . A 
functional ^ on R is said to be linear, if 
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for every elements X , jf R and complex numbers c* , ft 

For two functionals V , V on R and complex numbers erf , , we 
define a functional &<f 4 (Jif as 

(<X<?+ p^)(x) = oi <jp(x) + (S V (x) for xfR. 

With this definition, we see easily that the totality of linear func- 
tionals on R constitutes a linear space. 

A functional ff on R is said to be anti-linear, if 



for every elements x , R and complex numbers c* , , that is, <f 
is anti-linear, if and only if, putting <f (x) = <f (x) for every x R, 
we obtain a linear functional ^ on R . With this definition, we 
also see easily that the totality of anti-linear functionals on R. con-* 
stitutes a linear space. 

2 Normed Spaces 

Let R be a linear space . A functional II -?c II ( * R ) is called 
a norm on R , if 

1 ) 0$MXii<-foo for every X R , 

2 ) H * X || - | o< | }t x il for every complex number cX , 
3) II. X + II II X II 4- II II , 

4) llxit ~ implies x = . 
A linear space associated with a norm is called a normed apace. 

Let R be a normed space in the sequel. A sequence (X^e R. (^ = 
1, 2,...) is said to be convergent to a limit <x R and we shall write 

lirn^ a, = a, 
if lira fl a, - aft - If a sequence a^ 6 R, ^= 1, 2,...) is con- 

V > 

vergent, then its limit is determined uniquely. Because, if 
^limja,,-*!! = ,linJia.,-4!! 0, 

then we conclude Ha.- ^H * by 2), 5), and hence a 2= ^ by 4). 
Concerning convergence, we can prove easily 
Theorem 2.1. J Urn a., = a, lim^-l, s I , then we have 
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lim 0*0,,, 4 j&A,) = oX + $4 

for every complex numbers o* , (3 . If lirn^ a^ = & , lim ot^ = o^ , 
then we have lim o<,,a.,,= o( ft. 

f * -ow H 

From the postulates 2) and }), we conclude at once 

I H * I! - II # II I II x - II . 
There to re we have 

Theorem 2.2. ^lirn^ a. = (X implies lifjlaj/ = fl <x||, 

A manifold A of R is said to be closed , if lim a^ = (X , a** 6 A 
(i/ = 1, 2,...) implies a 6 A . With this definition, we see easily 
that for any two closed manifolds A , 6 the union A 4- 6 also is closed, 
and that for any system of closed manifolds A^ (x A ), the intersec- 

tion ~T[ A\ also is closed, if it is not empty. 
XM 

Theorem 2.J. For a closed linear manifold A of R, if a >4. 
and x p -fo( k a.(* / = l, 2,...) is convergent for a sequence of elements 
and complex numbers x ,, /4, c* ^ ( i^ = 1, 2,...), then both sequences K.^ 
and oi k (i/= 1, 2,...) are convergent. 

Proof. If ^lirn^ (*.>, + ^a) = ^, x fr A (f = 1, 2,.,.) then 
el,, (^ = 1, 2 ,.<) is bounded. Because, if lim Jo^ | s -* <x> for a 
subsequence <^^ (^u=l, 2,...), then we have by Theorem 2.1 



contradicting the assumption: o^"i A and /4 is closed. Therefore 
every subsequence from c>^ ( i/ = 1 , 2,...) contains a convergent subse- 
quence. Furthermore, for every two convergent subsequences c*^ , 
V,, (^ * 1, 2,...), putting 

dL = lim o^ Ml . , * lim of , 

^ i/^c /^^ ' r ^-*o g t ' 

we have by Theorem 2.1 



Since >) is a closed linear manifold by assumption, ire obtain hence 

X 5 .IjJ". V- - ^ *r,, - (P - *) , 

and consequently <* = (S , because a ? /4 Thus we conclude that 
<^ w (i/ = 1, 2,...) is convergent, and hence X^ /I (^ a 1, 
convergent by Theorem 2.1. 
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Prom this Theorem 2.3 we conclude immediately 

Theorem 2.4- If a linear manifold A is closed, then for any 
<X- ? A i the linear manifold generated by { <x , A \ is closed, 

We see easily by definition that the intersection of a system of 
closed linear manifolds also is a closed linear manifold. Therefore 
for any manifold A there exists tne least closed linear manifold in- 
cluding A This least closed linear manifold is called the closed 
linear manifold generated by A 

For two manifolds B C A of R. , we shall say that 8 is dense in 
A , if for any <x A we can find a sequence 4* t B (^ = 1, 2,...) 

such that lira - d. With this definition, we have 
* ** * 

Theorem 2.5* The linear manifold generated by a manifold A is 
dense in the closed linear manifold generated by /. 

Proof* Let 6 the linear manifold generated by A , and C the 

closed linear manifold generated by /4 . It is evident by definition 
that B C C . Let C, be the totality of elements x R. subject to 
the condition: lim ^ = X for some sequence ^B(i^ = l, 2,..) 
Then we see easily by Theorem 2*1 that C is a linear manifold includ- 
ing 5 . Furthermore we see easily by definition that C is closed. 
Since C must be included in C by definition, we conclude hence that 
C. -C. 

A sequence <X t R> (^= 1 , 2,...) is said to be a Cauchy sequence 

if for any > we can find j^ such that 

n <X * - a,* || $ for * , /* 3 4f 

that is, if lim || a,, -a^H- # It is evident by definition, 

K, ^V*. -** ~ 

that every convergent sequence of elements is a Cauchy sequence. A 
manifold A is said to be complete . if every Cauchy sequence O-^ A 
(is 1, 2,.*.) ia convergent to a limit contained in A * 
With tnis definition, we have obviously 

Theorem 2.6. Every complete manifold is closed . 
Furthermore we see easily by definition 

Theorem 2.?, For a cororlete manifold A and a closed manifold 



2) Normed Spaces 13 

B , the intersection A B ia a complete manifold, if it is not empty. 

Theorem 2.8. If a linear manifold A is complete, then for any 
Q ? A the linear manifold generated by { <x , /( V Is. complete. 

Proof. For x* >| (is = 1, 2,...) andctXif X,, + * a. 
( = 1, 2,...) is a Cauchy sequence, then ve have by definition 

Since A is closed by Theorem 2.6, ve conclude from 0c A by Theorem 
2.3 that 

lim ( X* - xp s , lim ^ (<**, - oj^) (7 . 
Since A is complete by assumption, ve see that both K^ A and <*V 
are convergent, and there exists x *>4 for which lim * = x 
Thus ve have by Theorem 2.1 

lim (x* + oC00 = x -f (ijjn^ot^) (V . 

From this Theorem 2.8 ve conclude immediately 

Theorem 2.9^ The linear manifold generated by a finite number 
of elements is complete. 

For a sequence & ,(" = 1, 2,...), ve shall say that a series 
21 0~\, is convergent vith sum 0u, and vrite 

OL = 2^- fl-i" > 

Hr I 

if lim ^".. CL.H A. With this definition, ve see easily by Theo- 
rem 2.2 

0*>_ 99^ 

if x> Ot^ is convergent. 

Theorem 2.10* If a normed space is complete and 

21 H CX^ (i < +00, 
then 21 &i/ is convergent. 

Proof. If j?L (I a^ ||< + oo, then ve have 



lim 22. ^ U . 



2I ^ | 



Since tl 21 ^ II 22- H O. v II > we obtain further lim H X ^ II ^ 
Since R is complete by assumption, ^L Ct v is hence convergent. 

I'Xl 
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3 Adjoint Spaces 

Let 8 be a nonaed space. An anti-linear functional ff on R 
is said to be bounded, if 

sup | <f (x) I -c * oo . 

x%1 

Denoting by R the totality of bounded anti-linear functionals on R , 
we see easily that R constitutes a linear space. Furthermore, put- 
ting 

(1) Hall sup |*(x)I (aR), 

H fc ll ^j I 

we can prove easily that R also is a normed space. This norned 
space R is called the adjoint space of R. 

Concerning the norm of the adjoint space R of R , we have obvious- 
ly by the definition (l) 

(2) Hall = sup J^i U*R), 

<?*** J|X H 

and hence we have 

(5) | 



Every bounded anti-linear functional <f is continuoua. i.e. 
lim X^ = X implies lim <?(%) = ?(^), 

V-00 * I, 

because we have by the formula (j) 

|y(xj- ?(x)|g imiiix,,- xn d/ i, 2,...). 

Conversely) if an anti-linear functional <f is continuous, then 
<f is bounded. Because, if <f is not bounded, then we can find by 
definition a sequence x, R. (^ = 1| 2,...) such that 

B*.,lll, l*f(Xv)l g 2 k (v = l, 2,...), 
and then we liave 

^lim^ -jp*,, = 0, iy(-p X ^ISi (i/= 1, 2,...), 
contradicting that <f is continuous. 

Theorem J.I. The adjoint space R o R is complete.. 

Proof. If liy^na^-S^a = for a sequence a.,* R (^ = 
1, 2,...), then we have by the formula (3) 

^UmJO^x)-- (*)! = for every X 6 R. 
Thus, putting 

<f (x) = lim Cl^X) (X * R), 
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we see easily that *f is an anti-linear functional on R . Further- 
more we obtain by (5) for every /u = 1, 2,... 

| r (x)- ?(x)( |l *(( lim || a^- 5^11 for every x * . 
From this relation we conclude that <f is bounded, that is, <f 6 R , 
and we have 

ll a r - <? H i^ H 5^ - (/*= i, 2,...). 

This relation yields 

lim /| ZL*-<f II <?. 
^ 
Therefore is complete by definition. 

Theorem J.2. For a system of bounded anti-linear functionals 
5L X *R (X A) 2n H, i 



sup | civU) I < -f oo for every x R , 

A /\ 

and R. is complete, then we have 

sup /| a x II < +00. 
** A 

Proof* If sup || a A || = t <* , then we can find by definition 

" " X 4 A 

X^ A and X^ R, (*= 1, 2,...) such that 

11X^11=1, IS^UJI^ 2 Z " (/= 1, 2,...). 
Then, putting 

& = 4^ ^ ^w = -jr ^i/ (v/ = i, 2,... )^ 

we have 

I (*>>! ! ll^tf -JTT (w = 1, 2,...)> 

lirn^ ^(x) as for every X R, 

lija^ ^(^y-) - for every v/ = 1, 2,... . 

Therefore we can find a subsequence ^ (/u-= 1, 2,...) such that 

Uy (^,-t- ^%. l )l< -y, 

i-L,<Vi* i^ for f ^^- 

Then we have obviously ^T^ \\a^ |j< V" 4^ = lj **** hence we can I 311 * 



^T^ \\a^ |j< V" ^ = lj 
/*t r^ 1 * r^T 2 



because R. is complete by assumption. For such ex. ^ 8^ we have 

I Jx(>l- l-J^ (a., -c ...+^.,)l 
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for every At =1, 2,..., contradicting lim 1^(^)1 - 0. 

l f*- r 

A sequence a,, R (v = 1, 2,...) is said to be weakly convergent 
to a limit a R , if 

lim a,, (*) s Z (*) for every x & , 

t *^ * 

and then we shall write 

w-i^ a, s a. 
Since la k (x)-a(x)ls lla,,-0t II Hxll by (5), we see that 

lim 5^ = a implies w-lim (Xj, = a 

|r -4** V >" 

Furthermore we conclude likewise 

Theorem 3.3. lim = ^ , lim a^ = O, implies 

- " " ' - "" 1 1 ^ -* v-*o . 

^lim^ a^aj = a (a). 
Theorem 3.4. *-lira 5^ = a- implies lim fl a^ll ^ lloLll. 

' r t-**o w>.* 

Proof > For every % 6 R. ve conclude from assumption by (3) 

|o,(x)| = lim I5^(x)| ^ lim ii 
"-* r^5To 

Thus we obtain by definition II 5, II ^ lim || cL II . 

r^rs. 

Theorem 3*5- I R is complete, then 



implies lim <x k (<*,) = 5(0c). 

Proof. If R is complete then we see by Theorem 3*2 that 

implies sup ft a* (I < + o* . Since 

< II a,,- alllia^n + I a,, (a)- a (a) I , 
we conclude hence that v-lim^ a+ = 5 , lij^ (X^ = a implies 

lim^ a^CaJ * a (a). 

A enifold A of X is said to be fundamental, if the closed li- 
near manifold generated by A coincides with the whole space R . 
With thie definition, it is evident that if a manifold A is dense 
in &, then A is fundamental. 
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Theorem 3.6. For a fundamental manifold A of R and a sequence 
5,,R.('lf2 f ..), jif 5^, (*) (fsl,2,...) is convergent for 
every X /4 and ^sup |{ a v || <+ <x>, then a^ (^s 1, 2,...) is weak- 
ly convergent* 

Proof. Denoting f>y 6 the linear manifold generated by >4 , we 
see easily by assumption that 5L k (x) (^ 1, 2,...) is convergent for 
every x E Since /4 is fundamental by assumption h & is dense in 
R. by Theorem 2.3* Thus for any x fc R, we can find a sequence X^ B 
(^* 1, 2,...) such that lirn^ x^ = x . Then we have 



for every k <T = 1, 2,... . Since we have by asaumptlon 

for evtry /* s 1, 



^ , 
putting If = H a,, l( , we obtain thus, 



a r II X - x r A 
for every /M, 1, 2,... Making ft tend to oo , we conclude hence 



and consequently ^(x) ( s l t 2,...) is convergent for every x & 
Therefore, putting 

<f (x) * lin^ a^(x) (X R), 
we see easily that <f is an anti-linear functional on R , and 

H</ * S%|I^ W| r - 
Thus 0-^ (^ = 1, 2,...) is weakly convergent. 

4 Inner Product Spaces 

Let g. be a linear space. A functional (x, f) ( x, *R) 
is called an inner product on R. , if 

1) (*,) = (**) for every x,^R, 

2) (X+ y, Z) * (X, Z) t ( y,Z), 

3) (<*#) = <*(*,) for every complex number c* , 

4) ( X , x) J for every x e R , 

(^^ f * V ^ - n 4 mnl <( A . /) 
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Concerning inner product*, we conclude from )) and 2) 
2') (*> + *) = (x, <f) + (X,r.), 

and from l) and 3) 

V) (*,*)-*(*>#) fr very complex number o< . 

A linear space associated with an inner product is called an inner 
product space* 

Let R be an inner product space in the sequel. By virtue of the 
postulate 4), putting 

(1) 11X11 * \/(x,x) (xR), 

*e have < II X II < + 00, and we obtain by 5) that x II implies 
X x 0. 



For o * jj t R , putting \ - I jj i wa ^^ f or 



Thus we conclude by the postulate 4) 

(2) !(x, f)ll IIXMIIJH for every 
By virtue of this formula, we obtain 



and hence 

Y * H S I X II H J II . 

Therefore M x fl ( x R ) is a norm on R . This norm is defined 
as the norm of an inner product space R . Concerning the norm of R , 
we have obviously by definition 

X * fl * = H X l dt 2R( X , ) + || II*. 
Consequently we obtain 

(3) ft x + p 1 + Hx-jB* 2(HX|| 2 +||^M 1 ). 
Purtnemore we have 

XU.j)- -J-nx'+^i 1 - -J-iix-^ii 1 

Prom this relation we conclude 

^(*,^) = KU,{) = -i- BXH ^u'-iil^- J # || l . 
Therefore we obtain 
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(4) (*,$) * ~{(*x+}f-*x-lfl + i(l* + i)f-lz-l}l 1 ) 

Every inner product apace R. is a norroed space ty the norm of R . 
Conversely we have 

Theorea 4.1. For a noraed apace R , if the none of R satis- 
fies the relation (}), then there exists uniquely an inner product on 
R * (*,) ( *, e R ) such that 



II X H at V ( x, x) for every z 6 R . 
Proof. For the norm II x || of R , putting 

(*#) = j-{(**+n t --j 1 ) + cdia + i^-iu-ijii 1 ) J 

we have obviously 

( x, x.) s R x U 1 for every X * R . 
Furthermore we see easily that 

U*y)s i(x,), (x, {*. ) = - (x, j). 
For an arbitrary complex number x , we have by the relation (3) 



^ (x+ x )(x,^). 
Therefore, putting x = i<* for an arbitrary real number ^ , we obtain 



and hence (otx,^) = (x,o(^) for every real number X . Conse- 
quently, putting x = <X for an arbitrary real number <X , we obtain 



and hence (o*xjf) = *^(x k tf) for every real number <*. . Thus 
we conclude now that 

( X x , ) s X ( x~ , ^ ) for every complex number x . 
By virtue Of the relation ()) we conclude further 

(* f t)+ (jf ,t) a j(x^^ , 2^) = (X-*-^ , 2.). 

Therefore (x,) (x f ^<R) is an inner product on R such that 

( x , x } s R x 2 for every x R. . 
The uniqueness of such an inner product is evident by the formula (4). 

Every inner product space R nay be considered as a norroed space 
by the norm of R . Therefore we can consider convergence of ele- 
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ents sequence* in an inner product space R * We see easily by t|if 
formula (2) 

Theorem 4.2* lim, c* =* * , 11g 4* = < implies 



An inner product space is called a Hilbert space, if it is com- 
plete as a nomad apace* 

fo Adjoint Spaces of Inner Product Spaces 

Let K be an inner product apace and R the adjoint apace of R 
considering R as a normed space* For every a. R, putting 

(1) ?*(*) = (*,*) (*), 

we obtain obviously an anti-linear functional y a on /? * Recall- 
ing the formula 4(2), we see at once 

(2) |( %, II || a II for every a R 
Therefore <f a is contained in R . Furthermore we have obviously 
ty definition 



for every 0. , - R and complex numbers <* , p . 

Theorem 5.1. For a closed linear manifold /( of R , if a ? X > 
then we can find Jt 6 R such that 

5. (a) * f a. (*) for every x ^ . 

Proof, Putting Jf s inf II X - All, we have K > , because X 

A V ^ 

is closed and a ? A by assumption. We can find obviously a sequence 
* X (tx = 1, 2,..*) such that 

Then we can find further a sequence ^ > (^ = 1> 2 y *.*) such that 
For an arbitrary sequence ^ /) (^ = 1, 2^*.*) such that 

putting 

ctiT 58 -^(x^-a^) (p 1 9 - 2,...), 

we have 
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IUvi,+ (x,, -a)!! 1 * Kftyl^HJU*,, -a,J>) + *- a, il 1 
< I? (\ ** - o-u 1 a 3^-2 M(x>, - a ,}) I* t x*, - a u 1 



On the other hand, we have naturally o< v ^ ^ X P 6 /4 (^ = 1 2,,..)> 
hence 

.< #> -t ** - flutt g r- (^* i, 2,...). 

Consequently we obtain 

2|(*i,-A f jMl^CUC + ar 1 )!!^!!** t f 
for every ^ = 1, 2,... . This relation yields 



Therefore we have especially 

^lim^ (?C^-a, ) ^ a, 

^lljn^ ( x^ - a, x) s o for every X 6 A . 
Since lim NX^-ail 1 = f 2 , we conclude hence 

.^ <*-., a). -IT*. 

We obtain by the formula 4(3) for every ^ , ft = 1, 2,. 

1 * 



because -i ( X fc - xp 6 A . Thus we conclude 



and hence by (2) and (3) 

lim n y x - <f- II * 

W,^- /x i* 'Hp* 11 

Since the adjoint space of R is complete by Theorem J.I, there ex- 
ists hence ? ( R such that lim ? x ^ =. X . For such % e R , put- 
ting OL =? x - y a , we have by Theorem J.3 for every % >< 

x)- (a,x)= ^lim^ (x^ - A 9 x) * (?, 
^ a.ci) = - X* * o. 
Thus our assertion is established. 

For any x i? t putting 

/ s {X : X (x) = \, 

we see easily that A is a closed linear manifold of R . If there is 
an element a t R. such that X (a) + , then we can find a* R And X fe 
f R, (t/ s is 2,*.*) such that 
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5 (*,) $ , R (X) for every X A , 
as proved Just above. Then for every x R we have 



*(*) 



0, that la, 5(x) JL^l 
5 (a) 
x(a) 

, we have 





Therefore we have 

Theorem 5.2. { <f x : X R} is denae In the adjoint apace R* 

For every Cauchy sequence x^fR (K = 1, 2,...) the number se- 
quence HX^N (^ = 1, 2,...) is convergent, because 

IHXUI -nx r iil & n x w - x^ n (p 9 ^ * i, 2,...)- 

Purthermore, for every two Cauchy sequences X,, and ^ R (k = 1, 
2,...), the number sequence (x v> ^) (^ = 1, 2,.*.) is convergent, 
because we have by the formula 4(2) 

I (*i,. *) - ( V !f/ JI * {l X " l(l1 ^ - J/-- 11 * tt *~ V" I( ^ H 
for every jx , M. = 1, 2,... . 

For every two elements X , J e R > we can find by Theorea 5*2 two 
sequences x^ and 4 W < R (^ = 1, 2,...) such that 
llm y- * x, lim y v J. 

!,-* '*^ ' !,-> T Jf*- <f 

By virtue of the formula (2), we see that such sequences x k and fat R 
(v = 1, 2,..) are Cauchy sequences* Thus, putting 

(* f |) ^^(xv, fJ, 

we see easily that ( x , jj ) ( 5c > f ^ S ) is an inner product on the 
adjoint space R , and furthermore we have 

(4) ( ?* , ^ ) U , j) for every x , ^ R, 

(5) (X , TL) m II S /| 4 for every X R , 

because, if ^lirn^ f x ^ = x 4 then rfe have 

11*8* = ^lia^ II^B*^ JLlin, Mac,, I s = lin^ ( x. , xj = ( x , x). 
Thus we have proved that there exists an inner product on the adjoint 
space R subject to the conditi*f>? ^) and (s). We can conclude 
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further ty Theorem 4.2 that such an inner product on R is determined 
uniquely. Therefore we define the adjoint apace of an inner product 
apace R aa an inner product apace ft associated with such an inner pro- 
duct. With this definition .we have hence by Theorem 3.1 

Theorem 53 The ad.loint space of an inner product space is 
a Hilbert space namely a complete inner product space. 

Theorem 5*4 If R is a Hilbert apace, then for any bounded 
anti-linear functional <f on R , we can find a * R such that 
<?(*) a (<JL.X) for every TL e R . 

Proof. If R is complete, then we see by the formula (2) that 

{ <f* : * * R } 

is a closed manifold of the adjoint space j? of R. On the other 
hand i * : x R I is dense in R by Theorem 5*?2. Thus we have 

R = { <f*. : X R K 
Therefore, for any a ]? we can find fit R such that 

21 (*) (-,%) for every x R . 

6 Completion 

Let R and & be two linear apace. A one-to-one correspondence 
T between R and a manifold A of $ : T x A ( x *), is called 
a transformation of R into & , and 4 is called the range of T. If 
the range of T coincides with the whole space $ , then T i called a 
transformation from R to $ . A transformation T of R into S is 
said to be linear, if 



for every x }f R and complex numbers cat , . For two linear 
spaces R and S , if there is a linear transformation T from R to t 
then we say that R is isomornhic to & by T. With this defini- 
tion, it is evident that the range of a linear transformation is a li- 
near manifold, and for a linear transformation T of R into & , R is 
isomorphic to the range of T* 

For two normea spaces R and > , a transformation T of R into S 
is said to be isometric, if T is linear and 

i T x S = ii x I! for every x t R . 



24 HILBERT SPACES (Chapter I. 

For two normed spaces R and & , if there is an isometric transform- 
ation T from R to S , then R is said to be isometric to by T . 

If both and are inner product spaces , then we see by the 
formula 4(4) that for every isometric transformation T of R into *S 
\ie have 

(Tx,T^) (*,^) for every x, yR. 

For an inner product space R , a Hilbert space is said to be 
a completion of R by a transformation T of R. into ft , if T is iso- 
metric and the range of T is dense in . With this definition, 
for every inner product space R , the adjoint space R of K is a com- 
pletion of R . Because, putting 

Tx = 7* (XR), 

we see at once by (2) and (3) in 3 that T is tun isometric transform- 
ation of R into the adjoint space R , and the range of T is dense 
in R by Theorem 5.2* Thus we have 

Theorem 6.1. The adjoint space /? of aii. inner product space 
R is a completion of R by the transformation 

TX m Cf^ (XR), ?*()(*,#) (***) 

For two completions S, , S t of an inner product space R respec- 
tively by transformations T t and 1\ , putting 

TlUx). Tx (x<R), 

we see easily that "T g is an isometric transformation from the range 
of T, to that of Ti* Let , and A^ be ranges of T, and T* 
respectively. Since A\ is dense in t , for any X * 5 1 we can 
find X^ ( A } ( 1| 2,...) such that lij^*!, * < Then T p X k 
( = 1, 2,...) is obviously a Cauchy sequence, and hence we can find 
uniquely J S z such that lim^ T $ *, s ^ Thus^ putting ^ s T* 
we see easily that T is an isometric transformation from S i to S z 
and we have T x s T, x for every x A\ Therefore we can 
state 

Theorem 6.2. The completion of an inner product space is de- 
termined uniquely within an isometric transformation* 
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Let R be an inner product space. For two elements a , ft R , 
we define ex 0- ^ to mean ( a , 4 ) = , and we shall say that <X- is or- 
thogonal to ^ , if a JL ^ . With this definition, we have obviously 

(1) <XX implies ^ JL (L , 

(2) (XJ.^,aO.C implies a X 4 + C , 

(j) OLA. 4 implies oCaX^ for every complex number oC , 
(4) a-L^ implies |ia4.^|| l = H& l<* + ft<l U*, 



(5) &,,-*" ( = !i 2,...), lio a^ = a. implies a J- - . 

Zero element is obviously orthogonal to every element* Con- 
versely we have 

Theorem 7-1- If a manifold A is fundamental in R and 

(OL,X) = (^,X) for every x t A 
then we have a = 4 

Proof* Denoting by 5 the linear manifold generated by X , we 
see by Theorem 2. 5 that 5 is dense in R, and it is obvious by assump- 
tion that ( a , x ) = (I , x ) for every x 6 6 Thus we conclude by 
Theorem 4-2 that (a , X ) = (^ , X ) for every x R, Therefore we 
have 

fld-^tt 1 =(a > a-<)-U,*-<O= 0, 
and hence ct = -^ . 

For a manifold A of R , we define a A to mean that 

a X X for every x 6 A t 
and we shall say that an element a is orthogonal to A , if <x x A . 

Theorem 7.2. If a linear manifold A of R is complete . then 
for any a ? A we can find x /4 and a complex number o< such that 
<* a-f xa. /4 > H * a.4- x l. 

Proof. Denoting by S the linear manifold generated by {a , A / , 
we see by Theorem 2.8 that B is complete. Therefore we can consider 
B itself as a Hilbert space and A as a closed linear manifold of 5 * 
Then we conclude by Theorems 5,1 and 5.4 that there exists an element 
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t * & such that 4 A and . ( / , & ) * ?r such I ft , since 
^ * , putting C = -~-r ^ , we have C * 8 , C -L ,4 and K C a 1. 

fl< H 

Furthermore, since ft is the linear manifold generated by { o, , / } , 
we can find X I A and a complex number o< auch that C = x * c* a, 

A system a * & ( A 4 /I ) i said to be an orthogonal system, if 
CL A J. CL f for A ^ f . An orthogonal system ax<1 (A 6 /I ) is said 
to be an orthonormal system, if II OL A II =1 for every A A 

Kvery orthonormal system C x R.(xt/t) is linearly independ- 
ent. Because, ^ ^CA = implies 
" 



for every /* s 1, 2,..., x Recalling Theorem 2.9, we obtain im- 
mediately \xy Theorem 7.2 

Theorem 7.3. For a linearly independent sequence O- I ,6R.(*' S5 
1, 2,...), we can find an orthonormal system C^ R. (*" = 1, 2,...) 
such that 

C* = JEL ^i/,^^* **>>* * (^ = 1, 2,...). 
Recalling Theorem 2.5, we conclude by the formulas (2), (3), (5) 
Theorem ?4. If an element d is orthogonal to a manifold A 
then ct also is orthogonal to the closed linear manifold generated by /4 . 
Theorem 7-5 For an orthonormal system C * R. ( A A ) we have 
U X II a > 2H K* ^x )l for every * R. 

Proof. For ver finite number of different elements \^ k A 
U* 1, 2 f ...,K), putting o( A = (x, C x ) (x A), we have 

i! X - Zl C<^CA Jl 1 = II XII 1 - 

wt 



Thus wd obtain II x tf 1 ^ ^ I^A^I 1 for every finite number of differ- 
ent elements X u * A (f = 1, 2,.. M ) f and hence It x || a j T^ | o( A j 1 . 

From this Theorem 7.5 we conclude immediately 

Theorem 7.6, For every orthonormal system C A R.(\ A) 



7) Orthonormal Systems 2? 

and an arbitrary element *. fL . we have ( x , CA ) a UP to at moat 
countable elements of A 

Per an orthogonal sequence &* A. (^ = 1 2,...), if JEL 0^^ is 

convergent , then for any permutation fi , fa,...ofl, 2,..., T^. 0. p 

w i f 

also is convergent and 



00 

Because, putting a = 22. &** ** nave ty ^ e formula (4) and Theorem 

*- t 
2.2 

<* II 1 = ZI Ha-* II 1 . 

On the other hand, for any K = 1, 2,... we can find 6" such that f< , 
f i * > Ps contains 1, 2 , . . . , X . Then we have by (4) 



and hence a j-T. CL-,, by definition. 

Ir*| ' 

Therefore, for an orthogonal system a A R(x/1), we define 

a = ^*. d x to mean that there exists a sequence X i/ 6/l(^ = l, 2, 
^ *A 

...) such that a x for x 4e A,, (^ * l t 2,...) and a * 23 ^x v , 

and then we shall say that T~ ax i0 convergent. 

JuM 

With this definition we have obviously by Theorem 4.2 
Theorem 7.7. For an orthonormal eystea C x ^(^^^)i i 
a >T" o( x Cx then we have 

flail 1 = T! I ^xl*i (a,C A )=< x for every x A . 
X?A 

Furthermore we conclude by Theorems 2.1 and 4*2 

Theorem 7.6. For an orthonormal system c x R ( A /I J, ij 
a = o^ x Cx t ^ 5x CA , then we have 

> ^1 |o( A p A | < -i- oo, 
l^x ) C A x for complex numbers ^ , 

Sk"*^* 1 * ( S I- *' 1 Si'M 1 )***-- 

If (X = ZH <^x CA i then <X is contained obviously in the closed 
linear manifold generated t>y C* < & ( A */l ). Conversely we have 
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Theorem 7.9* For each element a of the closed linear manifold 
generated by an orthonormal system C A R ( * * A ) we can find unique- 
ly complex numbers of A ( A 6 /t ) such that a = TL oi A C \ . 

Proof* If we put of x = (a , C A ) (x 6 A) then for every fini- 
te number of complex numbers { and different elements \^ A (^ = 1, 
2 , . . . tt) we have 

- ZI I* * "o-ii 1 - Zl ***.- Zl *!.. + 

i.1 *-! Wl l^ 

= 110-11*- r.l<x*,,|% ZL Mx.-l^l 1 HCLii 1 - Z-'I<*;U*. 

V I ^ a I l^1 

Since ex is contained in the closed linear manifold generated by C x f R. 
(x A ) we conclude hence by Theorem 2*3 






Thus we can find a sequence A^ A (f = l, 2,...) such that of A = 
for x 4 s A,, (v = 1, 2,...), and then we have 

ifa- JE. o^^cx, II 1 flan 1 - ril^Avl 1 - 

t.f " *:rl 

Therefore we conclude OL * T~ </AO CA^I a^ hence a, * 5H *<x * 



The uniqueness of such ot x ( x /I ) is evident by Theorem 7.7. 



Theorem 7.10. In order that the closed linear manifold gene- 
rated by an orthonormal system C\ t & ( ^ * A) be complete, it is 
necessary and sufficient that _^r I ^ v I 1 < +00 implies convergence 



Proof . For 3^ I o* A 1 < * we can ^^^ a sequence x^ ^ A 
uch that of x ac o.for A * A, (* = 1, 2,...), and 

>m r A " *" v^ 

Thus, if the closed linear manifold generated by C x (A/1)is com- 
plete, then JEI o< Xw CA^ is convergent, and hence ^T" of x C A is con- 

^*< X6/^ 

vergent. 

Conversely, let 0.1, = 2L ^i/, x C A (/ = 1, 2,...) be a Cauchy 

sequence. Since we have by Theorems 7.7 and 7.8 
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we conclude that oC k>x (* a 1, 2,...) ia convergent for every A A . 
Furthermore, putting <* x * ^i^ *<*, x > "* see easily by Theorem 7*7 

,11. I a, I*. Jfe^ /*,,, I** ^H*l*. 

Therefore, if the condition stated in Theorem 7*10 is satisfied, then 
we can put a. = T" c^ A C> , and we have by Theorems 7*7 and 7*0 

H 0.,,- a II* * ^ !<*,* - <** |* (j, B i. 2,...). 
On the other hand we have 

lift il a. -a H 1 r \o( -oul* (i/.i, 2,...). 

/*-*o ^ m x^A 

Thus we conclude lin^ 11 (X^ - a II a (7, because ft^ (f & 1, 2,...) 
is a Cauchy sequence by assumption* Therefore the closed linear 
manifold generated by C x ( A * /I ) is complete* 

Recalling Theorem 2-7, we conclude immediately from Theorem 7*10 

Theorem 7.11. In a Hilbert space ft , for any orthogonal sys- 
tem a x *R(x*/l) 2L. ^-x. JB convergent, if and only if 

XM 



8 Dimensions of Hilbert Spaces 

Let K be a Hilbert space. An orthonormal system C A R^ ( X 
^ A ) i aid to be complete, if (x , t x ) for all x ( /\ implies 
X = . We see easily by Maximal Theorem that there exists a com- 
plete orthonormal system for every Hilbert space. 

Theorem 8.1. In order that an orthonormal system C A ( \ A ) 
be complete, it is necessary and sufficient that CA ( -X A ) is fund- 

amental in R . 


Proof. Let 5 be the closed linear space generated by C^ ( A. 

d A ). Since is complete by Theorem 2*7, if $ does not coincide 
with the whole space &, then we can find ty Theorem 7.2 an element a 
p^ such that lICLil = 1, (a, C> ) for all X /I , and hence C* ( A 
A ) is not complete by definition. If $ R , then (a. , C A ) 
for all A /\ implies a ^ ^y Theorem 7.1. 

By virtue of Theorems 8.1 and 7*9, we obtain immediately 
Theorem 8.2. For a complete orthonormal system C* (X A ) 
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of a Hllbert apace &, every a e ft. may be represented uniquely in the 
fora <X = ^L o< x <V 

Theorem 8.). For a Hilbert apace p, , all complete orthonormal 
ay sterna in ft have the same density. 

Proof. Firstly we consider the case where R has a complete 
orthonormal system compsed only of a finite number of elements. Let 
C, R( V - *> 2,..., K) be a complete orthonormal system in R. We 
shall prove by induction that every X. -f 1 elements are not linearly 
independent. In fact, it is evident in the case: K = 1. We as- 
sume that our assertion is valid for >c 1. For a system a R, 

(f*=z 1, 2,..., x -fr l) we can find by Theorem 79 ^M,* such that 
x 

C,, (/K= 1, 2,..., x-H). 



We can suppose obviously o< x ^ 4 K ^s 0, without losing the generality. 

Then we have 

K 



Thus we can find by assumption 




(/*=!, 2,..., x) such that 
i) = , 



Therefore a^ (yu = 1, 2,*. M K ^- l) is not linearly independent. 

Since every orthonormal system is linearly independent, we conclude 
hence that every complete orthonormal system is composed of K elec^.l-o. 

Next we consider the case where 8, has a complete orthonormal sys- 
tem composed of infinite elements. Then every complete orthonormal 
system is composed of infinite elements, as proved just above* Let 
<X X ( x A ) and 4^ fr * f) b two complete orthonormal system In R * 
For each X 6 A we can find by Theorem 7*6 at most countable elements 
r^ * r U= 1, 2,...) such that U r , aj = for r 4 ^,, <' " 
1, ,...). Furthermore, for any Jf P we can find by definition 
> A 8uch that ( 4f , a x ) 4t . Therefore we have 

<*.*.*,... =r * 

Thus, denoting by 4*^ and ^ cardinal numbers of A and f respectively, 
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we have hence ^ < $ >n = >H. We also can prove likewise **<>*. 
Consequently we have **v = -frt*. 

For a Hilbert space R , all complete orthonormal systems in ft have 
the same density) as proved just above. This same density is called 
whe dimension of R. 

. Theorem 8.4- A Hilbert space ft is isometric to a Hilbert space 
3 , if and only if the dimension of ft coincides with that of $ . 

Proof. If R is isometric to by a transformation T x $ 
( X ft), then for a complete orthonormal system C A ft(A/t) 9 we 
also obtain a complete orthonormal system Tc A * $ (A A ). There- 
for the dimension of ft coincides with that of S . 

Conversely, we assume that the dimension of ft coincides with that 
of S , and let ci>. and ^ >s ( x 4 /I ) be complete orthonormal systems in 
R and S respectively. Corresponding to every x ft , ve can find 
by Theorem 79 uniquely complex numbers o^ (A ( A ) such that % a 

H cs>. Ci A , and then we obtain by Theorem 7.10 uniquely J 6 such 

A 6 A 

that r-. 2Ho< A /,\. Therefore, putting 

V9 see easily by Theorem 7.7 that T is an isometric transformation from 
R to $ , and hence ft, is isometric to .S by T 

A Hilbert space R is said to be separable, if we can find a sequ- 
ence a^ 6 R (^ 1, 2,,..) which is dense in R. Kith this defi- 
nition) we have 

Theorem 8.5. In order that a Hilbert space ft. be separable, it 
is necessary and sufficient that tae dimension of' ft is at most countable 

Proof* If R is separable and a sequence a p R(k = 1, 2,..) 
is dense in R, then a^(^ * 1> 2,,..) is obviously fundamental in R* 
By virtue of Theorem 7*?, we can find an erthonormal system composed of 
at most countable elements C v R (^ =* 1> 2)..*) such that every a^ 
is A linear combination from C v (*/ * l t 2,...). Then ,,(*/ ~ 1 
2,...) is obviously fundamental in R, and hence a complete orthonor- 
sal system in R . 
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Conversely, if we can find a system of at moat countable laments 
C,, R. (i/ 1, 2,..*) which ia fundamental in fi , than, denoting by 
>| the totality of linear combinations with coefficient* of rational 
ooaplex number* from C v (" 1, 2,,..) *& aee easily that /4 ia coun- 
table and dense In R Since every complete orthonormal system in 
R ia obviously fundamental in R , we obtain therefore our assertion. 
Furthermore we also have proved 



- 6 If a Hllbert apace R has a fundamental system 
composed of at moat countable elements, than R is separable and, the 
dimension of R is at moat countable, 

9 Weak Convergence 

Let R be an inner product apace. Corresponding to every CL f R, 
putting %, (x) (A, , x) (x R), we obtain a bounded anti-linear 
functional on R , as stated in 3. A sequence a,, R (v 1, 2,...) 
ia said to be weakly convergent to a limit a R and we write 

w-ij^a,, -*, 

if V^ (^ * 1, 2,...) is weakly convergent to <f ^ , as defined in 3, 
that ia, if lig^ ( a v , x) (a ,x ) for every x R . 

With this definition, we see at once by Theorem ?! that the limit 
of a weakly convergent sequence ia determined uniquely. Furthermore 
we hare obviously 



9*1* w-lim ttfc, * &, w-lim 4^ = ^ implies 

w^lim (o(. flu u -f (3-O = t* <x -f ^^ 

for every complex numbers c* , ^ . w-lim a u = c^ , lim o/ w = 
implies w-lim ^ a^ = o^a* 

Since ^ a || = flafl by 5(2), we obtain by Theorem 3*4 
Theorem 9.2. "I 1 !* CL V = A impliea lim n cx.,11 ^ II ct II . 

*" "^ 9 t- -4<* 

We have obviously by Theorem 3.3 that lim a* = (X implies 



v A a . Therefore usual convergence may be often called 
strong convergence against weak convergence* 

Theorem 9.3- For a fundamental manifold /( o R, j 
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t,x) for every x * A 
<+<*>, 

then we have w-llm a*, 3 a,. 

^ 



Proof* By virtue of Theorem 3*6, we conclude from our aesu*p- 
tion that there exist* a bounded anti-linear functional <f on R such 
that v-lim *fa,v s ^ For such <f , we have by assumption that 
<f (x) fc(x) for every *. A . Since >4 i fundamental in /t 
and both Cf and </ a are continuous , we conclude hence that 9* (*) s 
^(a;) for every x eR > that is, f a ^,. Therefore we have by 
definition v-lin a^ a. 



Theorem 9>4. w-lim a^sa, sup Ha^|< -f oo , lim 

t, -+eo ^ 1 ** "**** 



Proof* Since 



obtain by assunption lim 

Theorem 9>5> I w-Ui^a^aa, li^l a,,|l fl a B , 
have lim^a^ * A. 

Proof* w-djm^ a, CL iapliea v ~ 1 ^" (^^ t) = 2a and 
hence 2 fl Cl H J liij (a v 4 CJt| by Theorem 9*2* Since we have by 
the formula 4(5)* ** 

Ha,- a* 1 -adalSla,,! 1 ) - l^^^n 1 

and Ua > o-i, I | a I by a**uaptlon, eonolud* 

Tj* a^-a| 1 -4a*- JtJ^ji^+ a.*tS 0. 

Therefore we have lia (Xv = a 

Ve shall consider in the sequel the case where R is a Hilbert 
space* Recalling Theore 5*2, we have obviously 



Theorea 9.6. In a Hilbert paof R , i CX|, R. 
ergent, then M | a* fl< + *o . 



Therefore we conclude by Theorem 9*4 

9.7. In a Hilbert space ft , w-lim a^ * Ct , lia 4* 

*V *^*O IT *+9& 
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Theorem 9.8. For a fundamental manifold A of a Hilbert space 
R > i (fr*9*) (^ = 1|2,...) is convergent for every x t A and 

sup Ha* H< +00 , then a, (i/ = 1, 2,...) is weakly convergent. 

**l 

Proof. Recalling Theorem 36 we can conclude from assumption 

that there exists a bounded anti-linear functional q> on R such that 
lim (a,, ,X ) = ?(*) for every x K. . 

(, -{KO 

Since f^ is a Hilbert space \yy assumption, we can find then by Theorem 
5.4 CL R. such that ((X,x) = <?(*) for every x* R . Therefor 
0,*, (i/ = I* 2,...) is weakly convergent "by definition. 
Recalling Theorem y.2, we obtain by Theorem 9.8 

Theorem 9.9* In a Hilbert space ft > if (cu ,x ) (^ = 1,2,...) 
is convergent for every z t R > then o.^ (^ 1> 2 f ...) is weakly cor^ 

vergeat. 

Theorem 9.10. In a Hilbert apace R t if (a^.O.^) ("=l f 

2,...) is convergent for every p =1, 2,... and sup 1) a^|| <- oo 3 
then CL V (^ = l t 2,...) is weakly convergent. 

Proof. Denoting by 5 the closed linear manifold generated by 
a k (f = 1, 2 ,...), we see by Theorem 2*7 that & is complete, because 
R is complete by assumption. Therefore, putting /4-{x: -xJ-B}, 
we see by Theorem 7-2 that the union /) 4* B ^ 8 fundamental, and hence 
{ 4 a", ,&**} also is fundamental. Since (a^Oy*) (*/ = !, 
2,...) is convergent for every y* =1, 2,..,, and ((X^, x) = for 
every % k A and i> = 1, 2,..., we conclude by Theorem 9.8 that <^^ 
(k=l,2,...) is weakly convergent. 

Theorem 9.11. In a Hilbert space ft , if sup II d^ It < * co t 
then Q, U (i/ * 1| 2,...) contains a weakly convergent subsequence. 

Proof. Putting K = ^sup H a, il , we have by 4(2) 

K^tV^I ^ H^IHI^/uH ^ IT* for every ^ , ^ 8 1, 2,..., 
and hence we can find a subsequence a^(f=l,2 > ...) such that 
(<Xi/ f cy) (f 1, 2;...) is convergent for every yu 1, 2 t ... . 
Then a^p (p s 1, 2,...) is weakly convergent by Theorem 9.10. 

Recalling Theorem 5.2, we conclude easily 
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Theorem 9.12. In a Hilbert apace ft . for a system o, x * R 
(A A ) i suj) | (a A ,x)| < + oo for every x 6 R, then we have 
sup It ax II < -f <*> . 

AC A 

Theorem 9.13. I w-lim^ a^ = a . and all g p (ys 1, 2...) 
are contained in a linear manifold ;vf generated by a finite number of 
elements > then lira a.* = & . 

* ->ao 

Proof . 'By assumption, we can find an orthonormal system CM 6/ 
(/*- 1, 2,..., K) such that every X 6M nay be repeented uniquely in 

the form X = JEZ o/^ CM- Putting <u = ^ <* - C^ (^= 1, 2 t 

^.l ' /! ' ' 

. ..) we obtain by assumption for every /* = 1, 2,..., 



and hence 



Thus we have l 



lim 



10 Operators 



Let R be a linear space . For a manifold D of ^ , a mapping 
T of D into R : T* K, ( X P ), is said to be an operator in R . 
Here D is called the domain of T, and -( Tx : X^ Df the range of T. 

An operator T in R with domain D is said to be linear, if D 
is a linear manifold of R and 



for every X , * D and complex numbers o< , . With this defini- 
tion, it is obvious that the range of an linear operator T in R is a 
linear manifold of R and TO = 

Now let R be a normed space. An operator T in R with domain 
D is said to be continuous . if ^lim a u s a , a > t * D (^ = l f 2, 
...), implies lin^ Ta. k = Ta An operator T in R ***& domain 

D is said to be bounded, if sup HTx!l<+ for every positive 

nx..f<-jo<,x p *o 
number < . With this definition, we ace easily that a linear ppex*- 

tor T with domain D is bounded, if and only if 



Thus for a bounded linear operator T "1th domain p we define the noya 
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II Tit to mean 

(l) UTII = sup II T xfl. 




With this definition we have obvioualy 

(2) (I r * (I $ * T H II x i for every X D . 

In order that a linear operator T be continuous. 
t that T is bounded, 

Proof* If a linear operator T with domain o ia not bounded, 
then we can find by definition (l) d^ D (i/ 1, 2,...) such that 
ttaytffl, HTa, 11^ (l/ 1, 2,...). 

Then we have -~ *. * D, ^IJ^ --a.,:* , but IT(-p-Ov)H > 1 for 

l/ = 1, 2,... . Therefore, if T is continuous, then T is bounded. 

Conversely, if T is bounded, then ^lim^o-,, O, , a, a^ P 
U 1> 2,...) implies by the formula (2) 

^im^Ta^-To.!! = lls^ U T ( ex* -0. JH^ite^ IITH II a^- fltll (7 t 
and hence ^li^Ta^ & Ta. Therefore T is continuous by definition. 

If the domain of an operator T coincides with the whole space R , 
then we shall say that T is an operator J2l R Fr two operators 
T and S on R , we define an operator TS to mean 

TSX T(Sx) (X R); 

T + S to mean 

(T-fS)x = Tx ^ Sx (x R); 

and ot T for every complex number oc to mean 



If T S S T, then we shall say that T is commutative to S 

Every complex number ? may be considered itself as an operator on 

R: )^x *R ( X * &) Then | is obviously a bounded linear ope- 

rator on & and II ^ II = | ^ | . 

For two bounded linear- operators T and S on R, , we see easily by 

definition that all TSiT^Si^^^T also are bounded linear ope- 

rators on R for every complex number o< and we have 

(3) HTSH UTII IIS II, 

(4) HT+ S|| VTII + l|l, 

(5) II4TH * KIITfl. 
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Thus the totality of bounded linear operators on R constitutes a norm- 
ad space. Therefore we can consider convergence of sequences of 
bounded linear operators on R . A sequence of bounded linear opera- 
tors % (i/ 8 1, 2,...) on R is said to be uniformly convergent to a 
bounded linear operator T on R t if 

JLirn^ H T* - Til 0. 
With this definition we have obviously by the formula (3) 

Theorem 10.2. If two seouences of bounded Ijnwir operators T* 
and S ^ (^ s If 2,...) on R are uniformly convergent to bounded li- 
near operators -f and oji R respectively, then "T y S^ (f * l f 2, 
. . ) also is uniformly convergent to *7"<S 

For a sequence of operators T^ (*/ = !, 2,...) on R , if "TV X 
(f 1, 2,...) is convergent for every * R, then, putting 

Tx lirn^ nr^x (* R), 

we obtain an operator T on R , and then we shall say that "TV (^ 
1, 2 t ..) is convergent to T > denoting 

*T lift^ "T^ . 

Here, if all 1^ (^ = 1, 2,...) are linear, then its limit T also is 
obviously linear. Furthermore we have obviously by Theorem 2.2 

Theorem 10. 3 For a sequence of bounded linear operators -7^ 

then T also is a bounded linear operator on R and 

I1TII* 1^ IT.,1. 

Theorem 10.4. For two sequence of bounded linear operators 7^ 
and *, (i/ =5 l t 2,...) on R, jif 

lia i X * T, lif S^ - $ , aup II T. IK ^ , 
*"** l "^** * 1 1 

then we have lim ~r $^ s TS 

I'** ^** 

Proof. Putting Jf sup /| T^ II > we have for every TC < R. 



T^xi ^ rifi^x-Sxi + 

and hence we obtain by assumption lii_ T w S^x =^T^x for every 

x * a. 
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For an operator T on R and a manifold A of R , we denote by 
the manifold { Tx : K * A \ With this notation, we have 

Theorem 10.5. Let & be the closed linear manifold generated 
by a manifold >1 .of R For a bounded linear operator T on R . 
T B is included in the closed linear manifold generated by f A 

Proof* Denoting by A\ the linear manifold generated by A > 
it is evident that T A t is included in the closed linear manifold ge- 
nerated by TA. Since A^ is dense in B ty Theorem 2.5, for any 
Jl B , *2 can find a^ /4i (f - 1, 2,...) such that Jim^ a** = ^ 
Then we liave IJn^ Ta^ = T-/ , because T is bounded by assumption. 
Therefore TB is included in the closed linear manifold generated by 
TA . 

Finally we consider operators on a Hilbert space. Let R be 
a Hilbert space in the sequel. For a bounded linear operator "T 
on R. , corresponding to every CL ^ R putting 

?*(*) = (a ,Tx) (x R), 
we obtain an anti-linear functional <{&, on R , and for every X R. 

l^iOOl II ceil h Tx4 ( nctl1 l|-r l| )" XM - 
Thus we can find by Theorem 5.4 uniquely an element ^ e R, saoh that 

(flL.,Tx)a:(^ ft ,x) for every % f R . 

Thus , putting S a = ^ ( ^ ^ R ) , we obtain an operator S on R . 
This operator ,S i called the ad .joint operator of T and denoted by 
"T*. Therefore we have 

(6) (T - x ,^ ) = (*i"T) for every x, ^ 6 R. 
The adjoint operator T * of T is linear, because we have 



for every Z R, and hence by Theorem 7-1 



for every X , ^ e R. and complex numbers o , (3 . Furthermore T 
IB bounded and we have 

(7) HT*H = II T H 
Because we have by the formula (>) for every x R. 



Thus T * i3 bounded and H T "* II < II T II . Consequently we have ob~ 
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viously by the definition (6) 

(8) (T*)* = T, 
and hence we have 

Ttt = H(T*)*H < H T* , 
as proved Just above. Therefore we have II T II * || T * II . 

Concerning adjoint operators, we have obviously by definition 

(9) (o(T +/3S)* = 2 T * + p S*, 

(10) (TS )* = S* T*. 

Theorem 10.6. In a Hilbert apace & , for a system of bounded 

linear operators TV, ( * * /I ) 2P. R > Jb 8U P /I TA x II < + for everj 

* A ^ """" ~~""~ 

X K i then we have sup || Tx II < * *o . 
x t ^ 

Proof. For the adjoint operators* T x * of TA ( * * /t )> ve have 
by the formula 4(2) for every $ R. 

sup I (T/ x , ) I sup | ( X , -T\ ) | 

UX|l-e 1,A A J lUll^?, X^ ^ 

Tx II < + oo . 



Thus we obtain by Theoreu 9.12 sup J| T\^xll<**o, and hence 

"XII51, Af/\ 

aup ,|T Al , = *$ -lV = -upisup^ Tx*xM<+-. 

Recalling Theorem 10.3} ve obtain by this Theorem 10*6 

Theorem 10. 7 For a sequence of bounded linear operators TV 
(* ss 1 , 2 , . . . ) on a Hilbert space g , _if T IJn^ % > then T 
is a bounded linear operator on R , and sup || T^ II < +00. 

Furthermore we conclude from Theorem 10.4 

Theorem 10.8. In a Hilbert space , for bounded linear opera- 
tors T; . 3^ ( = 1, 2,...), If Hm^^-T, lim_.. = S . then 
we have lim T; S k = TS. 

- - 1--++0 

Theorem 10.9- For a bounded linear operator T > v-lim d^ = a, 

~ A' >oo 

implies "-^iga T a,, T a . 

Proof. For the adjoint opera tor T * of 'T , if w-lim a^ s flL i 

then we have for every X R. 

lim (To,,, f x)a lim (a, , T*x) (a , T*x) = (T* > X), 

~ * 
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and tone* w-lim T &u - T&* 

"+ * 

An operator T on a Hilbert space R, la said to be symmetric, if 

(Tx,jf ) (x,Tf) for every x,^**, 
With this definition, we have 

Theorem 10.10. Every symmetric operator T on a Hilbert apace 
R is a bounded linear operator and T* = T. 

Proof* Since we have obvioualy by aasumption for every z * R. 



^(f,Tt.) 
we obtain by Theorem 7.1 



for every x , R and complex number* <* , ^ . Since we have by 
the formula 4(2) 



we obtain by Theorem 9.12 eup |/T*-H< + oo, and hence T is bo- 

nXS ^ | 

unded. It is obvious by definition that T* = T . 

Theorem 10.11. If a linear operator T on a Hilbert suace f{ 
satisfies (Tx ,x) = (x,Tx) for every * * /g . then T is a sym- 
metric operator on R.. 

Proof. We have by assumption for every complex number \ 



(TX,X) n ( 

Since T is linear by assumption, we obtain then 
X(Tj ,*) t A (Tx,^) * A(^ ,Tx)+ 
Thus, putting \ = 1, we have 

(Tj ,x)^ (Tx,j) 
and, putting x = t* i * obtain 

(Tj ,x)- (Tx,f ) 
Therefore we conclude (T jj , X ) ( J , Tx) for every 
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CHAPTER II 
SPECTRAL THEORY 

11 Projection Operators 

Let R be a Hilbert space in the sequel. For an arbitrary mani- 
fold A of R , the manifold { x : x A M called the orthogonal 
complement of A and denoted by A "*" Vith th* 8 definition, we have 
obviously 

(1) R A = io\, lof= ft, 

(2) A :>B implies ^ e. 8 A , 

(3) AC A**, 

(4) A A* C.\0\. 

Since A C X Ai ty (5), ve obtain X* ? (/4 J " t ) A ty (2). On 
the other hand we havo /4 A C (A*)*'*' *V (?) Therefore we con:lud 



(5) X* = 
Furthermore we see easily by definition for a system A^ (* A) 



Recalling the relations (2), (3), (5) in 7, we see easily 

Theorem 11.1. The orthogonal complement A * is a closed linear 
manifold for every manifold A 

We have further 

Theorem 11*2.' fif** is the closed linear manifold generated by 
A for every manifold A . 

Proof. Let 6 be the closed linear manifold generated by A 
Since A**' i closed linear manifold by Theorem 11.1 and / 4* > P A 
ty (3), we have BC/j AX by definition, and hence B^^A^^^ = A* by 
(2), (5). On the other hand, & ? A implies B^C/Tby (2). We 
have therefore ft* =>f* , and consequently ** * A*'*. Furiitersnore 
B is complete by Theorem 2.9, because /^ is complete by assumption. 
Thus for any a. B * ^ ind b Y Theorem 7-2 ^ R. such tfjat i|{ll a 1, 
4 & and^=da4ac for. some X I B ^ complex number oC . Hert 
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we have oC 4 , because 4 4 J- B implies < ? B by (4). Hence 
we have <x *= -X + -JT > .-X * ft > ^^ * & Therefore we can 

state that for any a 6 ft we can find # 8 and 6 8 J> such that O, = 
X * . Especially for a B' 4 * we have then 8 '*"'' 3 A-- *=!*'% 
because B C B by ()). Thus we conclude V = by (4)} and hence 
&> = 1C 6 & Consequently we have = 8" 1 "*" = A ** 

In this Proof, we have proved that for any a. R we can find * f& 
and &* 1 " such that a = X + Jj.. Such X , are determined uni- 
quely. Because, if 

* + * *1 + <f> X , x< B ; ,Jf|8' l ' t 
then we have & 9 X ~ X, |Ji - J * 8 "*" , and hence x " x r = ^i"5 = ^ 
by (4)* Therefore we can state 



11. 3 If ^ is a closed linear manifold of ft. t then 
for any 0- 6 R. we can find uniquely X /4 &pct J f /4 A ouch that 



Let M be a closed linear manifold of & in the sequel. For 
any ct fl. we can find by Theorem 11. 3 uniquely x f M a* jJ^M* such 
that (X a x + . Tnis uniquely determined element X is called the 
projection of an element 0L to M and denoted by p^ 0u Then we 
obtain obviously an operator p rt on & . This operator P M is call- 
ed the projection operator of a closed linear operator At . 

Since pi =s M AA ^y Theorem il.2, we have obviously by definition 

(7) P M + P^ = 1> 

for the projection operator P^^ of M**" Recalling the formula (l), 
we conclude immediately by definition 

(8) ?^ -1, P M - 0. 

It is evident by definition that P^ X f M for every jc 6 R Thus 
P M X = X implies X * M Convai^ely X f M implies K = P M 5C by 
definition, because X=X+0, X^A^, M M . Therefore we can 
state 

Theorem 11. 4 We have f^ x X > if and only if X Af 

We see at once by the formula (?) that P^, x = if and only if 

*f 

PmX X Therefore we have by Theorero 11.4 
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Theorem 11.5. We have p^ x = if and only if x 6 M*. 

Since P M X * M for every X * R , we obtain by Theorem 11.5 
PM PM X s P M X for 



Thus every projection operator p^ is iden potent: 

(9) P M P M = PM/ 

Furthermore we can state 

Theorem 11.6. The range of p M coincides with M , that ia. 



Since P M x M, P M ^ {f * M * * or every X , y e fl , we have 

( PM * . Pfl*}) = for every X , f R . 
This relation yields by the formula (7) 



We also obtain likewise 

<*PM> s <fi*.1i!f-)- 
Therefore we have 

do) (p M x,j) (<rp M y)(p M */^)* 

Prom this relation we conclude that the projection operator P^ is 
symmetric. Therefore P^ is a bounded linear operator on R by Theo- 
rem 10*9 1 and hence P^ is continuous. Furthermore we have 

(11) If P M X II g |l X f| for every X 6 R. 

Because, recalling the formula 7(4), we obtain by (7) 

ffXfl 1 = HP**!! 1 * I\?M+* II 1 - 
This relation yields (ll) at once, and we obtain further by (7) 

(12) I!(1- 



Furthermore we have || P^J. x II =0 by Theorem 11.4, if and only if 
X M" 1 " 1 " = M Therefore we have 

Theorem 11.7. /!P/<*-ll = tf X || implies p^X = X. 

By virtue of the formulas (9), (10), every projection operator is 
a symmetric idenpotent operator on R . Conversely we have 

Theorem 11.8. For a symmetric idenpotent operator T on fl , 
can find uniquely a closed linear manifold ft sucj^Jbhat T = P/^ 



44 SPECTRAL THEORY (Chapter II 

Proof. Since T 10 symmetric and idenpotent by assumption, we 
have for every % , J R 

(TX,S-TJ.) = (x, Tg-TTw.) s 0. 
Therefore | denoting by X the range or T, we have for every X ( R 

X Tx-f (X -Tx), Tx A x-Tx/f* 
Since /4c/4 J " l 'by (3), we conclude hence by definition 

X - T x = P^A x . 
This relation yields by (?) T = P^JU . 

By virtue of this Theorem 11.8, every symmetric idenpotent opera- 
tor on p also is called a projection operator. 

12 Calculus of Projection Operators 

For two closed linear manifolds M and /V of R , we define P M ^ R> 
or P^ p^| to mean ftc N . With this definition, we have obviously 
by the formula ll(2) that P M < p^ is equivalent to P M * -% p^ 9 and 
hence by ll(?) that P M 5 ^ is equivalent to 1- P M 1 ~ P/v* 

Theorem 12. i. For two projection operators p and Q , P ^ ft 
is equivalent to every one of the following conditions: 

1) QP P, 

2) Pft P, 

3) H fix - pxll 1 BflTCII 1 - MPXII 1 for every X R . 

4) H Px I! g H ftx H for every X R . 

5) ftX = implies pX 0. 

Proof. Recalling Theorems 11.4 and 11.6, we see easily by defi- 
nition that p^ <J implies QPx = px for every X R, that is,p$Q, 
implies the relation l). 

If Qp s p , then we have by the formula lo(lO) 

p * p ((2p)* = p*CL,* = Pft, 

because every projection operator is symmetric. Thus l) implies 2). 
Tf p = pft, then we have by the formulas (9), (10) in 11 

(PX , Qx -px) = (x, Pax- Px) = 0, 
and nence by 7(4) 

Px ||* for every 
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Thufl 2) implies 3)* It la evident that j) implies 4), and that 4) 
implies 5). Recalling Theorem 11.3 and the formula ll(2), we see 
easily by definition that 5) implies P ^ fi. Therefore our asser- 
tion is established. 

For two manifolds A and B of & , we define A JL 8 to mean A C &\ 
that is, x x for every x A and Jf 3 With this definition, 
it is evident that A * B implies 



Theorem 12.2. For two closed linear manifolds ^f and /V , we 
have M J. y if and only if P M Py * . 

Proof. If A< J- ^> then, since P M x * At P>v # * >V *V defini- 
tion, we have ( P M * , P y f ) , and hence by 11(10) 

(* , P/* P//# ) a for every X , 3 * . 
Thus we conclude p^ p^ = by Theorem ?! 

Conversely, p H py implies by 11(10) for every x , fc 

(fVt* Py?> s ( x t PM Pyj) = <>. 
and hence ^ a. y by Theorem 11.6. 

Theorem 12.). For two projection operators p and Q , p fl, 
also is a projection operator if and only if p(J $ P 

yroof . If P ft is a projection operator, then PQ is symmetric, 
and hence by the formula 10(10) 

PCI * (pft)*= a*p* = P. 

Conversely if pa Q. P then we have by ll(lO) 

(PL*,j>) *(^,flP^) (*, PflJ), 
and hence P Q, is symmetric . Furthermore we have 

(pa)(pa) = (Qp)(pa)=apa = pQft = pQ, 

that is, P Ci is idenpotent. Therefore pfl is a projection opera- 
tor by Theorem 11.8. 

Theorem 12.4. For two projection operators p and ft, p * ft 
also is a projection operator if and only if P Q. ~ 

Proof. If p + ft is a projection operator, then p + ft is iden- 
potent, and hence 
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This relation yields 

PQ, + OP = 0, P41+ fi Pft = 0, 

and further QP&+QPQ~0* Thus we obtain ft p & & , and 
consequently PQ, = . 

Conversely if PQ = , then we have ft P = by Theorem 12.2, 
and hence 

that is, P + Q, is idenpotent. Since -p + ft is symmetric by 10(9), 
P -f Q, is a projection operator by Theorem 11.8. 

Theorem 12.5* For two closed linear manifolds # and tf of ft 

? - Pi/ is a projection operator if and only if p^ > R/, and then 
^ /IT ^ia^MfcirfliaMiiii^aii^iiiiiapiiii^iiM I I I >~uMm*~~m ' /H * '/V * ' ' ' 

PM * P^ = PAfA** 

Proof. If P M - P^ is a projection operator, then we have by 
Theorem 12*4 



because PM * P>y " ( PM *" 



and hence ^ ^ PM ^ Theorem 12.1* 

Conversely if P^ < P M , then P^ P^ = P v PM = P,v ^y Theorem 12.1, 
and consequently 

<PM-P*><P-P*)- P^PAt+PvPy- P^Pv-^)?.= p - p ^ 
that is, P M - p^ is idenpotent. Since P^ - ?// is obviously symmetric, 

P "" is a P 10 ^ 66 ^ 1011 operator \jy Theorem 11 8. Furthermore 



-P^) = PM - P** 

Thus we see by Theorem 11.4 that the range of P^ - Ry is included in 
M // *" ,f, On the other hand, for any -X. 6 ^/ y*, <ie have by Theorems 
11.4 and 11.5 P^ X = X , P^ X = (7 , and hence ( P/v, - /V ) % s ^ 
Therefore we conclude by Theorem 11.4 that the range of P M - P^ coin- 
cides with AI/V"*! and hence PM - P/v ~ PM/V** by Theorem 11*6. 



For two closed linear manifolds Af And y , the projection operator 
of M y will be denoted by p M ^ py/ , that is 



On the other hand, we shall denote by P/w, ^ Pv *& projection operator 
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of the closed linear manifold generated by M and /V . With this de- 
finition, we have obviously for every projection operators p and Q 

P w ft * ft^P *P, ?/>$,= ft/^P^P. 

Furthermore, for projection operators p, , p , P 3 , it is obvious that 
P! Pi PJ implies p, v/ p a $ p 3 f and that P, , P* P 3 implies 
P P 2i P 

Theorem 12.6. For two closed linear manifolds M and y. we 
PM P* - PAT PM if and only if p y ^f C M , and then 
f^ M = //Mi PM r> P-, = P N P,v, 



Proof. If p^ p y P y PM i todn for evey y * * M 
by Theorem 11,4 f>, x p^ P M x = P M P H K M . 

Conversely if P^ M ^ M , then, since P^ X /^1 for every x R 
by Theorem 11.6, we have by Theorem 11.4 for every x R. 

P* P/* P/n * 3 PA P* * 
that is, P M P^ P M p^ P M . Thus we obtain by 10(10) 



If PM Py = P/^ PM > then p^ p y is by Theorem 11.8 a projection 
operator, and we have obviously 

P* Py * * P^ ^AC x ^ ^ f or every x e ^ ' 
On the otner hand, for every X * A//V, we have by Theorem 11.4 

P^Pv* = P^* = x. 
Therefore we e*e by Theorem 11.6 that 



Denoting by /4 the closed linear manifold generated by /M and /V , 
we have by Theorem 11.2 and the formula ll(6) 

/I (AfV*)*. 
Since we have by the formula ll(7) 

P^P^-^-^H 1 -^) = U-P^>U~P*) P^* P^^, 

we have P^J. P^J. = p^i^i , aa proved Just above. Therefor, we 
obtain by the formula 11(7) 



= 1- (l- P M )(i 

Theorem 12.7* For tvo projection operators p and Q , if ' they 
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are comgutativei p Q Q. p , then ve have for every * R 
II P^ft x I* g II p xfl* + flax**. 

Proof, Recalling the formulas ll(ll) and 7(4), we have by 
Theorem 12.6 for every x R 

NP^axil* = II P* + &(1- P)* H* 

* IPX II 1 -i- 11(1- P) xil 1 ^ lip XII* 4 naxfl 1 

For au operator T on ft , we define T" (k = 1, 2,...) to mean 

T' * T, T* 4 - 1 * TT" (*1, 2,...)- 

With this notation we have 

Theorem 12.8. For two closed linear manifolds ft , y > we have 

PM ^ Px P/^/^ ^^ ( PM PX )^ - 

Proof. Putting T P^ p M p#- , we obtain ty 10(10) a eymmet- 
ric operator T on R , and we have by ll(ll) 

II T X II < M x || for every % R . 
For an arbitrary a, 6 R , we have hence 



and consequently (T a "a, T*^) (^*l f 2,...) is convergent for 
every ^ = 1, 2,... . Therefore we can find by Theorem 9.10 
such that w-lj T^o, * 4 For such ^ ^ we have 



Urn, li 



^ 

= lirn^ (o.jT^o.) * IJrn^ II T" a II*. 

Therefore we have lim > T 1 *'a. = 4 by Theorem 9.5* Furthermore, put- 
ting ^ s lim T 7y > we obtain \% Theorem 10.6 a bounded linear opera- 
tor Q on R This operator Q ia aymmetric, because 

(ftx f Jf) * ^lim^ (T^X,^) = Um^ (x.T 1 ^) = (x,^^); 
and Q. is idonpotent, because we have by Theorem 10.6 

$Q as lim T**' = Gl. 

Therefore Q, is a projection operator by Theorem 11.8. Since 
T*QX = lim T^^x * fix, 

l^ 9 ** 

we have for every X R by 

Q.xli i KTGxK < 
aiid hence || ftxll = l| P^ ft x il = || P^ PQxI. Thus we conclude by 
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Theorem 11.7 

ft* P x fix P^ P^*?* for every X *, 

and hence the range of & is included in /v/y by Theorem 11.4* On 
the other hand, for every X A/A't we have by Theorem 11.4 

T * = P/vPM^* = * 
Therefore we conclude Q a P^^ by Theorem 11.6. 

Since Tft = P v ^ P v C = S , we also have * !&, T *"* 1 , 
and hence Q = lim f v * On the other hand we have obviously by 
the formula 11(9) 

(P/f P*)"' 88 P T " C^l, 2,...). 
Thus we obtain further 

PM ft - 1&. PH T" = lift. ( P,, 9r 

15 Systems of Projection Operators 

For a ays ten of closed linear manifolds H* (A /O of R, the 
intersection TT Mv ^l 00 is obviously a closed linear manifold of R. 



The projection operator of TT Mv will be denoted by A P*, , i.e 

XA A >4^ ^^ 

(i) n P Mx * P- 
*<A - Mx JJ A M K 

With this definition we have obviously by Theorem 11.4 
Theorem 13.1* In order that ft A PA it is necessary and 
sufficient that we have Q x = x if and only if p x x = X for every 

X A. 

For a system of projection operators f^ ( A C /I ) , we shall write 
PX A \ A > if ^ or an y t0 ^ i > x i < /J ^ can ^^^ A /I such that 

PxS Px, /N Px t ; ^ P * ^XiA - ^^ that MM* "* ft S xOA PA4 
For a sequence of projection operators p y (i* 1, 2 ,), we shall write 

P^ i r., if p i PI ; ^ d P.C., a *^ PV i,", * 
a A P, 

I'd 

Theorem 1%2. If P>. i x>l ft > then we have 

|Qx| m inf HP X x II for every x R, 



implies lim p A| , X ftx. 
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Proof* Tor an arbitrary <x R , putting r a inf || PA, 0. II , 






we can find by assumption * M (^ = 1, 2,.%.) such that 

fA*4r.i. &J p A,,*n s r - 

For such * A (v * 1, 2,...), ( PA - PA +, )k (" = 1, 2,...) is 
an orthogonal sequence, because we have by Theorem 12*1 for v < (*> 

((?*** &)*< (Px^-PvJ**) * ((Px r -Px r J(Px,,- ^ M )^,O = 
Furtnermore we have by the formula 7(4) 






Therefore 21 ( ?* - PA^,)^ is convergent by Theorem 7 .11, and 

hence Px k & (^ = 1,2,...) is convergent. Thus we can put 

>4 = 11*. PA. o. 
and -we have obviously 

i in = 11^ ii PA^^H s y. 

For any X A we can find by assumption f v t/\ (^=1, 2,...) such 
tnat ^f^ ^ PX r\ PX^ > a^ *nen we have 

I P* 4 I - ^lin^ H P x P X(/ a || > 11^ || p fv a II g- r -*". 
Consequently I P x ^ II = [U 1! by 11(11), and hence we obtain by Theo- 
rem 11.7 R A 4 s { for every x A Thus we have Q -f = -< by Theo- 
rem 13-1. On the other hand, since Q p A| , (i/ = 1, 2,...)i ve have 
by Theorem 12.1 

Q * = .^^ p x.^ fta- 
Therefore Q a ^ = lim P A a^ , and further II a a M * T . 

For a system of closed linear manifolds MX ( x 4 A ), the closed 
linear manifold generated by 5H M^ coincides with (II MX)** by 
Theorem 11.2. The projection operator of ( 2L MA)** will be de- 

-^*A 

noted by ^ P M ^ , that is, 

(2) W P Mx = P/ r M x*^ , 
x ^ Mx (; M X) 

With this definition we have obviously by Theorem 11.5 

Theorem 13. 3. In order that ft = \j p A , it is necessary and 

MA 

sufficient that we have Q x if and only if P x x == ^ for all A A. 

Since (1 M^) 4 " = TT M x ^ by 11(6), we obtain by ll(7) 
x *>* xf/t 

(3) \J P A *1 - A (I - PA). 

A 
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From this relation we conclude further 

(4) AP X =1- V (1-Px). 

x*A x*A 
For a system of projection operators f\ ( A A ) , we shall write 

P A 1\ *A i for an y * 1 ' x * * ^ we can find x 6 ^ such that PA 2 
PA,*' PA; * d PAf>^ft means that- P A t A 4 and ft-^ PA- *>* 
a sequence of projection operators P^ (y = 1, 2,...) we shall write 
P*1\~.> if P* P*S 5 and p^t,t ( ft means that p^f ^, ^ 

CL Pu 
>i 

Theorem 13>4> If R f^^ Q. > then we have 

II a x: II = *UP A II P x X II for every * t R , 

32 P A ^t^, , *.> * /I (^ It 2,..-), ^lim^llPA^X II = II A X || 
implies lim P >t ^x Qx. 

- - *--*oo ^" 

Proof. If P x t X >i Q. > tnen we have b y ^ formula (3) 

(l-Px)^^ 1 -^- 
Thus we have by Theorem 1J.2 for every % t R, 

II x- ft xll 1 = inf II* - P^Xll 1 
X 6 A 

and hence by 7(4) 

II ic I* -I * II 1 =i?f (KXII 1 - UPxXll 1 )- 

AC A 

This relation yields |l x || 4 = sup N P A x l| a , and hence 

A f A 

II 61 * II = sup || p^ x II for every x 8, , 

A c A 

If P**1\! 1 and ^lim^ II P A( , -X II = fl a x II , then we have 

(1 - Px J I wli , Urn. H -X - P^xlf = H X - Q * l|, 
and hence by Theorem 13*2 

Urn^ (x- P Av ,x) = X- fix , 
that is, lirn^ ?^K = fix. 

By virtue of Theorems 15.2 and 13*4* we have obviously 
Theorem 13.5- P* T^i ft r PV i*i Q iapU*3 ii^ p k - a , 
Theorem 13.6, If a projection operator Q is commutative to all 
projection operators p x ( \ A ) , then we have 
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ft^ A PA A (a^Px). 

AA *M 

Proof> Denoting lay # x the range of PA. ( A * >1 ) and by // 
that of ft , we have by definition 

& PA " p fl l "' Px " P **' a " P '* 

Since p^ p^ x p^ Pyy ( X /I ) by assumption, we have by Theorem 12.6 
P^ MX C MA for everv A 6 /I , and hence f>y TT Af A C TT MA* Thus 

A *^ A f'A 

ve obtain by Theorem 12*6 



Therefore the first assertion is established. Consequently we obtain 
by the formula (3) and Theorem 12.1 



fl (1 - A (1 - Q PA )) * V A Q PA > 

A ^ A T A 

because Q f Q P A = 1- A (l- (3 PA). Furthermore ve conclude 

A (A A ^ A 

by the formulas (}) and (4) 



. x - y (i- Q)(X- \) i- / (i - (ft^ P A )) A 

A^^\ At/1 ArA 

Theorem 15.7. For a system of projection operators P x (A/!) 
i P x Pr * Pr Px for every A , r /I i then w have for *venr x R 
"^PAX||*< ZlP,xlV 

Proof. By virtue of Theorem 12.7, * have for tVery finite num- 
ber of elements x v ^ A (^ = 1> 2 9 .*.,K) 

,!?, p^ < * a f: < PA,* 11* * ^ PA * i*. 

and hence ve obtain our assertion by Theorem 1J.4 because 
K . 

tVi ^ x ^ ' ^ <y t(i.i,a,...,K) x ^ x Px . 
K i,a,..- At/l 

Theorem 15.8. For two sequences of fcroAection operators P L f^ l p t 
*Si ftvtr, ft 1 P^^ * ^ P^(f^*l> 2 t ...), than we have 
P CU t^i Pft 

Proof. It is obvious by assumption that Pj, t ^li By 
virtue of Theorem 1J.6, *e have further 



12, 14) Systems of Projection Operators 5} 

pa. - ( P. )( a r ) . K ,P, r - 0, p.a,, 

because p^ fl^ p^ r fi^for every >/ , /" 1, 2,... . 

Theorem 139* For projection operators Q. A -g fi (* A ). ^f 
? A P,. SL X ^ r t then we haw 

&<PX-O -&?*-&* 

Proof* Since we conclude froa assumption by Theorems 12*1 and 
12.6 for every > , ^ A 



we obtain by definition 

(u/Px-ejjv'^ 

and by Theorem 12.6 

^CV-^M^ 

Thus we conclude by Theorem 12*6 



14 Rings of Projection Operators 

Let R be a Hilbert space. For a collection of operators *p on 


f^ , we shall say that an operator $ on A is commutative to "p , if 

T S & T for every T 'T 5 A collection of operators T on R. is 
said to be commutative, if every T* "jb is ooMutative to T* A 
collection of projection operators "p is called a rinr* if ^D is 
Utative and 

1) P f ft ^ ^P 11 * 8 P w ft * T > 

2) p,ft^p implies p(l-Q)T- 

Since pet * P(l- P(l-Q)), for a ring "p we have further 

3) P, Q7? impliee pft "p. 
For a ring 7? , putting 



w obtain a projection operator *, * This projection operator C ^ 
is called the cover of R . A ring ft is said to be closed* if for 

every system P*tft(X4) we have \J P x * ft , and hence A P. 05 

^ x ^ XM * 

because 

A P, = Px.U - U Px ) forx. A. 
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For a closed ring ft , we nave obviously C& t K and C# ? for every 
P * ft. 

For a collection of operators "f> on R , the totality of projection 
operators which are conmutative to *p , is called the commutor of *p and 
denoted by p . Concerning the commuter ^6 of *f> we have obviously by 
definition that 1 < J> and 1 - P f f or every p f *? . If 7? is a 
ring) then we have ^> c )5 , because every ring *p is commutative by defi- 
nition* 

Let 91 be a closed ring of projection operators, C^ the cover of 
ft , and ft the commutor of ft . Corresponding to every X * R , the 
projection operator of the closed linear manifold generated by the ma- 
nifold { P x : P ft ) is called the projector of X by ft , and deno- 
ted ty tx 1 or by ( xj ^ , if we need indicate the ring # . 

Concerning projectors we have obviously by definition 

(1) C a x 1 < C* ft for every a 6 R , 

(2) lot X ] = [ x J for every complex number oi * . 

Since t^ ft and C* 3x a Cx3 C^x by (l) and Theorem 12.1, we ob- 
tain by Theorem 11*4 

(3) U)x **. 
Thus we have naturally 

(4) t*J= if and only if C^ X 7. 

Denoting by ^1 the closed linear manifold generated by the manifold 
( P ot : p 7? }i we have by definition [a] - P M - For each Q 7? , 
denoting by V the closed linear manifold generated by{Qpcx,; p9?[> 
we have QM C /V by Theorem 10.3, and further A" C M > because Q P ^ 
for every P ft . Therefore we obtain by Theorem 12.6 

Q P* * P &' dM Q// =./^ 
Since Q H may be arbitrary, we ootain hence by definition 

(5) (xJ # for every X. < R. 

If Gl ^ fl i but Q P/n P^ d then we have // C M ^Y Theorem 12.6 and 
Q, M C/V by Theorem 10.3* Thus we conclude 



Since Qp = p Q f or every p f ^ > we obtain CQo-) - PV b y definition, 
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and further Q, P^ = ?# by Theorem 11.6, because & P M is a project* 
ion operator by Theorem 12.3 and QP H R = <2 Af = A/ . Therefore 

(6) dcxj=ca*j if QK, a r*j = oja. 

Since PCx) fx3P for every p e# ty (5), we have especially 
(6) Pt*:i = CP*J for every f> fl . 

If CXH^J = 0, then we have by (l), (}), (^) for every pf # 
(*,?)= (t*Jx, P 33^) x (x.fxHjJ pf) = 0, 

because P < ft for *very p e # . Conversely if (x , p^ ) ? for 

every p ft , $fcen we have 

(ax, f> ) * (x , Q p^) * for every p , a ^ K. 

Thus, recalling ^7(5) we conclude Cxji^J (? by Theorem 12. 2 

Therefore we have 

(7) Cxlt 3!= if and only if (x, P# ) = for P*R. 

Recalling Theorem 11.5 and the formula 7(3), we see by definition 
that (X, , pj ) a for every P * <R if and only if j Jx = . We 
conclude hence from (7) 

(Q) C*Uj3=0 if and only if CjJx^O. 

By virtue of (7) and (8)> we have (x-^,po.)= for every p 
ft , if and only if CaJ ( - Jf ) . Therefore we obtain 
(9) (x t pd) (3 , pa) for p if and only if 



If [x]^ =* f^^ , then we have Cx) P# P^ ^or every P 
and hence tg]$ (x] by Theorem 11.4* Conversely if CjfJ C 
then we have by Theorem 12.1 and (}) 



Thus we obtain 

(10) txj J CyJ if and only if fx J j. C^ y . 

Theorem 14*1* For every Q g jg we have C^ ft. - V^ C^^3* 

Proof. For each % k R , we have obviously 

ft(PQ,x)=PQ,x for every p * . . 

Thus we see by Theorem U,4 that Q ^ CQ*J for every X 6 R . On 
the other hand, if [Q. ] v for every x K % then we have by (l) 
and (3) 
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Thus we conclude by Theorems 11.2 and 13*3 that \J lQ,z] 2 C* Q 

* * 

Therefore we obtain C*. fi V [Q*J. 
* ** 



14.2. If # * P k tJTt S2i lift. P* * H M * i 
then we have ? UJ t^, [0-1 

Proof. Putting ft * Pi/ , w have ^ ^ ft ty definition and 

v*l 

ft Cal Pi, Ca-3 IV Theorem 13.6. Recalling Theorem 13.4, we 

t-a I 

obtain further by assumption 

H^CL = lift C<x] cell lim^llPa^JaM l^lPvfluK = II<L|I. 
This relation yields d = <x by Theorem 11.?. Thus we have by (6 1 ) 



Theorem 14.5. For a system p x # ( A e /\ ) and an element 
ft > we can find a sequence A P * /i (v = 1, 2,...) such that 



Proof* ^ need only prove that for 9Z * P x f A c/| P we can 
find a sequence * 6 /I (l> * 1, 2,...) such that P X| ^ Calt 
In this case, we have by Theorem 13*4 

MP0.ll ||PP(Xfl = supHP^pctll. 
x* ^ 

Thus we can find a sequence x k f A (* = 1, 2,...) such that 

P^tT.i > ljfUPA.PCtll = HPctll. 
This relation yields by Theorem 14.2 and (6*) 



fflepre14.4. J P/*,w C^J t^, P Cfc] ((** 1, 2,...), P 
P r>l , f *R (/*! *^ = 1| 2,...), then we can find j^p (^, f = 1, 2,...) 



8uch 



Proof. By virtue of Theorem 13*5, we obtain by assumption 

^lim^ II P d - P^M = for every fi = 1,2,... . 
Thus we can find ^^ (^ , f s 1, 2,...) such that v^ >f < i/^, ftl and 
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Then we have by Theorem 13*7 and the formula 13(4) 
II P0u - A ?^ tV <XK * W O f (l - f/^ifcfJP^fl 

foy every f =1, 2,..., and hence lim^ C\ ?+ tV &> - a T^* 18 
we have by Theorem 14-2 A^ P/u,i/ r - Cojt^, P Cal . 

For an arbitrary projection operator Q, we define the cover (V 
of Q, by ft to mean 

Ca = C - L/ p (T A (l - P) 



With this definition, it is evident that C^ H for every pro- 
jection operator Q , and we have obviously 

(11) Cp P for every p 6 ^, 

(12) ft| ^ a, i-pues c a ^ c afc< 

Recalling Theorem 13*6, we have 



and hence 

(13) O , 

(14) C^P * , P 6 K , if and only if Q P = . 

For a system of projection operators Q ^ ( \ t A) we see by (,14) 
that us have 

C v Q P , PiJKi 

if and only if \J <^ x p = and hence by Theorem 13*6, if and only 
if <3 X p = for every x < A Therefore we have by (14) 



For P 6 H f ft # t ws have by (14) Cp^ P * , P ^ , if 
and only if P P ft = ^ an* hence if and only if C^ P* P ^ - 
Thus we conclude C^oCCfc- C^Pp) C a P t ( C^- C^) - , and hence 
^P.O, B P Cc- Therefore we obtain 

* (16) CPL - P C a for p <? ( f ft 6 K . 

Since Cx] ( Jl ^ (5), putting ft = tx] in (l6), we obtain by (6') 

' P C tx] ">* *- 
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Since U J < C tJca by (13), we have by (3) 

C l*3 X * C c*j* x= C UJ CxJX 
that is, 



If P X C^X , P 71 1 then we have by (l6) 



Conversely if P C Cxl = C CxJ , then we have by (17) 

^fc* = Cc3 X = P C Cxl X = P (^X P*. 
Therefore we obtain by Theorem 12.1 

(18) P C c |, P 71 , if and only if Px * K x 

If P C Cx3 = , P #, then we have by (l?) 

Px=PC^x = p C CxJ x 0. 

Conversely if p x = <? , P * 1R, then we have ty (l6) P C C3C3 = 
Thus we have 

(19) P C CxD = , P t , if and only if Px * . 

From the definition of covers we conclude immediately 

(20) C 



14.5. If C Cft>3 C t(lfil = for v* p. and %_ Q. V ie 

oo 

convergent, then [ T" <x,") = \7 [ct^J. 

VCI t,l 

Proof* Since C^ a ^ <! [A = for ^u^ v by assumption, we 
have by (19) (? c<t 3 a/ = for jH*. ^ i> , and hence by (17) 



for every /* = 1, 2,*. . Thus we obtain by (6*) 

C C4>1 [ fl a.,] = tC^a^] = C R [a r j = I V ] 

for every ft =1, 2,... . This relation yields by Theorem 13.6 and 

the formula (6) 



because we have by (17) 



thus we have C f * i C rf -, = for i/ + M and further 

lfrj fc*^-J ' 

fi^i^i * 5, ^t^- 

because we see by Theorem 12*6 for every V = 2, 3,... 
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Theorem 14-6. for any sequence & * & (i/ l f 2 t ...) we can 

find * ft such that C co - O f C^ . 

troot- Putting ^ t * a,, ^ ( C R - y t C Ca/ j)On, for 

j^ = 2,3,..,, we have by (l6 f ) for every ^ = 2, ),... 



Now we can find <* > (i/ * 1, 2,...) such that Jlot v ^ *<4op 

fr*i 
and then we can put toy Theorem f.ll 

fL/*4r. 
I 

Since [o/ ^3 &,] by (2), have then by Theorem 14.5 

If} m \J t t^l, 
and hence by (1 5 ) C M , = C u ^ - C t ,v 

Theorem 14e7> For a projection operator p ( ft . we pan find an 
element a R such that P . * C ta j if and only if for any system p x 
f( (\ 6 A) we can find a sequence X* A (*'! 2 f ) such that 



Proof. If p C [0.3 for aome a ^ ft i tiien for WV system P K 
R. ( X A ) we can find toy Theorem 14.3 a sequence X^ A (*>!> 2, 
. ..) such that we have 



and hence by (16*) 

u/xc tai = Op,.c Cft; . 

Conversely, if for any system P x 6 1ft (^ tr A ) we can find a sequ* 
ence X^ A (*" = li 2,...) for which 

PX^P^ - p ,p 

then, since P U Cpx] by Theorec* 14.1, we have by (ll) and (15) 
P 
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and hence we can find a sequence x,, * R, (f * 1, 2,...) for which 
P = U C CPx i- 

let trX^J 

Than there exists by Theorem 14*6 CL 6 R such that P = CCAI* 

!5 Proper Spaces 

Let ft be a closed ring of projection operators and C# the cover 
of ft . A subset J of # is called an ideal, if 



2) P *, P<ft# 

3) P , d * $ implies p Q * . 

An ideal is said to be maximal, if there exists no other ideal in- 
cluding g . 

Prom the postulates l) and }) we conclude immediately that every 
ideal & satisfies the condition 

(F) r\ P, *0 for finite P k $ (v = 1, 2, ..., x). 

Theorem 15.1, If a subset , of J? satisfies the condition 
(P), then there exists a maximal ideal including J 

Proof By virtue of Maximal Theorem, we see easily that there 
exists a maximal subset of ft which includes A and satisfies the 
condition (F). Such ie a maximal ideal. In fact, we have ob- 
viously Ofc XfPaadPjQ*ft then we have ft ^ $ - 
Because, if Q c ; then ^ , Qf satisfies obviously the condition 
(P), contradicting that ^ is a maximal subset satisfying (p). Fi- 
nally, if P , Q * , then we have p e $ Because, if RQ ? ^ , 
then \ 1 i P ft } satisfies (?) . contradicting the maximality of . 
Therefore Jj is an ideal by definition. Purthermore is a maximal 
ideal, because every ideal satisfies the condition (?). 

Theorem 15.2. In order that an ideal j? be maximal, it is ne- 
cessary and sufficient that for $. 5 Q ? ^ we can find P 6 J auch that 
PCI = 0. 

Proof. Let f be an ideal. If there exists ft f such that 
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Q * PO, * P for every P , then { f , ft f satisfies obvious. 
ly the condition (P), and hence there exists by Theorem 15.1 a maximal 
ideal including {,}. Therefore is not maximal. 

Conversely, if is not maximal, then there exists by definition 
an ideal including $ but different from J? . for such f t we 
can find Q , such that Q ? , but we have obviously by definition 
PQ * for every p* . 

Theorem 15.5. Let * be a maximal ideal. If 

C(Pt,i P v # (* 1| 2 t ...,K), 

then there exists i/ for which p^ 

Proof. If.P*, ? $ for every i/ 1, 2,..., x, then there is 
ly Theorem 15.2 Q^ ^ (^ = 1, 2,..., x ) auch that P^QueO for 
every i/ = 1, 2 , . . . , X . For such Q, ( k 1, 2, . . . , x ) , put- 
ting 

&" 

we have Q ^ by the postulate 3) and hence p^fit = for every i/ 
= 1, 2,..., K . Consequently we have by Theorem 13*6 

(O f Py )ft = 0, 
*c 
and hence \J P^ f i> by the postulated l) and 3). 

Considering every maximal ideal as a point, we obtain a apace ^ 
which is compsed of all maximal ideals in 92 . Corresponding to every 
P ft , we define Up to mean the set of all maximal ideals which con- 
tain p , and naturally TJ = , "O^ = * With this definition 
we have obviously 

(1) T7 p if and only if p . 

(2) T7 P T7$ T7p^. 

Because, if tJpUgt then we have P , .<J by (l), and hence we 
obtain PQ J ly 3), that is, $ TJ^^ by (l). Conversely, if 
$ ^7f>3, then "* hav6 PQ * y ** hence p , Q ^ g by 2), that 
is, | TJpTJ^ by (l). 

By virtue of Theorem 15*3 and the postulate 2), we have P^ ft 4> 
if and only if P f J or Q t ^ . Therefore we obtain by (l) 

(3) TT4- XT = *^" 



62 SPECTRAL THEORY (Chapter II 

T7 p 2 *& is obviously equivalent to T7p t7 ft = 17^, , and P ft 
10 equivalent to P ft = Q. by Theorem 12*1. Furthermore T7p ft = T7$ 
Implies PQ= ft. Because, if ft- Pa * 0, then, since Q~ Pft6# , 
there exists by Theorem 15. 1 a maximal ideal 9 Q ~ Pft For such 
$ , since Q- pQ ft, QP(Q- PC) = , we have ft 6 but 
Q P ? t and hence 6 "0^ but f ? ^pft> contradicting the assump- 
tion "tfp^* TJ^ Therefore we obtain lay (2) 

(4) "Op :> TJ^ if and only if P ft . 

By virtue of this formula (4) we see that "Up = implies P = . 
Therefore we obtain by (2) 

(5) "^P 17 ^ 3 if and only if P ft . 

Since we have by Theorem 12.6 

P^ (Cfi- P) = C^ for P ^, 
we obtain by (3) and (5) 

*; ^P^^-P. ^P^-P =( >- 

Thus we conclude 

(6) v = -a^.p. 

We can introduce a topology into this space ^^ such that the to- 
tality of ~CJp(Pfc#) constitutes a neighbourhood system, because 
t7 p ( P ^) satisfies the neighbourhood conditions by (l) and (2). 
This topological space ^ is called the proper space of a ring f. , 
and T7p a neighbourhood by p 6 K . 

Theorem 154 The proper space " of a ring ft is a compact 
Hausdorff space and every neighbourhood "(Jp ( P * # ) is open and closed . 

Proof. By virtue of the formula (6), it is obvious that every 
neighbourhood Up (P fc ft) Is open and closed. 

For two different maximal ideals ^, and J i , there exists obvious- 
ly P t , such that p^ 1 % For such P, we can find by Theorem 
15.2 P! e ^ a such that P t P x = Then we have by the formulas (l) 
ana (5) 

|,*^p, <M^fv ^,^ = 0. 

Therefore f^ is a Hausdorff space. 

p^ then we have by the formula (6) 
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If Tj" TT. A to for every finite number of elements * A (v 

*! ''H" "** 

1, 2,...,K), then we see easily tyr (2) that the system f^- P A I* A ) 
satisfies the condition (F), and hence there exists by Theorem 15.1 a 
maximal ideal such that C+~ ?**$ for ever y X 6 A , that is, 

*< ft 17 *.-*' 

contradicting TT T7 * * Therefore there exists a finite 
xc* C * -P A 

number of elements A,, A (^ * 1, 2, ..,*) such that 

TT "17*- * 0, 

C ~ 



and hence ^ =s 22 ^Px/ * ThuB ^e i 

Theorem 155 In the proper space , if a closed set /( is^ 
included in an QDen set & , then there exists P * 0? such that 
4 C 17p C 8. 

Proof* Since B is open by assumption, we can find by defini- 
tion a system p x * ft (A * A ) for which B = 21 TT P Since A 

\A * 

is closed by assumption, A is compact by Theorem 15*4, and further we 

have A C 5T. Up by assumption* Thus we can find a finite muftoer 
XA A 

of elements x k A (^* 1| 2,..*,*) such that A C JJLL'P'p^,* Then, 
putting p * O t Px v > we obtain ,4 C TT p C 6 by (5). 

As an immediate consequence from Theorem 13*3, we have 
Theorem 156 For a closed open set A > we can find uniquely 
P * <R for which A T7 p . 

Theorem 15.?. We have T7 P ( H "0p x )~ t if and only if 

p '^ p - 

Pioof. If P * \J Px i then we have T7 P ^ Z. T7 Pjk by (4). 

\>l r XM * 

Since TJp is closed by Theorem 15-4, we obtain hence 

T7^(^T7 px r. 

I\urthexmore, if tT^C U p - (^.17^)"" i then we have by (4) and (5) 
Q 6 P > Q PH * ^ for ^'y A, /! i 
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and consequently by Theorems 12*1 and 15*6 
ft Q P ^ Q P* * . 

Therefore we obtain T7p ( 22. "0p A )"" 

Conversely, if T7 P = ( 21 "Oi^ ) "" , then, putting Q = U P A , 

* c A A tA 

we have 

U *" ( ^s 17 f* r - ^ 

aa proved just above* This relation yields P * Q, by (4)* 

Theorem 15-8. We have Up = ( TTTJp A ) , if and only if 
P = A Px 

XA 

Proof* Up * ( TT T7p A )* is by (6) equivalent to 



and p A P x i ty 12(4) aquivaient to 



Thus we conclude our assertion from Theorem 15-7* 

Theorem 15*9 For every open set A , its closure /(" also is 
open* For every closed set A its opener A . also is closed* 

Proof* If A is open, then we can find by definition a system 

P x % (A / ) such that A 21 T?PA' Putting P * ^ Px . * 
have then by Theorem 15-7 



Thus /~ is open by Theorem 15 .4* 

If A is closed, then its complement A is open, and hence A'" 
also is open, as proved just above. Since A'" = /4 0/ > " &** that 
>J* is closed. 

Theorem 15*10* For every sequence of nowhere dense sets A* 

(v 1, 2,.*.), its union Av also is nowhere dense* 

rt 

Proof, Since y|/ = Q \y assumption, we have for every x * R 



Since "Cf> Aj' is open, we can find P^^^.(xeyl) such that 

v *3 K 

^Cr^Aj' = 21 I7p x , 
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and hence by Theorem 13*7 



Recalling Theorem 143, *a can find therefore (^ 
. ..) such that 



Furthermore ve can find by Theorem 14-4 (** t a (", f = 1, 2,...) such 
that 



Then, putting 

Q f S .0,^^f f c,3 (f-1, 2,...), 
ire obtain by the formulas (15) and (16') in 14 

Qf t f *!, C c ^ 3 , 
and hence by Theorem 15 7 

^c^-tgi^r. 

On the otnox nand ve have obviously by (4) for every f * 1, 2,. 
This relation yields 



Thus ve obtain 



therefore ve have 

TT^S. ^J ) - * for every 7f 

Since (?-, I/ t^3 by Theorem 14-1, ve have <? * \J 
w ** ^ 

in 14, and hence ve obtain by Theorem 15*7 

*-<&*-> 

Therefore ve have 

: r 



Thus 2^ A^ is nowhere dense. 
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From this Theorem 13*10 we conclude immediately 
Theorem 1511* For any sequence of open dense seta >f k (^ = 1, 

>si 

Because, for a point set A its opener A is dense, if and only 
if its complement A' is nowhere dense, and we have 



16 Integration 

Let H be a closed ring of projection operators* A finite func- 
tion /* ( P ) ( P fc ) on ft is said to be additive, if p ft, * 
implies 



For an additive function /* on Jt we have obviously by definition 

/*(0) 0, 

/*(P-) = ,(P)- /*(ft) for fzQ. 
A function ^ on is said to be totally additive, if f* is ad- 
ditive and H <* Pi, i_7, implies 

Ita r (P,,).0. 

For a totally additive function /^ on ^ f if Pi/tv^, P *or P.,4^, P , 
then we have 



if P^t^ P or p k ^~ p , then we have P - P,, |^ f 
-P |^ t respectively, and hence lim^ /u ( p ) 



Theorem 16.1. If a real valued function ^w. on fl? is totally 
additive ., then we can find p tf ^ ^ such that 

/*( P Pp ) 

for every p fL. 

/*((!- P)P*)*0 

Proof. We shall prove firstly sup | p ( P ) | < + o . If 



sup | /* ( P ) | 4 oo , then we can find ft t fll such that 



For such Q , we have obviously 
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co 
because 



aup I p((l- G)P)| 



If we put P t ft or P t = C^- ft corresponding to 

sup | /* (C P )|= + 
f> fc 

respectively, then we have 



sup | /* (C P )|= +00 or eup |M((!- ft) P )/+<*> 

> fc Pf V 



P * w 

We can find likewise consecutively P>, ft (v 2, 3i ) *uch that 
P^ P = f or i/ * /* , 



For such P., ft (is B 1, 2,.,.)i putting p d $ p k , we have 

lrl 
Pf f| P.. 



contradicting lirn M ( \J P ) = M( P ). 
^-*o p t ' 

Therefore , putting < aup /^ ( P ) , we have < o< 

P * W 

If for some P > Q, # and positive numbers 8,5" we have 

/*(p) ><x-e, /^(a) > <*- y, 

then, since /i< (P Q ) < ol , we obtain by Theorem 12.6 



There exists obviously a sequence P^^ft (^ - 1 2 > ..) such that 
^(Pi,) ><*- -;; (*/= 1, 2,...)- 



such p^ ft {f e l t 2,...), putting 
O f 



<2 ? * O P,, (f = 1, 2,..0, 



we have /^(Q f ) = 11^ ^C^ PC), because \J p^ | J ^ | Q p for 

every f = 1, 2,... . On the other hand, we conclude by the fact 
proved just above 



Thus we obtain 
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Putting P t ? Qf , we have obviously ft f i f ~, P , and hence 



Conaequently we obtain y* ( P ) = o< . Furthermore we have for every 
P ft 



/*<(!- PJP) * /*((! -P )P + Pe)~ /"(Pi) 
= /*((!- P.)P* PJ- <rf i 0, 
because (l - p, ) p P * , (l - P f ) P + P. ft . 

A positive totally additive function 6" ( P ) ( P f{ ) is called 
* majorant of an additive function /M- ( P ) ( p 6 ft ), if 

I/*(P)|6-(P ) for every p fl . 

If an additive function ^u on J? has a majorant, then yU is obviously 
totally additive by definition. 

Theorem 162 Kvery totflilly additive function M. on 4? fy**? |i 
aajorant. 

yroof* If /u, ( p ) ( p 6 ft ) is totally additive, then we see 
easily \xy definition that both fll^ (P ) and ^^.(P ) (P 6 ft) are to- 
tally additive. Therefore we can find by Theorem 16.1 P $ ^ 
such that 

UMPoP) 0, ft/*((l-P f )P) 0, 
^/u(Q.P) J 0, ^ /*((!- QJP) 
for every P R . For such P , Q.e ft, putting 



we obtain obviously a positive totally additive function 6* ( P ) ( P 
Furthemore we have for every P 7?. 



Let^(p) (p&)bea totally additive function with a majorant 
e ( P ) ( P * K). Let ^ ( J ) ( J f TTp^ ) be a bounded continuous 
function on a neighbourhood tTp t of the proper space *, For any 
> , we can find a sya tern P x * ft ( X 6 A ) such that 

sup |f ()- <P(<t)|E for every A /\ , 
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Since T7p f is compact by Theorem 15.4, we can find a finite cumber of 
element* A,, A (K l t 2, ...,x) such that 



For such P Xfc , (K 1, 2,... t K), putting 

Q, PA, ft,* Px^d-pVl p *f > (>/=s2 5 *-^ 

e obtain a partition of P- in # : p. ^. Q v , O ^ f? 

wvt ^K rv 

(^ = 1, 2,..., x) euch that 

eup |^(J)- ^(t)IS (*!, 2,.. .,)). 

J' *t V^ 

Here p Zlflv* <? H (^ 1 2,...,^), implies C^C^^ ^ for 

I, * p.. Because from p p, p^ we conclude 21 0>/$p * ^ * 

v^f 
hence for every X 6 /I 

21 Md^ ftp XII 1 * 21(Q*Cp x *) (Zl 
k*f r ^*f ^*f 

Thus we obtain Q. w Qp = for v * f . 

For every two partitions of P in fc : 



and for every ^ k 6l7p^ ^ f "U* f (^ li 2f >t; f l f 2,.. f x) 

we have 

f: 



^ft f . if P,,Q r *0, 
then v have tT^'O'g, * by 15(5)* and hone* for uoh > , f 

IT (^)- 
Thus we obtain 



because P = ^" P^ Q ^ . Therefore there exists 



for P. - 
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This limit is oallsd the integral of <f by /M. in TT p< and denoted by 



p. 

With this definition we 0ee easily 

(1) 

(2) 

(3) 

P 
(4) 

(5) 
(6) 



if I<P()I< T(^) in T7p 



p, p. 

Proof. If ^ 9 P* !" , , then, putting JT * up |<f (j )|, 
ve have ty (6) and (3) fox every v * 1, 2,... P ' 



and hence 



" I 
If ft 9 P,, t^7i P then, since P, - P k I ,.~, * to >T (i) 



P 



as proved just above. We also can prove likewise the other case: 

H* P, C, P.- 

A function <f ( J ) ( T7 pj ) is *i<l to be *liBO3t continuous. 



16) 



Integration 
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If we can find ft * P*- t*7i P* auch that <f 10 bounded continuous in 
V^ for every f si, 2,... . Let <f be a almost continuous func- 
tion on X7p p . If for every fL 9 ?^ f ,/T, P* uch that <f is bounded 
continuous in T7p to for every \s * 1, 2,..., we obtain the same limit 



then we shall say that </ is integrable by ^ in TT po and this same li- 
mit will be denoted by 



P. 
With this definition we see by Theorem 16. 3 that every bounded continuous 

function on Vp, is integrable by ^n in 17 p t and we obtain the same in- 
tegral. 

Theorem 16*4, For a ma.1orant T (P ) of /* (p ) (p^l), 1 

we can find ft } f v f jTI, P a such that a function *f is bounded conti- 
nuous in TTp^ for every i/ = 1, 2,..., 



5e J 
Pi/ 



if is integrable by p. in Vp # snd 



p. 

Proof. F6r every yt 5 Qf t^i PO 8uch ***** ^ is bounded con- 
tinuous in TT af for every p * l t 2,..,, since P k Q f f^ ftf i ve 
have by Theorem 16.3 and the formula (l) for every f =1, 2,... 



I? 



From 



Thus we have 



Furthermore, since P v 



T, Pi- conclude likewise 



Theorem 



i we also obtain hence ; 
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70r f ? i/ we hare by the formulas (l) and (6) 



< j 
Urivflf 

5 21- 2J 



Thus we obtain 



Prom this relation we conclude easily 



Theox^a 16*5* If a function <f IB integrable by ^ in 17 p tf , 
then <f aleo la integrable by ^ M Vp for evnr ^9 P^Poi and 



Proof* ?V>r every two sequences f{ p^ f^ p sod f? 9 C f t t 
P - P ouch that <f is bounded continuous in T7p^ and in 17^ for 
every i/ , f 1, 2,... . Since p k * Q f ^f ^, P t we hare for 
every subsequence f^ (^ = 1, 2,...) by (l) 



Sine* the subsequence f^ (c = 1, 2,...) may be arbitrary, we obtain 
hence 



P ir 

Proa this relation we conclude easily our assertion. 

17 Integration by Elements 

Let ? ($ ) ( J 6 "C7p^ ) be a bounded continuous function on a 
neighbourhood t7p tf of the proper space ^. For two partitions of 
P, in ft: 

R P*> 

i.* I 
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and for ^ f T, < e TT hv for avy 0- f 



4 f* HP. o-i*. 

Therefore there exists 



f-0 r=n 

^ V ** (* = 1, 2,...,X). 

This limit is called the integral of <f by an element t in *CTp f and 
denoted by 



With this definition we have obviously 

Theorem 17*1 For a bounded continuous function Cf qn_ T7p 
we have 

. 2 



Furthermore we see easily 

+ (^(J)^ = ( 

* i>+ for P<t 0, 

(2) J 

-- 

(3) j dfd = Pet, 

(4) ft) 

P 
(5) 



P 

For every a,-^fR, (Po-,^) (Pe^)is obviously a tota- 



74 SPECTRAL THBORY (Chapter II 

Uy additive function on the ring ft , and v have obviously by Theorm 
17-1 

(6) 

(7) 



because we have by definition 
<J C W$ <1 . JXjKjf) ". 



Especially we have 
(8) 



(9) H} 

Here H P OL I* ( P 6 71 ) ia obvioualy a positive totally additive func- 
tion on R 

For a bounded linear operator T on ft. , we obtain at once by defi- 
nition 

(10) T 



if T is commutative to ft . 

, 17-2. If ft 9 P k ti,7t P 2 P* iTmi P > then we have 



Proof* If . ^ P^t^i P *n w ^^ b y <4) 



and hence 



We also can prove likewise the other case: Jt 9 P^ 4^, P. 

l^t *f (# ) be an almost continuous function on t7p . If we 
can find a sequence 91 9 P k t^Ct P* sucn that Y ia bounded continuous 
in T7p for every ix = 1, 2,..., aad there exists the lisdt 
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then for every sequence ft * &* fj^% ? * uch ***** ^ ig teundtd conti- 
nuous in T/a for every v 1, have always 

,%. J Wj* -. >*. / 

P* ** 

In fact, we have by (4) for every ^ , ^ 1, 2,... 



and hence 



Thua, mAld.ng AL tend to * 00 , we 



obtain 



Therefore in this caae we shall say that f is integrable by Ct in V p, 
and this coincided limit is defined as the integral 



O 
Theorem 17-5. An almost continuous function <f o ^p* i& 

integrable by an element a in T7p^ . if and only if |?(J)I* is 
integrable by IPOull 1 ( P V- ) in Up,, and then we hare 

!! 1 j l** 



O 

Proof> If ^(J)! 1 is integrable by IPM 1 ( P < R ) in 
17 p^ , then we can find by definition a sequence ^t 5 Q^t^i P auch 
that ^ is bounded continuous in *Q q y for every f = 1, 2,... and 

u Pi j nr^Ji^itjfci^ too. 

A/ 

For such Q^ (t/=l, 2,...)i putting # (7 , we have by (9) and (4) 

' 1 '' 



r 



ii a - ii f y 
/H " 11 4^-.1 



because (Q^- Q^t )(Q^- SL^-iO * for ^ * ^ . Recalling Theo- 
rem 7.11, we can find hence by assumption j t R for which 
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Therefore <f is integrable toy & in 

Conversely if <f is Integrable by OL in tTp , then we have by (9) 



for every sequence 71 9 P^ t v 7i P* subject to the condition that <f is 
bounded continuous in "0"p^ for every i/ a 1, 2,... . Thus (7(^)1 
is integrable by )| P <x II* ( P 6 K) in T7p, , and we have ty defini- 
tion 



Theorem 17-4- If ^f is integrable by CL jji "tfp t then for every 
R <f ia integrable by ct jln "C7p$ , >JL ft a la T7 P 



p pa 

Proof. If cf ia integrable >y a. in 17p , then l?^)!* is 
by Theorem 1?.5 integrable lytfPa,||* (p6#)in "t7p f . Recall- 
ing Theorem 16.4, we see then easily that | <jf> ($)|* is integrable by 
ft Pa, |{ a (P) in T7p oftc> and by aoP^ * (P^ie)in "C7 Po 
for every H . Therefore f is by Theorem 17*3 integrable by CU 
in T7p ^ and by Q d flu in T7p . 5*urthermore we can finish our 
assertion by the formula (4). 

Theorem 17.5. j[f <f is integrable by a in Up as well as in 
17 a, and P & = , then <f also is integrable by-o. in 



P 

For two sequences # 9 P k fj^t p and * * fi. tJTi 
such that <f ia bounded continuous in TTp^ as well as in "U^^ for 
ev*ry ^ = 1, ?,..., recalling Theorem 17 3, we have by definition 



j 

a. 
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and hence we obtain by the formula $l6(l) 

lim I I ? ( )| 4 H d* a H*< + ** 

IT A ^e / * * (j y 



Since p y + Q^ T^7, P * Q, > w see by Theorems 17.3 and 16.4 that <f 
is integrable by a in "U" Furthermore we obtain by Theorem 
17.4 



Theorem 17.6. If both cf and ^ are integrable by a in T7p > 
then ^y(j)+fl' > f'('t) is integrable by a .in t7p for every com> 
plex numbers ol , g, and 



P p , 

Froof> Since |o(<f(|)^ p -Y()| -j, 2 



t If l 1 !^ (^ )| 1 } > we conclude easily our assertion by Theorems 17-3, 
16*4 and th formula (2). 

By virtue of Theorems 17-3 and 16*4> * can conclude further from 
the formula (5) 

Theorem 177 ! <f is integrable by ^ as well aa by 4 M 
U p , then <f also is integrable by <W a + fl jj^ TTp for every com- 
plex numbers o< , A and 



P P 

17.8. If <f is integrable by every Q~ v (i/ * 1, 2,...) 

in TJp and 

lim a^ a , Ifcn^ 

then <f is integrable by a in Up and j <f 

Proof. For every sequence ft 9 PMtJ^i P s ^h 
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bounded continuous in T7 p for every /* = 1, 2 ..... putting 

(f.l, 2,...), 



e obtin by (5) aod (9) 



* j t<f(j)l*ll * J (fit-Ml^i JT r I P r (a-aJ|^ 
and hence by Theorem 17*4 



V r ^ 

Thus we have Ijjn^ j ?(j)^^a P^ . therefore ^ Is" by de- 



finltion integrable by a in TJp , and ve have by Theorem 17-4 



p p 

Theorem 17.9. 1 ? ia integrable by a IE "CTp^ and ^ is in- 

tegrable by 4 in T7 pj t then ff (j)Y(jl is integrable to' ( Po> . ^ ) 



Po 

Proof > We can find by Theorem 15.8 a sequence f? * Q^t^ 
such that both <f and Y are bounded continuous in 17^ for every 



1, 2,... . For every ^t 9 P^ t v t, P* ^^ t 

is bounded continuous in IJp for every ix si, 2,.. M we have by (7) 



Making u. tend to* 00 , we obtain by Theorems 16.3 and 17*4 



and hence 



i^ ( 



herefore ^(j)^!!) is integrable by ( P a, , 4 ) (Pfl)int7p o , 
and 
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P| Pt 

Patting Y ( ) 1 in this theorem l?-9 we obtain 

Theorem 17-10. If <f ia integrable by &, la 17 p t > then 
is integrable tar (Pa 9 {) ( P # ) for every ,1 g R . and 



Recalling the formula (10), ve have obviously by definition 
Theorem 17H* I ^f ia integrable by a la ^p , then for any 

bounded linear operator T 521 R being commutative to # , <f also ig in* 

tegrable by T<x In "(7p and 



18 Relative Spectra 

Let /*(P ) (p(7l) be a function on a closed ring of projection 
operators ft . For a maximal ideal g in ft , if there exists a com- 
plex nuaber $ such that 



then we shall write 

If sup ) inf | M(ft )|V =400, then we shall write 

P*J P*<U /rt x 

lim /* (P ) e oo. 

With this definition, we have obviously 

18.1. For two functions /*, and MI on 



P-*i 

implies * 
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if the right side has any sense. 

A positivo function /* ( p ) ( P * ft) is said to be proper in 
P a ft , if /* ( P ) implies P P, = . With this definition 
we have 



we have 



i 18.2. For two totally additive functions ^t and $ on 
91 i ^ is positive and proper in P 6 fll , then t putting 



we obtain a continuous function tf on -Op^ , and 
/u(P)= 



Proof. We consider firstly the case where M is a real valued 
function on 92 For every real number J 



is obviously a totally additive function on 9? . By virtue of Theo- 
rem 16.1, corresponding to every real number J , we obtain hence a pro- 
jection operator Q , J such that 

' "> for ft * PS ? 



< for ft} P 1 - # t 

For such Q (-oo<^<toc),we have 

P* ft | 1 PO ft ^ f or ^ > ^ . 

Because, putting P = Q|(l-Q), we have 

/*(P)-f6"(P)20, A^(P)^7^(P)^0> 
and hence (^-"TJS'Cp) ^ 0. Since ^ > f we ODtain therefore 
^ ( P ) = . Since 6 is proper in P tf by assumption, we conclude 
hence p P = , and consequently P Q* = P Q $,. ^ P ft . 
Putting 

<f ^ > - | *'* * ^ $ * ^f<*- ^1 

I -oo for - ? 21 -u 

-oo< J< * f ' 

we obtain a function on the proper space ^ . For a point ^ ( T7 p f , 
if y ($o) > 1 > t^ 611 there exists | > ^ such that Q. * , and it 
is obvious that 

<jf (f ) fc { for every * "^a* . 

If ff ( Jo) < | i t* 1611 we have Q| A > fi 111 ^ hence * ( 'tJ/i-A )p, 
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Furthermore we have 

*()* I for wry ^, 
because for J' > { we have P Q./ P f > &<* hence 



therefore <f ia continuous in TJ p . Since we have 

MP) (2 ? for * P4 a|P, 

<*(P) IsS for * P S (l-Qt 

we conclude further 

. for every 
* 



Putting PS A Q* Pp f we have obviously 

/i(P)- ^^ (P)2 for every i/ m 1, 2,..., 

and hence 6 ( P ) = . Since 6^ is proper in P, by assumption, we 
obtain thus P = , and consequently 

(l-Q^)Pt t v ~t P. 

Putting p a A (l- Q-w) Po, we have obviously 

^t(P) * v 6(P) g for every ^ ^ l f 2,..., 
and hence P * This relation yields likewise ft-> P f t^lj Pp. 
Consequently we obtain by Theorem 15.8 

-<!- Q)P. t~,P.. 
On the other hand, 7M P <2-^(l- Av)P 



and hence | ^ (| )| ^ I/ f or f i ^a.vd-a^P* w Tnerefore 
alaost continuous in t7> . 

If cf is bounded in t7> for soae 9 P i P , and 



then we have f $ ( ft*- ft, ) P , because 

<r(j)j if> f -^ 

'S r "J *"(,-.)?., 

as proved Just above. For 

o< * X < X^ < X K - j 3 i X^- JU-, < 6 (^ * ^1 
we obtain hence a partition of p in ft : 
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uch that 



X. * 
therefor*, for u 



and hence 



Thi relation yields by definition 



For every ^ 9 P v tj?i P S ? ^^ that ^ A ^ded in 
for every v l f 2,..., ve have 



aa proved juat above. Therefore <f ia by definition integrable by 
T in Up t And 



P 
In general/ for a totally additive function /* (P ) ( P 71 ), 

both ?l^(P) anci ^/^(P) ( p fl) are obvioualy totally additive. 
Therefore, putting 



we obtain two continuous functions ^f t and > 1 on T7p t , and 



for every 7{ 5 P < Po * aa proved Just above* Thua, putting 



we obtain a continuous function <f on T7p , and we conclude easily by 
the formula 16(2) 

- J ?(^>*Wf ) for every R?P$ P, . 



18) Relative Spectra 83 

Theorem 18. J. Let <f be integrate by a totally additive func- 
tion /*(P) (Pfl) in TTf f and a positive totally additive func- 
tion T ( P ) ( P * K ) proper in Up, . For a point Up , 
1 ? ia continuous and finite at , and lirn^ JUi i ia finite. 
then, ruttirur 




Proof Since <f ia finite continuoub at f $ by assumption, for 
any > we can find Q, ( ft euch that "0"^ 1 and 

S^ for every ^ "CT^. 

Since the limit lim '. is finite by assumption, we can find 
>** 

and ft6 ft such 




Then je (P) (Pffl) la a najorant of /- (ft t P) (Pf 71), and for 
J. * P ft. ftt R> * h * v ^ the fonflula 16(6) 



Thus we can conclude by definition 



For every a * R , l|P(Lil a (P^fl) is obviously positive and 
totally additive. Furthermore, it is proper in the cover C Ca .ji be- 
cause II Pa II =0 implies by the formula 14(l6 f ) 

PC Ca) * C CP<V3 - 0. 
By virtue of Theorem 18.2, for every %k R , putting 

<f (1 ) = lim (P *>*\ for Jf 

* -* 1 



ire obtain a continuous function <f on TJ^ 



84 SPECTRAL THEORY (Chapter II 

n 1 for n9p*c t ^. 



For every sequence fl 9 P^t^li C Ca .j 8UCh that *f ** bound*! in 
for every v = 1, 2,..., putting 



we have ty 1?(4) for every P 

P><, = 
and hence by 1?(6) 



that ie, (4y , Pa) ( P k ^ , P O. ) for every p ft . This rela- 
tion yields by the formula 14(9) 



On the other hand we have by Theorem 17.11 and the formula 14(2) 



Thus we obtain l = P^lal^ for every v l t 2,..., and hence 

Um^ C 
that is, 



TOw value of this function ^f ( J ) is called the relative spectrum 
of an element 4 ty a at J T7c c ^ 3 > aa* denoted by (-J ,jp), i.e. 



With this definition we can state therefore 

Theorem 18.4. The relative spectrum (:x.,jj) is a continuous 

T - ^ ^ 

function yn 17(j i inte^crable by a JR 17( , and 



Theorem 18>5. ^ ^(JJrf^C implies 

^ tft * 1 t 

<#>-*(*)(!,$} 

if both <f ($ ) and (-^ ,| ) ar finit. continuom at J 6 



. 
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Proof. Recalling Ht*orm 17-4, w hara by assumption 



for R P 5 ?(j . Thus m obtain by TbAorM 17.10 
(P4 ,*)- j?(|) (rfC ,0.) for fc 9 

and hence by Theorem 18*3 



if both f ( J ) atod (-^ , J ) are finite continuous at ^ ^7 <? eo 



19 Properties of Relative Spectra 
The relative spectrum ("T" >$ ) i* defined only for ^ { T7^ 



With this definition, we have obviously 
(2) <,>-!, 



(4) ( "" f)* ^ (" J) ^ or very complex number o< f 

adopting the convention oo = . 

Recalling Theorem 18.1, we obtain immediately by (l) 

(5) (^,|) = (4.*> + <.*) 
if the right side has any sense. 

We have obviously by the definition (l) 



By virtue of the formula 14(3) *e nave for every P * ft 

( Pcaj-J , a) ( ?4 , taja) * ( ?4 f 00- 
Thus we obtain by the definition (l) 
(7) (IfLidL A) s (i ,J). 

If ^ f tTp , then we have Jj "CTp' T7/ - p i * hence by (6) 

/ \ 
and (4) 
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Thua we have 

W ("IT"!?) 1 " *>* $ * Vf>- 
We also can prove likewise by (7) and (4) 



Recalling Theorem 17 .4 > we obtain by theorem 18*4 

(10) PCa*4 * j (-", $)**- for every P*K. 

PCccn 
Thus we have by Theorem 17*3 

(11) ilPiciHii 1 | !(4$>l 1 <ljM t (Pert). 

PCt*l 

This relation yields by Theorem 18. 3 
(12) lia 



if the right aide is finite. Howwor, both lin ' Pta] *'L and 



nd I(-J-J)I ** continnoua over "Oip tM t and l(-^-)l is finite 
in OIB open set being dense in T7<j CaJ . 'Thus (12) holds for every 

I V Cw 

Reoalling Theorea 17*10, we conclude from (10) 

(13) 



Consequently we obtain by Theorem 18*3 



UPCII* * * P-*# ft<F 

and hence 



\*4) , c ,^, 'ct'Q^'-c'w' cr - ~ c CflL ^ *-cc3 * 

if both (~>) and (~i^) are finite. 

Putting C 9 Co,]-/ in (14), we obtain by (2) 

_ < 

(15) 



because both sides are continuous in "^C cc.al/3 and fijlite ln some 



open set being dense in 

Recalling Theorem 17-9, we obtain further by (10) 
(16) ( 



For a continuous function <f on a neighbourhood 17 p , since 
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I f ( )l also is continuous in T7>, , the point set 

t$ : If (#)l>0) 

is open. Thus there exists by Theorem 15*6 and 15.9 uniquely P 
for which 



This projection operator P is called the oover of <f and denoted by 
Ccf Concerning covers of functions, we have 

Theorem 19.1. For a continuous function <f on. *0p a , ij 

)?($)<<* 0, tt * P P., 
P 
then ire have pQ^f^* o for the oover Cy 2<f 

Proof. By virtue of Theorems 15.6 and 15. 9, we can find a se- 
quence ?* t ft (f * l f 2,...) ouch that 

TP i| : !*(#)!> -pr T (v-i f 2,...). 

Then we have by Theorem 15,7 P K t w ~ , C <f > because ve have 



and hence 



Furthermore ve have by Theorem 1?*4 for every v 1 2 t ... 



PP* 
and hence by Theorem 17*3 



pj 



On the other hand ve have by the formula 16(6) 
l t ls1ja|* i j iju 



Consequently ve obtain H P f^d || for every i/ = 1, 2,... . 
This relation yields p C^O. * , and hence P C ? C Cal by ttie 
formula 14(19). 

Theorem 19*2. The cover of the relative spectrum ("JTij) 



coincides with the oover of C0O> that 
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Proof. Denoting by C the cover of (-* ,$ ) we haye obvious- 
ly C < C caJ> and ty the formula (10) 



Thus we have C (a3^ = C ct 3 ^ by Theorem 17-5, and hence we obtain 
* 2 cc*34J ty the formula M(18). On the other hand, since 
(l - Cccaij) fa3 ^ s ** ^^ ^ Theorem 1?.5 



Thus we obtain by Theorem 19*1 



andhence 



Theorem 19.3. C (a3 * ^t/J Ca]>C/3 

Proof. Recalling Theorem 17*11, we obtain by (10) 



because we conclude [al< ~ ^-^ ^ **? ^^ relation 14(10) from the 
assumption: C^3 2 C-(l. Since C c ^] is by Theorem 19.2 the cover 

of ( -J- , J ), we obtain hence by Theorem 19*1 



Since Cf^j ^c^l ^ assumption, we obtain consequently 

ta] [(laj- C^J)aJ * 0. 
This relation yields by the formula 14(8) 



and hence i( 3 ot COL] ex ^ a . Thus we obtain (a ] ^ C -^ J 
14(10). Consequently we have (al = C/3. 

Theoreg 19.4. talg f2J implies C^]*( U3 Ca]. 
Proof* Recalling 14(6' ), we obtain toy assumption 



Furthermore we have by the formulas (l6 f ) and (12) in 14 



Thus we conclude by Theorem 19*3 

C^l C C U3 a] = C 

If ^co-l ^c- * ^ ^ en ** nave ^ Theorem 14.5 



19, 20) Properties of RexaUve Spectra 89 



because CaKllsOty assumption. Conversely if 

to.4 41 * 
then we have by Theorem 12*4 



and hence by Theorem 19*4 

Cc-H^MlC*** 3 s ' 
This relation yields by the formulas (12) and (14) in 14 

Ctai^r/i- ^ci Q/j Cca*,n 0. 
Therefore we can state 

Theorem 19.5 Co.* 41 Ca]t M J if and only if 



Theorem 19*6, I f A 1 j> c -* 1 * t* 161 * * 

Ca] - U J * C(i-C c ^ 3 )a,l. 
Proof. By virtue of the formula 14(l6') * 



and hence by Theorem 19 5 

[OO C(l- C c<1 )<t ]t t C 
^f C a ] J C ^ 1 , then we have by Theorem 19*4 



Thus we obtain our assertion. 

20 Properties of Rings 

Let ft be a ring of projection operators in a Hilbert space R , and 
$[ the commuter of ft . For the commuter 5? of 3f ve have obviously 

K c H c ft, 

because ft C 7t . Thus we see easily that 7t also is a ring, and fur* 
thermore closed l^r Theorem 1}.7 Por * he cover C^ of 41 1 we seo 
easily that C^ ^ and C^^. is a closed subring of <fL including 
fl . Thus we can conclude that for any ring % there exists the 
least closed ring including tf. . Furthermore C^ 4fL is the least 
closed ring including K , that is, we have 

Theorem 20.1. For a closed ring # , we have ft =* C^ V** that 
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is. if a projection operator & is commutative to the computer ft of 
ft > then we have C^Q. t ft for the covey 0% of ft . 

This Theorem 20*1 is concluded at once from 

Theorem 20.2. Let K. be a closed rimy. For a projection 
operator ft , if QC*3 Cx]Q, for every xf R , then Cfc3* # 

Proof. By virtue of Theorem 14.1, we have for every P * H. 



and, hence we conclude by Theorem 13*6 from assumption that Q P = P 
for every P * ft, that is, tt Thus we have by 14(l) 

C Q. x ] < CK ft, for every * & . 
Furthermore we have 

Ctftxj * *& for every X t R. 
Because, if we can find a, ^ R. such that 



then we have by 14(6) and the assumption: ft I* 1 =* tx3Q for x R 



and hence 

Thus we obtain by Theorem 19.5 

^CQal Cu3 * ' 
Since Cta ^ s ^ we obtaln hence ^ 5l4(l6') 



contradicting the assumption: 4*0. Therefore we have 

C caxJ (l - d) * for every TC R. , 
and hence C CQx] = C Cft1tl ft 3 C* tt . 

Putting P, * \J C r a i w have * ^ * because fl is closed 

XR L ** 3 

by assumption. And we have P C^fl , as proved Just above* 
For every % * ( C^ft - P c ) R ^e have naturally QzX, P X*(?, 
and hence by 14(l6*) 



because c ^ xl < P Therefore we have C^Q - Po = , and hence 
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For a commutative collection of projection operators "p , we also 

have obviously *pcT c T Tkus putting P = \J P , we see by 

-B p *? 

Theorem 20.1 that P *p is the least closed ring including ~p , which 

will be called the closed ring generated by *p. 

For every Q,* 71 , we see easily that Gift is a ring with cover Qfjtt 
and if ft is closed, then ft ft also is closed. Between the projectors 
I * 3 a <& by Q ft and C x 3 ^ by $. , we have obviously by definition 

(1) t*3 



Qft ft 

Between the covers Cp by flft and C p by ft we have obviously by 

definition 

(2) C D * ft{% for P< d*. 

r r ^ 

Putting Q * C o-l fl, in (l), we obtain by Theorem 19.4 

(j) C'Xlffti s Co-].- Crr^i -VI Ca3* ft. 

CM^K J * '-CCaJuXJ* * 

A 'ring ft is said to be simple, if ft C* ft Thus every Sim- 
pie ring is closed. 

Theorem 20.3. A closed ring ft. is simple, if and only if we have 
Lx3 * ft for every x ft . 

Proof. Since LxH ft by 14(5), if # is simple, then we have 
1x3 * fltx3 6 ft . Conversely if [x3 t H for every X * f? , then 
for any ft ($[ we have by Theorem 14.1 

Cfc& * \J Cftx3 R, 
because 71 i* closed by assumption. 

Theorem 20. 4 In order that a closed ring fl? be simple, it is 
necessary and sufficient that for some Q^fltijifftpaO, P# 
implies p * , then ft J> C % 

Proof. We suppose firstly that 71 is simple. For some 
Qtft,, if we have not ft J (J^ , then there exists a * R such that 

tJl a Cfc (l- Q, ) CL * . 

For such tit we have by 14(l) 



and hence Q^Ca] = , La J ^ ft , but O3 * 
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If ft is not simple, than there exists by definition & < # auch 
that CK* Q, ? ft For such a t putting a ( C*- 
we hare by 14(15) and 14(ll) 



, P , p H implies P by 14(14), but 

c*- a* c^-ct * 

because 4? ft 

Recalling the foraula (3), we obtain immediately by Theorem 20.3 
Theorem 20*5 For WHY closed rlmr ft tftlft is a simple ring 

for every at R. 

Theorem 206. If a closed ring ft is simple then Q ft also 

i0 a simple ring for every Q^$ ft 

Proof^ If a projection operator ? 9 is commutative to Gi ft , 
and P (ftp) 0, Pft implies ftp 0, then, putting 

we see easily that P, ( fc , and P, p B , pf ft implies p = , 
Thus we have P, J Cft by ^^^^A 20.4, and hence (Glft)P a Q^K* 
Therefore Qft is simple by Theorem 20.4* 

A ring of projection operators ft is said to be an axis, if ft is 
simple and 1 ft , that is, if ft = ft . Every simple ring ft may be 
obviously conslded as an axis in the subspace C# R 

By virtue of Maximal Theorem, we have obviously by definition 

20.7. For any commutative collection of projection op- 



erators y we can find an axis including T> . 

Let ft be a closed ring containing I, and T a closed subrir.gr cont- 
aining 1 , that is , i c T C ft , and both ft *&& T are closed rings of 
projection operators For each maximal ideal in ft , putting 



we obtain obviously an ideal J ^ in T . Furthermore g ^ is maxi- 
mal. In fact, if T* P r , then we also have p | , and hence 
1 - P * . This relation yields 1 - p $ r , while P (l- P ) = 
Thus * is ty Theorem 15.2 a maximal ideal in T. 
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Conversely, for each maximal ideal <*[ in T", we can find by Theo- 
rem 1^.1 a maximal ideal f in fa , such that ^ ^ *[ . For such 
we have obviously 



and ^ D also is a maximal ideal in <T, Since ^ is maximal by as- 
sumption, we obtain hence ^ = J?o^"' Therefore, putting 

(4) a^= 

we obtain a mapping of the proper space $f^ of # onto the proper 
space ^ of y* Furthermore, between the neighbourhoods Up 
of < T and T7 p * O f ^ , we have 

(5) T7 p *={: TJ t7 f r , J j^ i (P*T), 

because Up**^ implies p ( and hence Pt T , that is, T g 
t Tjjf', and conversely ^$ ( X7 p ^ implies P ^ , that is, j? T7*. 

jMto 

For every Q. f ^ , we shall denote by C a * ne cover of ft by 7*. 
With this notation we have 

(6) V^r- {T^: 1*^*1 (**). 

c^ fl^ 1 

Because TT^ implies ^ 3 Q S C ft ?T and hence fg * C^. Con- 
versely, for any <y T7/1f we have C^ ^ and hence 

C^ P * for every P ^ . 

Since C^ P = p ^ ^7 the formula 14(l6')> we have hence pa 4= 
for every P ^ . Thus we can find ty Theorem 15.1 j^ % for 
which 9 4 and 3 ^ j and hence * tjj* and Vjf = ^ 
Now we can state 

Theorem 20.8. For two closed rings of projection operators 



the proper space ^ of T is a partition apace of the proper space 
$ffl 2L R by the mapping (4): for each p fl", the inverse image of 
the neighbourhood TJ^ in ^ is the corresponding neighboxirhood T7 p 
JL ^L and for each fl 6 K , the image of TJ* 12. ^C r for the co " 
ver C of a iar T. 
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21 Ring Convergence 

Let # be a closed ring of projection operators containing 1. 
For two elements a , 4 R. , we shall write CL -< 4 or 4 X O- , if 

I P o- R || p -HI for every Pe fl . 

If we need indicate the ring #, we shall write a. X (7t)or 4>~a 
(71). With this definition we have obviously 

(1) X < , } < 2 implies % Z , 

(2) 1*13 ||fti implies <X-< p* for every X6R, 

(5) X. < H- implies <^ X -< c/H for every complex number o/ , 

(4) ftX ^ X for every ft* IK , 

(5) X < ^ implies R % -< P^ for every p ^ 7? . 

If X < ^., then Pg = ; P 6 ^ implies Px = by definition, 
and hence PLjll = implies p CxJ = by the formulas (4) and (6 1 ) 
in 14. Thus we obtain by definition 

C*- C rjel = W P> U P = ^^~ ^cwa 

w Cx:I PCxl-Xp^K Pi^=o-PfW ^ C 3 J ' 

'inerefore we nave 

(6) X < } implies <? cxl < C Cl j) . 
We can conclude easily further by definition 

(7) **,< $ ( = 1, 2,...,*) implies ZL ** **< (Zj fofj ) j 

(8) X v ^ ^ , lirn^ *= X. lirn^ ^ = J. implies X X . 
Theorem 21.1. We have COL.J X -< Lo.3. if and only if 



Proof. If Ca]X-<Ca3H, then we have obviously by $19(12) 



for every JP ^ U/ Conversely if 
0" v CoO 

)! for 



then we have by 19(11) for eveiy 9 t ft 
llPtc^xil 1 = J K^.^Jl 
pet<xl fij H 
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Theorem 21.2. I a,, -< -{* (* 1, 2,...), CT C ^ 3 C^, 

fpr ^ * M', and j~ II ft < + oo t then we have 
**t 

Ha,,-* JL ,, 

A-VI fr*1 

Proof. Since a*, < - by assumption, we have C a,,i ^c/^J 
by (6) | and hence we obtain by assumption 

Cc*.j <V r i f P ^ * <*' 

Since a^ Cca^s^^i ^* ^t/.i^ *ar 14(l7)i both a* and ^ 
(w s 1, 2,..*) are orthogonal sequences, and we have by assumption 

JL. fl a-* I * < . rt ^ H* < 4 - 
i-\ ^i 

00 *** 

Thus both 21. OLv and j. -f^ are convergent* furthermore we have 
i-i -t 

IIPZ.eu.,11 1 - . jr MPa^li 1 ^ ZL * P <t* II* - llPiL ^, M* 

*l *-( ' i.| 

for every P 9^, and hence 21 ot k -< Zl -<, *9T definition. 

i'*'! k1 

Theorem 21, 3 For a sequence a^ R (w 1, 2,...) if 

2. II a^y < *oo, 
i 

then we can find ^ { R for which a^ -< -/ for every t/ , 9 *. . 

Proof* By virtue of Theorem 14*6, we can find C K, for wnich 
ta>) * ^cci ^ or overy v !, 2,., . For such C , putting 



we obtain by Theorem 16*2 a continuous function <f^ on U^ and 

ii 1 . j ^(jH^cil 1 for 71 ^ Pi C 
p 

Furthermore we can put by Theorem I?*) 



and we have. for every P fl 
HP^U 1 * j ^ 



^ca^j * C to and hence C UJ a v ^ >V 14(18). We 

have further by assumption 
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and hence, putting I * 2L $v > we have by Theorems 17*6 and 17. 3 




for every P e fl? and * = 1, 2,... . Thus, making x tend to + *> , 
we obtain I! P O, v ll < II P t \\ for every P ( K , that is, a -< ^ 
(y = 1, 2,...) by definition. 

For a sequence a.* R (^ = 1, 2,...), if we can find two elements 
ex , / * R such that for any > there is ^ for which 

a* - 0, x *' f or t' > i/, , 

then we shall say that (X t ,ft(i'~l2,**) is ring convergent by 9 
to a limit a, , denoting by 

(ftj-lfci^a,, a. 

Such a limit a is determined uniquely, if exists, because it is evident 
ty definition that (flO-OJ^ a* = ct implies llm^ a^ = Ct . 
Recalling the formulas (3) and (5), we have obviously 



Theorem 21.4- (*R J-lim^ ct^ = a implies 



-lim o( ct,/ d. a, for every complex number ot , 
)-lim o P 0,, * P a, for every P # . 
Theorem 21.5. (^l)-lim ct k a , (^ )-lim ^ k = ^ implies 

i">Q i/->aO - r ~" 

im (a U 4- ^^ ) = a 4 -f. 



Proof. If (K^lim^ Ct^ = OL , (^J-lim^ ^ = ^, then we can 
find by definition & , 4 * R such that for any > there is V 9 for 
which 

0.,, - a < I & , 4* - 4 < I & for v % v . 

For such & , 4 , there exists by Theorem 21. 3 / 6 R such that 4 -< -/ 
and 4 -< / Then we have by (l) and (3) 

CL,, - a -< g ^, i^- 4 < ^J(. for is g f* 
and hence by (?) 

(a*+ -{)- (a+ ^)-< 2^ for ujf^. 
Therefore we obtain (^J-lim^ ( a,, -t ^ ) = a t 4 by definition. 

Theorem 21.6. In order that lim d^ = CL, it is necessary and 
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sufficient that every subsequence from a k (*^= 1, 2,...) includes a 
subsequence which is ring convergent by ft to d . 

Proof. If we have not ^1^ a v * a* , then we can find a sub- 
sequence CL^ (/* = !, 2,...) and t >0 such that 

II a^ - a It t for every /* = 1, 2,... . 

Then Ct^ (/u= 1, 2,.,.) include no subsequence which is ring conver- 
gent to & , because ring convergence implies convergence. 

If lim a* = ct, then from any subsequence we can select a subse- 
quence o.|/ (4* = 1, 2,...) such that 

*>-*- US TTP (/" = 1, 2,...). 

For such (X|, (^u = 1, 2,...), since 

/"*>-** -* -i, 

we can find by Theorem 21*3 ^ R such that 

yU (O.^- a.) ^ / for every ^ = 1, 2,..., 
and hence by (3) 

<Xi^ - Cl ^ / (f*= 1, 2,...)- 

Therefore we have (R)-lim a^ = (X by definition. 
f* **o r 

Tneorem 21.7- For a sequence a k R (^ = 1, 2,...), if we can 
find a sequence Jf^ > j( t y ... such that 

^^=0, a u -(XA, (i/ 1, 2,...), 
then we have (^)-lin a^ = a* 

Proof. Since JLim^ ^ = by assumption, there exists by Theo- 
rem 21.6 / R such that for any > we can find */ for which w* 
have / Kc -< Ji . Then we have for */ t/ f 

ft'k - O- < ^ < A < g/. 

Therefore we obtain (00-lim a^ = a \xy definition. 

Theorem 21.8. In order that we have 

*.<<*> 

in an open set being dense in T7/ , it ia necessary and sufficient 

w o- 
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that w> can find a sequence ft 9 FL T^T^i ^tai uch tht 

(tO-lla, P^aJ/ k * f^Ultf for every f 1, 2,... . 
Proof* We suppose firstly 

#s.<4-.*>-<4. 

in an open set A being dense in "^^(^3- Since 



we obtain by Theorem 13*7 C fA1 V^ P , and nance we can find 

J tJpC^ 

by Theorem 14. 3 a sequence P^, ft (^= 1, 2,...) such that tJp^C >) 
for every x si, 2,..., and 

Ca3 s C a 
This relation yields by 14(16') 



we can find a sequence *R * P,, f J^ 1 (? <X3 such that 

T7p^ c >1 for every is = 1 2 t .. . 
Per an arbitrary t > f putting 



we obtain a sequence of open sets >4 , C A*C and w have obriously 

v ^ c , ^- 

By Tirtue of Theorems 15*9 and 15.6, we can find further a sequence of 
projection operators A k ft (^ s 1, 2,.*.) such that 17$^ /4 V - for 
every v = 1; 2,..., and we have 



This relation yields obviously 



Since p v t^, C c ^ 3 , i conclude hence by Bieorea 15, 7 

Q t ~ ( 
^v I * t ^ c-3 

and it is obvious that 



*>-<.|NS ft ^^a,. f 

Since fc > nay bo arbitrary, we can find therefore 
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such that 



Recalling Theorem 14. 4 5 we can find then fy,^ (/" f $~ = 1, 2,...) such 
that 



and hence by 14(l6) 

00 ^^ 

/}< a rv*- t--l C '*J- 

Thus, putting P^ B ft (** 1 2,...), we have 



P^ B ft r , ^^ 
V T <r i Cc<tj j 



This relation yields by Theorems 17-5, 17*6 and the formula 19(10) 
II PP<5-Ca]^ f - ppQ- Ca]^ II 1 



for every p { ^, and f g * / /*,$' Therefore we have toy definition 



Conversely, if (fD-llj^ P^ cal-iV P^CaJ^ (/^= 1, 2,...) 
for some sequence 

W 5 Pf* T^ e < Cfa.3 I 

then we can find by definition /^ R. (f4s l f 2,.*.) such that for 
any > there exists ^ for which 

P^CCO^- P^Cal-^ X /^ for i/ ^ i/ r . 

This relation yields by the formulas (6), (?) and (12) in 19 for every 
6 U and V v 



'<**>' 



Recalling Theorem 15.10, we see easily that there exists an open set 
being dense in TT C such that all (-^,$), (-^t^)t 



AC m 1, 2,...) are finite in A o Then we have by 19(5) 
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for every J T7 p ^ A , * i/ r , and he.nce 



Here 21 T7p / i* dense in T? caJ . In fact we have by Theorem 
15.7 



-(i 



because /4," = 

Theorem 21. 9 For a bounded continuous function <f on t7p , we 



have 



lor P = p,, sup 



Proof* By virtue of Pheoreai 17-1 and the formula 1?(4), we 
see easily that 



Thus we obtain our assertion by definition. 
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CHAPTER III 
DIIATAOR ANALYSIS 

22 Dilatators 

Let ft be a closed ring of projection operators containing 1 in a 
Hilbert space R , and # the commuter of ft . A linear operator T 
with domain D ia said to be a dilatator by # in R , if 

1) P is dense in R : for any X * R. we can find a se- 
quence TCj, t (y = If 2,...) such that lim TC^ & X, 

2) T is commutative to # : ft ^K , fl. P implies 
fta D and Tftcx = &Ta, 

3) T is closed j lim 0L, = a , lin Ta.^ = <f in- 

"~~~~~ ^-**0 t"-* 

plies O-( D and Tct a - . 

Let T be a dilatator with domain in the sequel. 

Theorem 22 a* For an element ou 6 D . let a function <J> () 

be integrable by CU in a neighbourhood TJl of the proper space ^* . 

- - - p -- ^ qi 

In order that 

j?($)<*^ D ' 
p 

it is necessary and sufficient that <f be integrable by -To- > and then 

T (y($)d|o. = ( ?(J)^f To.. 

P P 
Proof^ If ^f is bounded continuous in T7p , then we have by de- 

finition 



for P = 

Since we have by the postulate 2) 



sup |<f(J)- ^()li O'-l, 2 ..... x). 
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T <f (^)P^a Zi 

*m\ *i 

we obtain hence by the postulate 3) 



T 

P P 

In general, if Cf IB integrable by Ta in TJp , then we can find 
by definition a sequence TO P u T ^t P such that <f is bounded conti- 
nuous in ^py for every i/ si, 2 f .., and 



Pv 

On the other hand, we have 



P 
iU. j (J)<rf$T<x j y($)dTa,. 



( f * f (Xl, 2,...), 

T\f (J)rf|a = j <f(|)cl^Ta 

P^ P. 

as proved Just above. Thus we also obtain by the postulate 3) 



P 

T Jy<J)^* 

P 

Conversely if ) <f ( J ) d J at D , then for every fl ^ P^t^i 
P 

such that <f is bounded continuous in T7p for every t/ = 1 , 2 , . , 
we have by Theorem 17*4 

= .T j ?(j)^a . P^T 

Pi, P 

and hence 

JIHL 1 ^(j)^JTci = PT(f (J)^o. T 

P^ > 

Therefore <f is Integra Die by To. in T7p . 

Theorem 22.2. For any x * > we can find ft 9 P^ t,!^ 
suca that P^TC 6 D for every V 1, 2,... . 

Proof* for any * X e R we can find flt D such that 
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CxjfOO. * 0, 

because D is dense in R and [xjo, implies by the formula 14 
(7) (a , X) s , and hence Hx-cu|l* x II 4 . Since the re- 

lative spectrum (- , J ) is by Theorem 18.4 integrable by a in "0> Cal 
we can find p ft such that * p ^ C CCa3 xj and (-,) is 
bounded in T7p . for auch P <R we have by Theorem 22.1 

. ?)<** 



P 
and RCa] X * 0, because we have by the formula 14(16') 



Since we have by the formula 14(l) 



we obtain by Theorem 19*4 and the formula 14(3) 

PCOJ* P C C(Xl lxlX PC C aj x - 
Thus we conclude easily by the formula 14(6') that we have 

Pt*3 for every X6 



px tD, 
Since Px,dxD; P 9 Q, ft implies oy Theorem 12.6 

(P v Ox Px*Qx-paxD, 

we can find therefore by Theorem 14*3 a sequence ? I ft (^ = 1, 2,...} 
such that P k x tD (v/ 1, 2,...) and P w Cxi t J" , Cx 3 . Then we 
have by the formulas (12), (15), (l6')> and (l?) in 14 

P, C tx3 X P p x D, p v C Cr3 Cp^f^, C CX . 



Theorem 22.3. If a function *f($) is finite continuous ia an 
open dense set A of the proper space ^ f then, denoting by D the to- 
tality of those elements x 6 R. tar which <f is integrable in 



and putting 

TX <f 



we obtain a dilatator with domain D . Such a dilatator f will be 
denoted by 

]?<#><! 

Proof. for every 0. 6 R > f is almost continuous in 
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In fact, we have obviously 



Thus we obtain by Theorem 15.? 

<- * 

and hence we can find by Theorem 14-7 a sequence f. $ P v t^ ( C ca3 
such that T7p^ C /4 for every v * 1, 2,... . Then, since every 
TTpj, is compact and <f is finite continuous in T7p,, f <f is bounded 
continuous in T7p k for every v a 1, 2,... . Therefore <f ia al- 
most continuous in U^ for every CL 6 R Furthermore, since 
<f is bounded continuous in T7p k and 



by the formula 14(l6*)> we have obviously P^CL 6 D for every \/ = 1, 
2,... and lirn^ P w a ^taj^ = " Therefore D is dense in & . 



For a, -^ fl, C CflLl g ^t^i we see eaflil y b y definition that 
^f is integrable by a in "Up. if and only if <f is integrable by 0, 
in ^Cj > and then b y Theorem ]?.4 



Thus we see easily by Theorem 17*7 that D is a linear manifold and T 
is a linear operator. Furthermore it is obvious by Theorem 17*8 
that T is closed. Recalling Theorem 17*11, ve see at once that 
a D implies Q OL 6 D for every ft 6 ^ and 



QJ < 
^caa 



that is, QTct = TQCt. Therefore T is a dilatator toy defition. 

For an operator T with domain D > if D is dense in R , then there 
exists uniquely an operator Tt with domain 0\ such that 

(T*,) (x,Ti) forxfO, ^D t , 

and (T X , ^ ) = (x , Z ) for every * D implies # O t and T^ = X. 
Because (X,z) = (X , Z t ) for every X D implies by Theorem 9.1 
Z a Zi . Such an operator 7% is called the adjoint operator of T" 
and denoted by T * 

With this definition we have 
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Theorem 22 .4. For a dilatator by ^ : 



its adjoint operator T * also la a dilatator by # with the same do- 
main and 



Proof. Putting T t = J <f ( J ) d$ , we obtain by Theorem 22.5 

a dilatator T" t by flj , and recalling Theorem 1?.3, we see that the do- 
main of TI coincides with that of T . Furthermore , for every X , 



D , putting p s Ccx}^ Ceo ** k* by Theorem 



P 



If (Tx,a)ss(x,<) for every x 6 P , then we can find by Theo- 
rem 22.2 a sequence # ^ Pi/ t^ t Co j such that P k a 6 D for every 
v - 1 , 2 , . . . , and we have for every X D 

(x, P V 4 ) = (?>,*,{) = (TPi^x.a) * (Tx,PvCu) = (x , T t P^a). 
This relation yields f^f =5 T< P^ ct for every v =1, 2,... . Since 
m^a = <? Cct3 a = o., "-.P.-* - <r eaj <, 

we obtain hence OL ^ D and T, Ct = C CoO , because "T, is closed. On 
the other hand, we have for every X D 

(x, <T Cal 4 )(C Cfc ,x t -() 8 (TC tM x l a.) 

= (Tx,a) = (x,^), 

and hence C Ccil ^ ^ Therefore we obtain T t = T* ^>7 defini- 
tion. 

Theorem 22.5. For two dilatators by <R : 

T, (^(J)^, T z . j?, ($)<*, 
if both "J", T! <X and T, ^ have any sense, then T^ T t a, also has a 
sense and 

T^a = T 1 T 1 a = 



Proof. As proved in Proof of Theorem 22.5, we can find a se- 

quence ft } Puf^t Cco.3 such **** ^^ Yi and Vt are ^^"^^ con - 
tinuous in "Dp u for every I/ = 1, 2,... . For the adjoint operator 
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T t + of TI * have by Theorem 22.4 and the fornulaa (6), (7) in 17 
<T,TiP l ,* f x).(T 1 P l ,a, f T l ll P l ,*) 

5 *,($>!($> *, 
p* 

for every z $ R, , and hence 

TiTiPva, J ?,<$)? 
Pi, 

We also can prove likewise 



If T| Tfc flu has any sense, then we have 

T,Ti P K * P^T**, 
and hence by the formula 17(9) 

!^! a II* - llP^T^all^llTtTaatl*. 

Thus we see by Theoren I?.} that cf, ( J) ^i( J ) is integrable by a in 
c and we obtain by the formula $14(17) 



Furthermore , if T f <x has a sense, then we have 
TfcPv^a T t T t P,,** T^TiP^a 
and hence 



Therefore, T 4 T t ^ also has a sense, and TfcTtfl' T, T t <k, be- 
cause TI is closed. 

Concerning continuous functions on the proper space %^ we have 
TheoreB 22*6. y^y a finite contiTiMom 1 function tf on a dense 

open set A of the proper space ^^ , there exists uniquely a continuous 

function ^ on the whole space ^ such that 



Such Y is called the continuous extension of <f over ^L . 

Proof. We shall consider firstly the case where <f is a real 
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valued function. For each real number { , putting 

AI - H : ?($) >* } 

we obtain an open set /4| C /4 (- < ( < 4<), and hence lt closure 
A f also is open ty Theorem 15.9. If we put 
up . E for 1 



-~ for ? JT _ rf- f 
then we have obviously 



because /\ j" "> A\ for ^ < V From this relation we conclude 



if : 



Since A<^ is open and closed for every real number "^ we see hence 
that Y is continuous over the whole space -?^ Purthemore, since 
f is continuous in /4 by assumption, we have obviously 

A A; c {f : T(f) * U. 

and hence 



Prom this relation we conclude 9 ($)=>($) f or J 6 /4 . 

Theorem 22.7- If a continuous function *f on the proper space 
* is finite in a dense set, then <f is almost continuous in g~ , 
that ia we can find a sequence ft ? p, tli ^ such that ^ is bounded 
in "CTp for every i/ =1, 2,.* 

Proof- Putting Ay { J : I^(J)I<* / } (^ = 1,2,...), 
we obtain an open set A * , and hence its closure AJ also is open by 
Theorem 15.9. Therefore we can find by Theorem 15.6 P^f H for which 

^Pi, c Ay ("*1> 2 f ...). 

Then we have obviously P/ fj^, 1 ^y Theorem 15*7, because <f is finite 
in a dense set* Furthermore we have 

! < I/ for 6 X7 (i/l f 2 f ...). 
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If a function <f is almost continuous in the whole space $f ^ , 
then we may denote by 



the integral of <f by cu in $?^ , that is, 



We see then easily by definition that <f is integrable by a in 
if and only if <f is integrable by OL in jf ^ , and then we have 



25 Spectralities 

Let <f be a continuous function on the proper space ^ and fini- 
te in an open dense set. For an arbitrary point set $ in the com- 
plex plane Gp , we can find by Theorems 15.9 and 15.6 E ( 1 ) ft and 
E ( 5 ) ft such that 



and we have by the relation 

(3) E*(J) 2 E,(!) for every . 
Furthermore we obtain immediately by definition 

(4) E^iJfcE'dJ, E(Zi)E(Zj for 

(5) E ll (0)=E^O) ;s 0, 

(6) E*(<r) = H^(Gf ) 1 for the whole plane b , 

because <f is finite in an open dense set* 
Ve have obviously by definition 



From this relation we conclude easily 

t7 6*(t)^E,(I') = ' 
and hence E* (I )E*(?') = by 15(5). Therefore we have by (4) 

(7) *(!)(*) =0 for f 5 = 0. 



23) Spec trail tiea 109 

Since <f is finite in an open dense set, ire have for every point 
set f in fr 

(lj: *<J)ItMj: *(oO<lM)*"- If*. 

From this relation we conclude easily by the definition (ij, (2) 



Therefore we obtain by the formulas (?) and 
(8) *(!)+ .(')-!. 

For a sequence of point sets J^, (i/sl, 2,...) in r , putting 

/! = { : <f ( )e ! } (i/=i, 2,...), 

v have 



Here /4~(/4**)' is nowhere dense, because 

(x;(x;')')" ^-(x;')"^ xr" (/;)' = o. 

Consequently T_. /^J" (/J*)' also is nowhere dense ty Theorem 15.10. 

!<( 

Therefore we have 



that is, 

^e"(ri,) ^ (,T7 B . ( ^r. 

On the other hand we have obviously by (4) 

^E^cSj^) ^ ^E^J ) for every 
and hence 



Thus we obtain by Theorem 15*7 

(9) *<*)- OE*($J. 

ti i-*t 
From this formula (9) we conclude immediately by (a) 

(10) E 4 (ftlJ= AE^iJ. 

A point set J in GT is said to be measurable by <f , if 

E*(S). E(I), 
that is, if {J : <f(j)ff }-* = t^ : f(^)el }"", ^ ther 
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this projection operator is called the spectrality of by </ and de- 
noted by (<) or by E y ( J ) , when we need indicate <f . 

Concerning measurable sets, we see at once by (8) that if S ie 
measurable, then its complement 3E' alao ia measurable and 

(11) E ()+(') = 1. 

If every 5 W (v = 1, 2, .. .) is measurable, then we have lay the 
formulas (9) and (4) 

OO 

that is , 21 fE i/ also ia measurable and 

wat 

Prom this formula (12) we conclude immediately by (ll) that if every 
3> u (^ = 1| 2,...) is measurable, then TT [, also is measurable and 

(13) E ($)= A E (f J. 
Thus we obtain by (4) for measurable sets 

(14) It^f^c ... implies E (f ) C, E (2l !), 

(15) $i"55*>. implies (5^)^.^,6(11$^). 

* " ^a, 

Furthermore we have obviously by the definition (l), (2) 



Recalling Theorem 12.6, for two measurable sets $ and ^ we obtain 
by the formula (12) 

E(S*5 )=(!)+ E(5)-C(f )E(*) f 

and hence by (13) 

(17) E(^f )* E(S*) = E()*E(); 

We shall denote by A* an arbitrary open set and by A" an arbitrary 
closed set in the complex plane Gr . Since <f ia continuous by assump- 
tion, for every open set A in fy 

4$: *(f ) xi > 

is* open, and hence by Theorem 15 .9 

if : ?<$)MT* - i$t f (#)/ r - {$ : f($)/!'t e " 

Therefore every open set in Q- is measurable, and consequently every 
closed set in Gr also is measurable* 
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The projection operator valued function E ( $ ) for all measurable 
sets 2? by <f may be often called the apectrality of <jp . A point set 
J is said to be regularly measurable by <f , if 

\J (>!-) A EU*) 



for the spectrality E of <? , If J is regularly measurable, then 
5 is measurable, because we have by (4) 

E"(!) * A. (/) U .(*-) *E($). 

pC 4 $ ^A 

and hence E*(30 E*(3L) by (5). Furthermore we have 

(18) E(I) U E(/l-)= A E(/l) 

I->A- fcV 
if is regularly measurable. 

For every point set 5 in Gt we have by the formula (ll) 



A EU*)= A (/r ; )i 
'<:/t 1^/1" 

Thus, if $ is regularly measurable, then its complement $ x also is 
regularly measurable* 

For a sequence of regularly measurable sets J^ (i/ * 1, 2 ,...)> 
we have by the formula (3) 

E(fti^)= A E(IJ = A A E(/) A 
"' - 1 - & 

andneno. hy (4) 



f.c/- 
Since E (S*,) Vy^E(/\") by assumption, for any ex. R we can 

" 



find by Theorem 14. 3 ft sequence of closed sets 

/**M c A|,7i < " ^^ c 5k ( ^ i /* * If 2,...) 
such that 

(/1^ r )talt^ l E(ZjCo.l (*/!, 2,...), 
and hence 



Then we can find further lay Theorem 14.4 /*v,f ( ^ f p = 1, 
ouch that 



and hence by (13) 

E ( fi A ^Af )U 3 t f t 6 ( ft I . ) Co. 3, 
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because E ( TT ^ kj ^, f ) ( JJ t *) by (4). The.cefore we obtain 

~U EU')Ca3 - (TT I.,)l*l. 

;?,*^>l- "-' 

Here a R. may be arbitrary, ve obtain hence by Theorem 14*1 



oo oo 

Thus TT $L, i 8 regularly measurable Consequently TT "9., also is 

*| *" H1 * 

regularly measurable, because ZIIL^-dTJ/) 

For an open set p in the complex plane CT , we can find a sequence 
of closed sets /1J (v = 1, 2,..) such that 



and hence (P*) V^/ E(/l^) by (12). Thus we have obviously 
by (4) 

E(r*)= r u _E(/T) 

Therefore every open set in Cr is regularly measurable by definition. 
Now we can state hence 

Theorem 2}1* The totality of regularly measurable sets by <f 
constitutes a totally additive set claaa including all Borel sets. 

For two operators T, and Tx with domain D, and D* respective- 
ly, we define T + T t to mean an operator with domain P t 2 and 
( T, * T! ) X = T, X -f T t x for x * D^D^. 

We also define T, T i to mean that the domain of T, T* is composed of 
those elements X for which T x x * DI , X DI , and 

T,T t x - T,(T 4 x). 

For an operator T we define T^ (k as 1, 2,...) to mean 
T 1 = T, T** 1 = T(T") for i/ 1, 2,... . 

Theorem 25.2. Let E be the spectrality of *f . Putting 
T * 



for a complex number ot and a positive number f the closed linear 
nifold E($ alj )R is composed of those elements x for which 

up || (L (T-ot)^xl 
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Proof. Since <, e is closed, we have by (16) 

?(#) *., for T7 ( , -it) , 
that Is, 

fl*(*)-IS 1 
By virtue of Theorem 22.5, we have 

{-~ (T-*) 

because <f is bounded in t7g(j > Thua we obtain by 1?(9) 

* 



*, e ) 
and hence 



for every % R . 

Conversely we suppose 



for some a 6 R . For any t' > t , we have by (16) 

l?($)-l fc ' for 
and hence by Theorems 22.5 and 17*3 



J (Tl 
2 (^ ) a " II (i - 

for every is =1, 2,... Thus we conclude 

d- (!,,,)) a. || = o, 

that is , IX = E ( Ec< t ') Q- for every ' > . Sine* we have by 
the relation 



we obtain hence <x = ( St f ) ot. 

A bounded operator 5 on R. is said to be commutative to an ope- 
rator T with domain D , if & T C T,S f that is, if S D C D and 
T 5 ct = 5 T a- for every O, D . 

Theorem 23.3. If a bounded linear operator 5 5SL R is com- 
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imitative to 

T - J ?($)<*, 
then for the apectrality g of cf we have 

jSE(<) = E(3f)*S for all regularly measurable sets f 
Proof* By virtue of Theorem 2J.2, putting 

**, = U : ic - i s }, 

H(5^ ( )R is composed of those elements x * ft for which 

Bup || } i (T-oC)} 1 "* |j < + oc. 
i>fc 1 

Thus we have by assumption for every x ft 

aup H-f (-r- < A)l"-5E(a -I ,)*|| 

= sup IIS{-|-(T-o< > )rE(l -je ) J ||< 

because *$ is bounded by assumption. Therefore we have 

E(S*,,)S <*,,) 5E(1..). 
For two measurable sets $ and $ , if 



then we have by the formula (17) 



($)- 



- E(S)SE(I)- 



On the other hand, for any complex number <4 and positive number f, , 
we can find a sequence of complex numbers < and positive numbers 

(fa 1, 2,...) such that 



^M = "i ^ '* 
and then we have by the formulas (14) and (ll) 

6<^i-.,.Jt f < : i e(Za. f ').l- E(I-. ). 
Therefore we also have 
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(1- 6(I - , l )>S(i 

and hence 

<!, 

Consequently we obtain 



For any open set /1 4 in ty , we can find olj, , ^ ^l/ = 1, 
2,,e) such that 



and then we have by (14) 



Thus we conclude easily further 

EU)S= SE(/T) for every open aet /^. 
If is regularly measurable, then we have by (18) 

A 



For any ex. fl > we can find by Theorem 14*6 % c R. for which 



For such 4 t ft. i we can find by Theorem 14.3 a sequence of open sets 
A*:>? ( * = 1, 2,..,) such that 



A 

**! 



and then we have by the formula 14(16') 



This relation yields toy (ij) 

E(n /\/)c c<1 i p - 

On the other hand we have by 14 (l?) 



* C C/J C CM- = C ^ a ' = *> 
and further 

6(TT /l/)5a . ^EC^/I/)^, 

as proved Just above. Therefore we obtain 

E($)S<X S()o, for every < 
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DILATATOR AJULYSIS 
SpectralJgation of Dilatators 



(Chapter III 



In the sequel, we shall prove that for any dilatator T by flt 
there exists uniquely a continuous function ? on the proper space 
of ft such that 



We shall consider firstly the case where f{. is an axle, that is, 
= ft . In this case we have obviously by definition 



[xl 



cxl 



'R, 



for every 



Let T be a dilatator with domain p by an axis *K 
O. ^ 6 D we have by Theorems 16*4 and 1?4 



Tor every 



tal 



and hence by Theorem 22.1 



C0.1CI 1 
Recalling Theorem 18.5, ve obtain hence by the formula 19(6) 



in an open set being dense in ~Cr f a -, c ,f 3 , Thus we conclude by the 
formulas (14) and (6) in 19 



in an open set being dense in ~fca.lt 1 3 * Since both sides are con- 
tinuous in T7caH^3> we OD ^ ain hence 

* 



On the other hand, J~ "^ryi ^ an P en d8 nse set in the proper space 

xio 
^ , because for any * P % we can find X such that P X * , 

and then ^L t^cxl s "^x ^ by the formula ^14(6 ')-. Therefore 



there exists a continuous function <f on ^^ such that 



For such <f } we have by Theorem 18*4 
Tx txlTx = (i , 



CicJ 



Cx] 
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for every X * D For an element a R , if <f is integrabl* by a. 
** ^caa > tk* n " c * n find by Theorem 22*2 a sequence 

K * Pi, t*~t C<xJ 
such that P^CL D for every i/ * l f 2,..., and by Theorem 17.4 



for every v = 1* 2,..., ac proved Just above. Since T is closed, 
we conclude hence by definition CL * D and 



Therefore ne have T j ?(#)ol^ by definition. 

Now we consider the general case* Let K, be a closed ring of 
projection operators containing 1. By virtue of Theorem 20. 7 , we 
can find an axis 01 including ft Then we have obviously 

He 01 * ft c 3?. 

Thus every dilatator T by ft also is a dilatator by 01 , and hence we 
can find a continuous function <f on the proper space $f- of (71 for 
which we have 

T * J ?<)<*> 

as proved Just above* By virtue of Theorem 20.8, the proper space 
^ of K is a partition space of ^ by the correspondence 



^P* t f ; * j ^P* } for P n . 

If <f is finite at a point ,6^1 *> for any g. > , putting 



we obtain an open set 5 & in the complex plane Gr > and then the spect- 
ral ity EJJ; (f t ) by <f *3 ty Theorem 23*3 commutative to ^, because 
T Is a dilatator by # by assumption. Thus we see by Theorem 20.1 
that E 3 (Jg ) * # for every E > . Consequently 



because we have J * ^6ac o^^o^ly by the formula $23(16). Thus 
we also see by 2}(l6) that Kg = 



for every >0. 
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Therefore we obtain that 

Kg * ftj, implies ?()*?($o). 
If ?(?)=<*>, then, putting 

$e * i ? : ?!>} f or > , 

we conclude likewiae that 7? #0 implies ^ (j) <*> . Con- 
sequently there exists a continuous function <f on the proper apace ^L 
such that 

<f (* ) * ?<$ ) for every ^ , 

because ^ is a partition space of {f^ by the correspondence ^ J * 

^K ( J 6 ^ ). For such a continuous function <f on #,> w 8ee 

easily by the definition of integral and Theorem 17*3 that <f is integ- 

rate by X in 17 /of, if and only if ? is integrable by % in TJ**' 

t* 1 * ^fxJfi 

and then 



becauca C [t , X a X by 14(1?), and hnc by 14(6') 



Therefore we have by definition 

T - j 

Such a continuous function <f on f^ is determined uniquely* Be- 
cause for every X D we have 

TX j <f(f)d$*> 



and hence by Theorem 18 .5 and the formula 19(2) 



FVurthermore 2Z 17 g 3 ia dense in ^ because for any * P * 
we can find X * D such that Px * , and then we have by 14(16*) 



The function value <f ( J ) of such a continuous function <f will 
be called the spectrum of T at a point J and denoted by ( T , J ) . 
With this definition we can therefore state 



Theorem 24.1. For a dilatator T with domain p ^v. ft , 
spectrum (T , ) ( J e ^ ) is a continuous function on the proper 
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pact ^ , and we have 

T j (T,)JJ, 
(^^-(T.f) fox T 



FOP a dilatator T by V > spectrality E of the spectrum (T , ) 
( c ?* ) i* called the spectrality of T by . 

A dilatator T by ft also is a dilatator by every closed ring in- 
cluding K , because 1R C ft, implies #,<: ?L Furthermore the spect- 
ral ity of T is invariant for regularly measurable sets, that is, 

Theorem 24.2. Let T be a dilatator by a closed ring ^, as. 
veil as fry # a . For the spectrality E t o T b 7?, and E* t of 
T il 9? a > a point set $ in the complex plane is regularly mea- 
surable for E t if and only if also is so for EH and then 



Proof. By virtue of Theorem 23*2, we have obviously 

EI ($, t ) = Ea(5- je ) for 5-, t i? p - i?-^i$e J 

For every open set /\ ^ in , we can find *!,, (f = l, 2,...) 
such that 

" -S *-.... 

and then m have by 2}(l2) 

E, (/!) . 0, Ei(I^, f ,) = S, Etd*.,,) = Ea(/l'). 

Thus we have E t ( /I ) = E a ( ^ " ) f or very open set A * in (Jr . Con- 
sequently we obtain by 23(ll) <(/"*)= E a ( A" ) for every closed 
set /" in Or. Therefore we have for every set J in Gr 
A EiU*) A 



Thus we conclude easily our assertion* 

Theorem 24. 3. Let T be a dilatator with domain *SL ft and 
E the apectrality of T For a bounded linear operator on R. , 
we have S T C T3 if and only if 

&(/!) E(/t)S for every open set A 9 . 



120 DILATATOR ANALYSIS (Chapter III 

Proof. If E (i)S * $E(f), then we have tgr 23(11) 

(1- 6(I'))3 - JS(1-E(I')), 
and hence ($')3 = $(*') If 

E(f)S = SE(f), 
then ve have by the formula 23(l?) 



fi(E(*)+ (*)- E(I)E(*J). 
Furthermore, if ()& = SElIJ (i/l, 2,...)S,C I^t 
then we also have by the formula 23(14) 



Therefore the totality of those point seta 2 for which we have 



constitutes a totally additive set class, ana contains all open sets by 
assumption* Thus we see that E (>)$ S(2) for every Borel 
set <E in Or- 

For any a f D ve have ty Theorem 24*1 

T(X (T, 



We ca** find a sequence of Borel sets $ , C f t C in such that 
tJ2.Zi.t up (5lt6 ix (^1| 2,...). 

*"*' v J v 

Then we have ( 5^) tj?, 1 l^y 23(14), and 

I(T,$)IS I/ for ^ T7 E($v) 

IV 23(16), because I/ C { ? : I ? I $ ^ I 'Thus we have Ijy xneo- 
rem 17.4 



For any > , we can find a finite number of Borel sets "$ ~ (/* 
1, 2,..., f ) in <J such that 

$* ,*!,,,., *^^*^c s for r* 6 '' 

~P - I^-1IS^ for ^=1, 2,.,., f. 
^ii^ *"^/>* 
Then we have by the formulas (?) and (32) in 23 

E (Iv) = r.E(*^), 
and by the formula 2}(l6) 
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-5r*7/* c{?; l?-(T,t)l<M for 

Thus we have by the definition of integral 



for 



r 



for every v 1, 2,..* * This relation yields 
STO- lim 

4--*o 

and further by 17(9) 

lall 1 IIE(f JS Tct tt 1 
^ II S T a II * 

for every i/ =1, 2,.. Therefore IT, J ) is by Theorem 17.3 
integrable by 3 a in {f^ and 

a . TSd. 

Therefore is commutative to T by definition* Conversely, if we 
have S T C TS , then we obtain by Theorem 23.3 

(<)= Et<?).S for every Borel set 5 in & . 



In this Proof, putting P^ s ($,) ^ 1, 2,...)> we have 

P,, U~< 1. l(T,j)|<u for JT7 PI/ . 
Thus (T , J ) is integrable by P^ x in ^ for every x ( R i and 

HTP^xii 1 * j K 



Therefore we have 

Theorem 24*4* For a dilatator T with domain p there exists a 
sequence ft* p k f ~, 1 such that P k R.C P and T P,, is a bounded 
linear operator on p^ R for every v - 1> 2,... 

Let T be a dilatator ty ft . For the spectrality of T , the 
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closed ring generated by g ( A 9 ) for all open sete >t' in Q ! call- 
ed the spectral ring of T . With this definition, we see obviously 
by Theorem 24.2 that the spectral ring of T is independent from K 
Furthermore we see at onca by Theorem 24*3 that every dilatator by ft 
also is a dilatator by its spectral ring. 

A dilatator T by ft is said to be proper* if K coincides with the 
spectral ring of T* 

Theorem 24.5. For the spectrality of a dilatator T by 0? . 

if a projection operator p belongs to the spectral ring of T , then for 

* 
any a, * ft we can find a Borel set < in Q such that 



Proof. We denote by T the totality of those projection operat- 
ors ? 11 > for which we can find Borel sets $ such that 

P^cai - E <*) <?cai- 

Then we see. easily by the formula* (ll) and (12) in 2} that f is a 
ring including all E (/t) for open sets A 9 in For any sys- 
tem PX T ( X /t ), we can find by Theorem 14-7 a sequence X^ A 
(v = 1, 2 t ..) for which 

& P * C i ' 3, *<?. 

X Q A P*CC<X, = J, PX, e t i- 

Since we can find by assumption a sequence of Borel sets 4, (^= 1, 2, 
...)forwhich P X| ^ C caa E($J C C a 3 (i/ 1, 2,...), we have by 
the formulas (12) and (13) in 2? for such $ (i/ 1, 2,...) 



A PxCcaj E <*"> 

T /\ 

and hence L/ Px A Px < T' Thus T is closed. Therefore 

MA X<A 
7 s " includes the spectral ring of T. 



For two closed rings of projection operators !)*$ if T is 
a dilatator by T then T also is obviously a dilatator by ft . For 
the partition correspondence 20(4): T^ * * r ( * ^) from the 
proper space of ?t onto the proper space % of 3T, putting 
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for the spectrum (T , <? )^ ( <{ r ) by r, we obtain a continuous 
function <f on ^ . Furthermore we see easily by 20(6) that f la 
finite in some open dense set. Thus, putting 



we obtain by Theorem 22. 3 a dilatator T 1 by 91 . Then we see easily 
by the definition of integral that T = TI , and hence 

( T J V = * (J > for ** J * * 
Therefore we can state 

Theorem 24-6. For two closed rings of projection operators 



if T is a dilatator by y . then for the spectrum (T <f ) y- by y and 
the spectrum (T,j)^ by ft we have 



for the partition correspondence f ( "if) from the proper 



space y of ^ onto the proper space <^ of T. 

25 Calculus of Dilatators 

Let T, and T t be two dilatators by ^ with domain D t and Da re- 
spectively* Since the spectrum of a dilatator by ft is finite con- 
tinuous in some open dense set in the proper space <% , putting 

A =1$: KT,,$)|<*M, l(Ti,j)l<*ooh 

we see easily that /4 also is an open dense set. Since 

(T, ,f )+ (T,J) 
is finite continuous in A , we obtain by Theorem 22.5 a dilatator T 3 by 



This dilatator T 3 will be denoted by T, T* , that is, 

(1) T t eT t = j {(T,,J)+ (Ta 
With this definition we have obviously 

(2) T, * T a = T t e T, , 

(5) (T, Ta)e T, T,* (T t T 3 
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We also define likewise 

(4) T f o Tl 
and we have 

(5) T, oT t T* 

(6) (T,oTi)oT s 

(7) T,o(T^* T, 

Recalling Theorem 10*5, * Have obviously by definition 

(8) (T, T tf J).(T lf ^)* (T lf |) f 

(9) (T<oT a ,j)(T lf j) (Tt,), 
if both (T 1t ) and (T 4| ) are finite* 

For two opera tore TI and T a with domain p f and DI respectively , 
we define T, C TI to mean that Q t C O t and 

T| X TI x for every x Di . 

With this definition ve have for tiro dilatators T, and T* by fl 

(10) T t t T X C T, e T t . 



Because, if both (T t t J ) and (T , J ) are integrable &y <x in 

then (Ti , J ) t (T 4 , J ) also it by Theorem 1?,6 integrable by tx in 

co "* 
J 



Thus we have T t * Tt, C T, T t ^y definition. 
We have further 

(11) T, Tt C T,* T t . 
In fact, if T ~T\<x has any sense, then ire nave by Theorem 24.1 

TiT t * J (T 1f $)<4 

^LT t al 
because we have by the formula 14(l6') 



Thus we obtain by Theorem 18.5 
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in some open set being dense in "U" c <n * This r 61 *** * 1 yields by 
Theorem 18*4 

TI "Tia [CUT, Ta a 



Therefore we have TI T^C T, o T t by definition* 

Concerning the adjoint operator T * of a dilatator T by fl , we 
liave by Theorem 22 *4 

(12) (T* f J) = (T7j) for every J ^. 
Thus we conclude easily 

(15) (TT T, 
and further by the formulas (&) and (9) 

(14) (T, T\r = T,* T/, 

(15) (T,oT a )* = T,*o Tl *. 

Recalling Theorem 179, we have for every "X f "^ 6 D 



Thus we obtain 

(16) (Tx,T#) (T*x,T^) ( x f yt D), 

(17) HT XII l|T*x II (* 0). 

Every complex number <* may be considered itself as a dilatator by 
^ , and we have obviously by definition 

o( * = S for every complex number <X . 
Furthermore it is evident by definition that 

o( T s o< o T , 
considering o< as a dilatator by fR . 

A dilatator T by # with domain O is said to be symmetric . if 
T T*, that is, if 

( Tx >#) ( X T 3-) for every x, J^O- 
With this definition we have obviously by the formula (12) 
Theorem 25.1, A dilatator T b W ia symmetric, if and only 



126 DILATATOR AHALTSIS (Chapter III 

if tht spectrum (T , jf ) is a roil valued function over the proper 



Tor two symmetric dilatators T 1 and T*, by ft , we define T, $ 
or Tfl, T t to mean that 

(T, ,)* (Tt,) for every tf*. 

With this definition, we hare obviously for symmetric dilatators 

(18) T, 5 T! and T* 5 T, if and only if T, Tn, 

(19) T t ^ Ti , "Tt * T 5 iapliaa T, ^ T, , 

(20) T, < T a laplie* T, a T 5 ^ T a Tj , 

(21) T, * T t| * T 3 impliw T, o T 3 ^ T t o T 5 . 

A dilatator T ty f? is said to bs positive, if T g (? f and to 
. if T < . 



25.2. For two symmetric dilatators TI and T 4 with 
doaain p, and D* reapectively us have T t TI if and only if 
(TtX,*)^ (T 4 x,x) for svery x 0,Di. 

Prooy* If T t 5 TI i then we have by definition for every ele- 
ment x ( P,Di 

(T t x,x) 



recalling Theorem 17.10. Conversely, if 

(T| x t x ) < (T* x, x) for every x 6 D, Dj , 
then for Ti > T^ we can find by Theorem 24*4 two sequences 

K * P* t^, 1, $1 9 ft^t^i 1, 

such that P^ R C D t and Q^R C Di for every v 1, 2,..., and then 

i* 

we have by Theorem 15*6 

* 9 P^CUt,^ 1 
and further obviously 

Pw ft^ R c Pi Of for every V si, 2,... . 
For ;uiy x t R and * T7 p ^ ft ^ c , we have by definition 

(T 1t $)( T ' P * ^/r if (T.PP.a.^x) 
* IIPP. Q.xl! 1 
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iRP.a.x P^*'' 

On the other hand we see by Theorems 15*7 and 14*1 that both Ju tTp^ 

and 2Z T7 C r * i ** open dense seta in Thus we conclude 
XfA *-*J * 

C"r,,$)3 (Ti,) for every $ * , 
because both sides are continuous functions over the whole space {^ 

For a dilatator T by # we define the absolute operator IT ( of 
T to mean 

(22) )TI = 



With this definition, the absolute operator IT I of a dilatator T 
is obviously a positive dilatator, and 



(25) (ITUJ)* !(T,)I for every < $V 
Furthermore we have by the formula (12) 

(24) TT* |T||T|, IT^j-ITU 

Theorem 253 For two dilatators -]"i and T a b^L 71 with domain 
D t ^ d DI respectively, we have |T t | ^|T f 1 if and only if D f 3 D 4 
fil II Ti x I! < II T a x li for every x f D 2 * 

Proof, If | TI | I Taii, then we have by definition 

I(T, ,j)lsSl(T lt j)| for every jf ^ . 

Recalling Theorem 1?*3 we conclude hence that D, "> D a and for every 
X t Da we have 

HT, xS 1 = j KT,,^)! Hrfjf X l 

dJX t = HT 2 xl| a . 

Conversely, if II T t x /I < II T t x II for every X Pi DI , then 
we cart find lay Theorem 24*4 a sequence $. 9 P u t^, 1 euch that 

P* R C DI Pa for every v =1, 2,..., 
and then for any X * R and 17 p we have by 19(12) 



HPP..XII 
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Thus we conclude easily that I T, I g I T* i . 

Prom this Theorem 25 3 we conclude immediately 

(25) II IT | x II II T % II for euery x O . 

If T , then we have obviously T = I T 1 by definition. 
POP an arbitrary dilatator T by ffc , putting 

(26) y/irT = j \fl(T,f)l rfj, 

we obtain a positive dilatator VI T | , and we have by definition 

(27) IT i = vfrT vTrT * tfrT vTTT . 



Because, if |(T,)| is integrable by a in ^C (a ^ thn vRr , J )l 
also is integrable by a inT7^ Cal . By virtue of Theorem 24-4, we 
can find a sequence ft * P* t |TI| 1 such that the domain of \/|T| 
includes Pt, R. for every i/ = 1, 2,..., and then we have 

Pi, IT | a = vTrT PP /I T I <** for every ix = 1, 2,... . 
This relation yields I T I a m \f\ Tl V/| T I a, , and hence 

in c v/Tfl vTrT. 

Thus we obtain IT | s /pri \/IT I by the formula (ll). 

Por a dilatator T by $, with domain P , the projection operator 
of the closed linear manifold generated by the range of T : 

{ TX t X f D } 
is called the projector of T and denoted ty L^ 1 

Since X , * 'K implies * D , Ta X = a T X , we see 
^y Theorems 10.5 sud 12.6 that fttT 3 = (T]Q for every Q, e ^ , and 
hence we obtain by Theorem 20.1 

(28) C T ) * ft for every dilatator T ty 1R 

Since P T X = T P X for every P 6 'K , X we conclude easily 
ty definition 

(29) IT ) = \J [Txj. 

xD 

Since C CTJ s [T] by (28), we obtain hence by 14(15) 

(30) IT] 



By virtue of Theorem 24-4, we can find a sequence W. 9 P^t^t i 
such that P w R C for every i/ = 1, 2,..., and then we have by defi- 
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nition for every * Jt 

T(I- m)Pv,x (i- CTJ)TP>X * o. 

Since Urn^ (l - CT 1)P,,X = (l - [T])x and T is closed, we obtain 
hence 

T (l-lTJ)X = for every X*R. 

Conversely, if TflU 0, then we have by (l?) T*a 0, and hence 

(TX, *0 (x , T*a) C? for every a: ^ 0. 

Consequently we obtain by definition [f]a = 0, that is, 

(l- CT])a a ot if Tct ^. 

Therefore we have 

(31) (1- CTJ)R = {*: rx \. 

from this formula (3l) we conclude by the formulas (l?) and (23) 

(32) [T*J = tlTIl tTl. 

If CT1 % ^ > ^^ 9 ^v *ar (31) 

X (1- CT3)X t [Tlx 6 D, 

Ta TCTJX. 
Thus we have 

(33) TCTJ- T. 

Recalling the formula 14(2), we obtain ty (29) 

(34) [o< T J = [ "M for every complex number *l * . 

For every x * D we have by (33) 

tTJT* TCT3-X Tx, 
and hence by 14(6*) 

CTX J B [TlCTxJ S CT1. 
Ve also have by 14(3) 

U3T X T C*1X = T*, 
and hence [T X J [*) by 14(l) Thus we obtain 

[TX] i CTHxI. 
On the other hand, we have by 14(3) for every x ( ft 

T(l- [TX3)X (l - CTx3)Tx = 0, 
and hence by (31) 

LT3 (1 - (TXl)X s 0. 
This relation yields by 14(6) 
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tT)(l- lT*])rxl a 0, 
because [ * HTX) = C T x 1 I* 3 = [TX], Thus we have 

CT Hxl * CTHTxHxJ [Tx ]. 
Consequently we obtain 

(35) lTx][THxj for every x P 

Re*lH * 'Theorem 15.7, * neve by (30) 



On the other hand we have by Theorem 19*2 



and It is evident by Theorem 24*1 that 



Thus we obtain 

(36) T7 CT] = { 3: (T,$)4 o }'. 

By virtue of This formula (36), we obtain by (9) for every pair of 
dilatators T, and T t by K 

17 fT,oT 1 j "tffr,! ^f-r*l ' 
and hence by the formulas (2) and (4) in 15 

(37) [T, o T 4 J = [TMtT* ]. 
Furthermore we obtain by (36) 

(58) IT.IslTtl implie8 



For a dilatator T 4 by ft, we have obviously T ) * by de- 
finition. Putting 

1 _ 



for J 17^ fT1 , 
we see easily by (36) that <f is almost continuous in the proper space 
^ , and hence we obtain by Theorem 22.3 a dilatator 

This dilatator T, by ft la called the inverse of a dilatator T and 
denoted by T**'. With this definition, we have by Theorem 24.1 



25) Calculus of Dilatators 131 

(39) (T "' #) *"(775T for f 

and hence by (4) 

(40) T o T ~ 1 =* C T 3 . 
We also obtain by (36) and (39) 

(41) IT" 1 ! - CT1, 

(42) (T- 1 )' 1 * T, 
and further by (12) and (23) 

(43) (TV 1 =(T-')*, 

(44) ITT 1 = |T-M. 



If 0, T^ , then we have by 19(15) for every J 
1 1 

fT " <T,$f " (T '* } ' 

Since [^]a = T C-^W = T-^ = Ct, we obtain hence by 19(10) 



On the other hand we have by (35) 



Therefore we obtain 

(45) Cl T^ implies 



If a dilatator T by # with domain is bounded and 

II T X || -g IT II X II for every X * Q , 
then we have by the formula 19(12) 



r ^ ^ 

and hence by Theorem 24*1 

KT,f)| ^ r for every ^ - 

This relation yields I T I ^ Y b 7 definition, considering f as a di- 
latator byH Conversely , if I T I < Y then ^ ^v 6 ^7 Theorem 
25*3 that * ft and 

II T X II i r II ^ It for every % if R . 
Therefore we obtain 
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Theorem 25.4. A dilatator T Jfet ^ is bounded if and only if 
I T I ;S y for aome positive number f , and then we have 

(Til tT inf i , IT I II T. 

The domain of a bounded dilatator coincides with the whole space 
ft, , as proved just above. Conversely , if the domain of a dilata- 
tor T by # is the whole space A. , then the domain of the adjoint ope- 
rator T* also coincides with R by (12), and hence we have for every 

2 R. 

,Tf)l I!T* Jf ll< *<*> 



I' x I ^ 1 ' ^ ^ ^L 

Thus we obtain by Theorem 9*12 

a" s sup l| T x ii < H-OO , 

n* ii < 1 

and hence II T X |j <J Jr H * M ?r every a * R - Therefore we caa 
state 

Theorem 25. 5 A dilatator T by fl? is bounded if and only if 

the domain of T coincides with the whole space R * 

Recalling the formulas (10) and (ll), we soe by this Theorem 25 5 
that for two bounded dilatators T, and TI ty R we have 

T, * T! = T, Tt, T t T x = T,oT a . 
Theoreia 25.6. If a dilatator 5 b^ *Jl is bounded % then 

T^isrTeS, TS =ToS 
for every dilatator T by & . 

Proof. For any dilatator T by flR, we can find by Theorem 24.4 
a sequence 1R 3 P^t j^, 1 such that P w R is included in the domain 
of T for every v = 1, 2,... . Since TS C TO$ ty (ll), if 
(T S )&, has any sense, then we have for every \s =1, 2,... 



and hence T3^ ^(To^Ja, because T is closed. Therefore we 
have T 5 = T o S . We also can prove likewise by (10) that 
T + S = T * S 

Every projection operator P f ^ is obviously by definition a 
bounded dilatator by K . Thus we have by Theorem 25 ,6 
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(46) T P * T o p for every P f fl . 
Recalling the formula (31), we obtain at once 

(47) t P J * P for every P < f? , 
and hence by (37) 

(48) I T P } = t T J P for every P < . 

Since we have by the formulas (2) and (6) in 19 for every X R 

wo obtain by Theorem 24-1 

{1 for T7 P 
for f T7 4 _0 
Thus we have by (}9) for every ^ 



Furthermore we have by (41) and (48) 

l(TP) -1 J = IT P3 = IT 3 P CT- 1 1P * [T-'P1. 
Therefore we have 

(50) (TPr^T* 1 ? for every p( #. 
Theorem 25>7* For two dilatators T and ^ , JL 

Ta = Sa 
then we have T C Cal = S f caa . 

Proof. If To. = SOL, then, putting T, T (- 5 )r, we 
we have T, 0, a by (lO), and hence by (48) and (35) 



( T, 0,3 

Thus we obtain Tt * C CflO = ty (46;. This relation yields 

T c^i s* e c<tl 

Vy (7), and hence T Cal C cal . 

Theorem 25.8. For any pair Ct , ^ ( R , there exists uniquely 
a dilatator T J&K V such that 

t<xl4 - T*, (T) * 

Proof Putting 
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o 

obtain a dilatator by -R 



POP this dilatator T we have by Theorem 18.4 and the formula (56) 

ta.]^ = Ta, CTJ 5 C ccu3 . 
On the other hand we have by (35) 

tTJ C Ca , = C tTaJ ^ccaHJ* 

Thus we obtain CT 1 * C ctoj-fl* >nie uniqueness of such a dilatat- 
or T is concluded immediately by Theorem 23*7. 

26 P-convergence 

Let A be an open dense set in the proper space * K of , and 
t* (?) (^ = It 2,...) a sequence of finite continuous functions on 
>4 . We suppose furthermore that <f k (jf) (v = 1, 2,...) is con- 
vergent for every point ^ . Then for any > , putting 



it is obvious that 21 ^ ^ a ^ . Furthermore we have 

(>;)- (TK- 

Because, if (S.^;)" * ^ then w can find * P^^ such that 

-C7 P c A (*)-' 

For such P , we have 



and henoe (/4 u t7 p ) = for every y l f 2 t ... . Since >4^17p 

is closed, ^ W t7p i nowhere dense for every v 1, 2,. M and hence 
o 
ZL A"Up also is nowhere dense by Theorem 1^.10, contradicting 

C /l v T7p * 4T7p T7 p * 0. 
Thus /^ is an open dense set in g" R * 

Therefore, if we put for i/ , ^ = i, 2,... 

ror f ,*iv\ 



26) B-convergenoe 



then Z2 A V ,M i8 * P en d nM * for i 1 ? /*! 2,.*., and 
hence, putting 

A. - ff ( A ), 
yi tt *r 

we obtain an open dense set /4/ by Theorem 13.11. for saoh /4/, the 
limit 

f<$)- !.*<$) (JM) 

is finite continuous in // . In fact, for any e /4/ and > , 
we can find * , /" such that 



For such v , since <f v is continuous at J, by assumption, we can find 
an open set & t such that 

!%($)- ^(J.)l < -5- for^ 6. 

Then for every 6 /4*,M, B ve have 

l -- 



Since ^^ ^ A***, B 1W obtain hence naturally 

!%,($.)-? (?.)li ~ 

Consequently we have 

I f(|)-f (?.)!< for 

Therefore <f is continuous in A / 
Now we can hence state 



26.1. If a sequence of finite continuous functions *f^ 
1, 2,...) on an open dense set A is convergent in A then the 
Ha <f^ (^ ) also is finite continuous in some open dense set 
in the proper space Jf^ . 

For a sequence of dilatators TV (f = 1, 2,...) by ft , if 

(T*,J) (i/-l, 2,...) 
ia convergent in an open dense set A , then, putting 

<f (J) lirn^ (T,,J) for J >4, 

we see by Theorem 26.1 that <f is finite continuous in some open dense 
set, and hence, putting 

T. - [ r ( 
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we obtain a dilatator T by f( , for which 



in some open dense set. In this ease, we shall say that TV 
1, 2,...) is D- convergent to a limit T , and write 



Theorem 26.2* P~convergence is independent from the ring f(, : 
If D-^ia^ T>, T by. # and all T* (^ - 1* 2,...) are dilatators 
by another closed ring of projection operators 1T , then T f also is 
a dilatator by * and D-lim T v = T by ft*. 

Prooff* We suppose firstly ^T C $ We have then by assump- 
tion 

in an open dense set A in n* Since we have by Theorem 24.6 

( T* t 1fj? )f. = (Tv J )^ for every J 6 ^ , 
(T^ > ^J )<p (^ * 1| 2,...) is convergent for every J 6 A On 
the other hand, we see by Theorem 20.6 that the image of A by the par- 
tition correspondence also is an open dense set in the proper space L, 
of T Thus there exists a dilatator & by T , for which 

lim^ ( Ti/ 1 Tj ) ^ ( S , T )j* for every J A 
Then we have D-lim^ TV S by V , and *S = T , because 

(Sj)<# s ( ^" J )^t ^ or ever y Jp ^ ^ 

We also can prove likewise the case where $ C T In general, 
denoting by # tf the closed ring generated by all spectral rings of TV 
(v = 1, 2 ,...), we have obviously ft, C HT Thus 

D-lim T w T 
*-*o w * 

by 11 implies the same relation by 71, , and hence further the same 
relation by V i as proved Just above* 

Concerning- D-convergence, we have obviously by definition 
Theorem 26.5. D-lirn^ T w *T, D-lirn^ ,$ * 3 implies 
D-lirn^ (T,,* &) T S, 

D-lim (Tx Si,)= TS. 
t--c * K * ' 

Theorem 26.4. For a sequence of positive dilatators 
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5 1 i* 3 A 2 ! 

we have D-lim 5*, if and only if for the domain p, of ,Sf we 
hayjr llm $ ^ % s for every % Pi . 

Proof* By virtue of Theorem 25-3, the domain of includes 
p, for every v 2, 3,... If D-lim St, = , then for each 

" 

x DI> we have by Theorem 24*1 



in some open set being dense in ~tf"c cx: Thus we can find by Theo- 
rem 21.8 a sequence # 9 P^t^i C c *j *<& that 

JLirn^ P^ [x3$j,X = for every /* = 1, 2,... . 
Cn the other hand, recalling Theorem 25. 3 , we have 



II P r CX354, * II* HS,( r*i- p /*)*l- 
Thus we obtain 

^ S k xH IK^c^-P^J^iXII 
for every p- si, 2,... . Making ^ tend to * , we conclude hence 

UR.S,,*. o. 

Since (Si , J ) ^ (Si , J ) g ... for every $ ^ by assumption, 
there exists a positive dilatator S by ft for which 

D-l im ^ = -S o , 

*" T * Q 

and we have obviously S^ $ for every i> = 1, 2,... . If /S 4= 

, then there exists a R. for which $, (X ^ ^ . For such a, fc R 
we can find by Theorem 22.2 a sequence V, * P^ t^l 1 c*3 Buch *"** 
P^ a DI for every p l, 2,... . Since 

^ ^^ = ^tai^o^ = S (V * a, 

we can find /* for which $ P^a * For such /* we have by Theo- 
rem 25- 5 

Sj, P^ (X II 2 II S, P^O, II * for every i/ s 1, 2,... . 
Therefore ^Urn^ S^X, = for XD< implies D-JLirn^ 5^ . 

Theorem 26.5. Let p^ be the domains of dilatators TV (^ = If 
2,.*.) fo ^R. respectively. For any ft, ft. we can find a aemence 

* * P^t-| ^ca 



Tl D/w^ for every i/ = 1, 2,. 
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Proof* By virtue of Theorem 22.2, for any 0* * ft, *e can find 
a sequence * 9 p w , r 1\7t <?cai (r e * 2,...) *<* *aat 

P*,^ a 6 D^ for every f ju. l f 2 f ... . 

For euch PI,,^, t /^ raj (f*lf2 f ...) we can find Ijy Theorem 14*4 
*>.f (fS f m *i 2,...) euch that 



,... 



Then, putting p f * A Pi^ lf</ * (Pl 2,...), * have 

* ^ Pf trli ^ccti, 

Pf (X P f ?,,,+ *> D^ ^or every p , ^ 1, 2, 

Consequently P. <x * ff p M for every P 1, 2,..* 
r /^i r * 

For a sequence of positive dilatators (^ s 1, 2,...) we shall 
vrite 

SviT., ^ 
if S t { S 2 "^ ^i!* ^ . 

Theorem 26.6* For a sequence of dilatators TV (" s If 2 9 *) 
by i Si D-lim TL. = T is equivalent to each one of the folloviiur 

-* ^ ' 4^-*0 " ' ' * ' ..... ^^ 

conditions ; 

1) tj^ere exists a sequence of positive dilatators 

A4.", o 

such that | T, - T I -g S* for every j/ = 1, 2,.*., 

2) for each o.*R ne can find a sequence 



such that (H)-dim^ T k PM ^ T P^Or for every /" l f 2,..., 

3) there exists a avatea (L^ R (JL A ) such that 

V <?ta i s 1 l*)-li T ^ a ^ s Tax f or 

X(A * >l * > x* *^ 

4) we can find a sequence 

Px t 



auch that lia I) T* Px - T PA H for gyiy A t /^ 

1^ ^ *^ 

Proof* By virtue of Theorem 26.3, we need only consider the 
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case where T' * . If D-OJ^ T\, a 9 then we can find by defi- 
nition an open dense set A in the proper space 4fft such that 
lim^ (TV , J ) = for every $ A . 
Thus, putting 



we have obviously for every jt /^ 

?,($)* ?*($)*.-., U*, ?()= 0. 

On the other hand we have obviously 

for every 



Thus we see by Theorem 26.1 that ft, is finite continuous in some open 
dense set, and hence for each v = 1, 2,..., we can find a positive di- 
latator 5 V by H such that (,$*,) = ft,( J ) in some open dense set. 
For such .S* (l/ a 1, 2,...), we see easily by Theorem 15.11 that 
&*U~it JT^liS,, (i/ = l, 2,...). 
Therefore D-lim T^ * T implies l). 

V-t0 

Next we suppose that ^ IJ*1| ^ and |T^ j ^ S * for every j/ 
= 1, 2,... . For any 0, R we can find by Theorem 26.5 a sequence 

V- * Pf* t r *, ff c) such that a11 T - P /^ * ^"^ 5 ^ P/^ a ' ( ^ , /^ = 1, 
2,...) have sense. Then we have by Theorem 26.4 

liffl^ &<, P^ Q> * for every p. =1, 2, ... . 

On the other hand we have by Theorem 25*3 for every P # 

IIT^PP^CMI^ II S^PP^jl, li^,PP r ^li HS^P r (tH, 
and hence for every [*> - 1, 2,... 



Thus we have (ft)-jl^ T K P^ct = by Theorem 21.7 for every p, s 

1, 2,... . Therefore l) "implies 2). Since \J C,,,., = 1 by 

N x xfl Clt1 

Theorem 14*1, 2) Implies obviously 3). 

Now we suppose that there exists a system <X X R. (X A) such 



im^ T^ <X A * for every A /I . 

Then we can find by definition a system / x $f<. (X/1) such th-it f jr 
any I > and X e A there exists i/ for which 

II TV P OL x |1 s a I P *x H ^r ^ j i/ d f p 6 l . 
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For such / x R U * A ), putting 

lim . - for 



we see by Theorem 18*2 that <f is a continuous function on C (CLx:J and 
finite in some open set being dense in C c aA 3 Furthermore we have 
by the formula 19(12) 

I(TV,|)I N/Xj) for J 6 C *AI * 2 *o. 

Thus, putting 

T7p r ={- < f(f) < / u r (/*=!, 2,...), 

we have K * p^ t^ C CaA3 and 

lim II T i, P^H a for every /* =1, 2,... . 
On the other hand, if 

lijU MTV P II = li^ttT^ail = 
for P , Q tft, then we also have 

^ HT,(P^GL)II = 0, 
because f>^ Q, = P + (&- 90.) and 

II Ty (P * O, ) II < H TV P M f II T >, d II lit - P II < II TV Pin- 1| T^Q IU 

Since U Cr/, -, 1, we conclude hence that there exists a system 
I0f ** 



" * c/ 

for which lim H T^ Px II a for every A 6 A . Therefore 3) 
implies 4)* 

Finally we suppose that there exists a system 9l^PxtxtA 1 
for which 

lin^ II T P x II = for every A A . 

Since I ( TV , J ) I * II T,, P x II for X^ ty Theorem 25-4 and the 
formula 25(49), we have 

Since . *Up is an P en dense set by Theorem 15*7, we conclude hence 
ty definition D-lim T \, = 

v-too K 

By virtue of 3 ) in Theorem 26.6, we see that if a sequence of di- 
latators TI, (y = 1> 2,..) by ft is D-convergent, then there exists a 
positive dilatator & by ft for which 

I T *. \ < & for every \r = 1 , 2 , . . . . 

Theorem 26.7. For a positive dilatator 5 \3 ft with domain p , 

T w T 
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implies 

I T I S & (Hj-ljk T,, X = T * for every * < . 

Proof We have by assumption 

I (TV ,)! < (S,$) for every J ^ , 
lim (Tu t j) z (TI j) in some open denae set* 
Thus we also have 

I(T,$)|$(S,|) for very ( {^ , 

because both sides are continuous over the whole space *^ . There- 
fore we have 1 T i S by definition. 

Since D-lim T w . = T by assumption, we can find by Theorem 
26.6 a sequence of positive dilatators Si, I ^ < such that 

IT,, - T I S* for ever y * s 1 2 >-- 

Then for each ^ = 1, 2,... we have by definition 

I(T.,$)- (T, )!<($ ,5 
in acme open dense set. On the other hand we have 



in some open dense set. Thus, putting 

we obtain a sequence of continuous functions 9V (i' = 1, 2,..*) on 
* ^ such that 

in some open dense set. Since 

2(S,j)g < ?|($)S 9*2 ( J ) 5 for very ^ f ^ f 
putting 

K, = (^(t)fl'l (^-li 2,-..), 



we have 2 & Kj 2 K^*** and f r ach x ( p wo conclude easily 

T^x- Tx -< K^x for every u =1, 2,... . 
furthermore we have obviously 

Kt, i Si, for every v = 1, 2,..,, 

and hence we also have K v ijTUi * ^u we obtain by Theorem 26*4 

lim Yn,% = for every X 6 P 

Therefore we conclude by Theorem 21.7 

)-jlim^ TV X SB T X for every X 
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As & special case of Theorem 26. 7 t ** have by Theorem 23.4 
Theorem 26.8. If D-O.im T w * T and || T* II ^ JT for every 

I/ a 1, 2,..., then we also have y j || g Jf and 

im "TV% = TX for every X*R. 



27 Measurable Functiens 

Let lit be a totally additive set class in an abstract space /I , 
that is, 

i) .n ttt, 

2) f f W implies $' i W, , 

3) S*t ( 1, 2,...) implies < W. 

*i 

Prom 2) and 3) we conclude at once 

4) 2a,<ftt (f * 1, 2...) implies ftf,,flTC, 

A finite, function <f ($ ) ( $ A ) on A is said to be (lTt)- 

mo as arable , if 

U ' 1 (?)/iM w 

for every open set A in the complex plane flr . 

Theorem 2?.l. A finite function f on tfl is (7Tt)~measurable. 
if and only if for any g >Q we can find a sequence of sets 5 V 6 W 
(k = 1, 2,...) such that 

JS. -ft, sup |f(^)- f <7)IS (K = I, 2,..). 

* 7 * aBfc. 

Proof. We set 

*,t - i% I;-M< 1 

for a complex number ot and a positive number . If <f ia (Oft)- 
measurable, then for any > we can find a sequence of complex num- 
bers e*4, (y = 1, 2,...) such that 



and, putting 

S k i?: *(*) /l^.ij J (M = 1, 2,...;, 

we have 
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A !:$, jWp^ !<*)- (1)1 S* <*-l f 2 t ...). 
Conversely we suppose that for any f > we can find a sequence 
(i, a 1, 2,...) such that 



A * 2*. sup |TU)- f (1 )| j (*1, 2,...). 

>>at! *7*w 
For an arbitrary complex number c* and < &'* $ 9 we can find a se- 

quence J k $ 97t (i/ 1, 2,...) such that 



i r 

* C * 

Then, putting 

*' * H: i<-- 
we see easily that ^^/ ^ ^jt and 

UM'fU)-*!**'}^ 
Since 



we have 

{?: |(%)-ei|<j|. f. * t ..i,. * w. 

l^at V.1- -JT )d 

For any open set A t in the complex plane Gr > ve can find complex 
numbers <*>, and $ v >0 (y = 1, 2,...) such that 

^ 5, -.,. 

and then we have 

{I (%)/*} * 2 U: !<?(?)- * | s k | . 

Therefore ^f is ( / 7rt)-neaau*able. 

Theorem 21.2. For a sequence of (W) -measurable functions <f ^ 
(i/a 1, 2,...) onA M lij. ?.,(%) = f (*?) for every $ t A t 
then <f also is (^iT)-Bieasurable * 

Proof* For a complex number o( and a positive number , put- 
ting 

** t i * - TJ^i?: !%(%)- c|<j. 

we a9 eaaily that i^ t / >TC and 

{5 : If (^)-ot|<}c 5 -) c {?'. l($)-l*t}. 

For an arbitrary open set /! * in the complex plane Q- , we can find 
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complex numbers <* and positive numbers (*/ = !, 2,...) such that 

i-st tat * ** 

and then we have 

\ ?:?(?) /M = H $* g w. 

i< = ( ~"' fc * 

Therefore 4* is (trt) -measurable by definition. 

For a point set < in jl , the function 

i for 4 6 3? 

for $ ? 5 
is called the characteristic function of 3 and denoted >y X j . 

For every $ ^7t , the characteristic function X * of 5 is O^r)- 
measurable by definition. If a function <f on /L is (97T)-vdasurable , 
then for every $ * #r> the product ff X ^ also is (w) -measurable. Be- 
cause t for any > we can find by Theorem 27 1 a sequence $ ^ orC 
(*/ s 1, 2,...) such that 

/L = 21 i p , sup )f (? ) - V I V )|< (^1, 2,...), 
and then we have JL = JT ^ ^ *- ^ $ ^ $ ' * 

A- = l ^ ^=' 

sup I^(S)X*-(J ) *f ("^l )~& & ( *' } I 

for every lx si, 2,... , Thus L f X^ is (^rj-mea^orable by Theo- 
rem 27-1. 

If both cf and "ty are ( / ?)T)-inea8urable functions onJ7^, then for 
any > Q we can find by Theorem 27*1 two sequences 3^ t W (^ 1, 
2 , . . . ) and ^ t7?t(/ u = 1 2,.,.) such that 



sup ^-^i--s 

^^3:^ l 

for every l/ , ^ = 1> 2,.,., and hsnc 

sup \(*(\)+ V-(l[ ))- ('fC 1 ?)^ *(? ))IS 

l*\t*<&r { , 

^ ( I/ ,^A a 1, 2,.,.). 

Since Jl = V~ 5^5:a> w conclude tnerefore by I'heorem 27 1 that 
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<f + y- alao is (*nc)-meaaurable . 

If two (4rt)~s*asurable functions <f and Y are bounded and 

iy(%)l<r, l>()|gr for every $/>-, 
then for any 8 > we can find f , SF^ W ( ^ , /* * i, 2,..) such 
that 



sup )?(?)- <f(T)|< r (1, 2,...), 
7 * f^ ^ 

! i (/*i, 2,...), 



?7 Ju 
and then we have 

*up i 

* ^ 



- 

Since .0- 21 f.,3 M i conclude hence ty Theorem 2?1 that <f 

*i/*i r 

alec ia (4ft)-neaaurable. 

For two (^7t) -measurable functions < and ^f , putting 



we hare obrioualy ^9-$^ Trt (^ 1, 2,.,.), 

l < f(lf)*f l ,(%)l* u IV(4)X^(*)lji^ forevery 
and 



Since both f Xx and V X A Are bounded (4rc)-neaaurable functions, 

*v- */ 

( <f 1 ) ( > Tt ) also is (^)-Beasurable, as proved just above. 



Thus we conclude by Theorem 2?. 2 that fp V iao ia (W) -measurable. 
Therefore we have 

Theorem 27.3. If both <f and V are (^t)-measurable functions 
on SI i then cf + \f, and <f V- also are (w )-meaaurable . 

Tor a finite function ^f on SI , we define ~ to mean 

. T 
_i for 



for ($) 0. 
With this definition, we have obviously 
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Theorem 27.4* If a function <f on A i frfrt^meaaiupable* than 
~ also ** (frg)-eagurable 

Froof> Putting $**{$: I <T (t )l > 7* } t * have obvicma- 
1| 2,...) and 

(5 ) -1 ( % ) for every 5 * SL . 

T 
For any > we can find by Theorem 27-1 a aoquance -^tW (^ = l, 2, 

...) auch that /IL 21. -5^ and 



for evary ^. = 1, 2,... . Than we have 



Since 

we see by Theorem 27*1 that ia (4rc)-meaaurable for every ^ = 1, 



2,... . Therefore %- alao ia (^r)-ineaaurable by Theorem 27*2. 

Theorem 27.5. If a function <f o& SI ia (w)-meaaurable. then 
for any Borel aet / In the complex plane <3r we have 

{? : y(^)fc /I M w; 

Proof> Denoting by^t the olaaa of those point sets A in S- 
for which 

{ ? : V(*t)t A] I tot, 

we aee easily that Jt is totally additive and contains all open sets in 
Gr . Thus & includes all Borel sets in Gr . 

A finite function oo on the complex plane $ ia said to be Borel 
measurable, if the point aet 

{ 5 : "($)* A*\ 
is a Borel set for every open aet A 9 in flr 

With this definition, we have obviously by Theorem 27*5 

Theorem 27.6. If a function f on SI JA (w)-aeasureble . then 
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for any Borel MaaavirabXe HVffi^tioii w on tne 



also la a ( / frt)-meaaurable function on A* . 

$28 General Spectralitiee 

Let ftt be a totally additive eat olaaa in an abstract apace A. . 
A ay* tea of projection operators E ($ ) (2 7rt) ia called a apect- 
rality. if 



2) 
3) 

lrm| tat 

Froei l) we conclude immediately 
(4) 
(5) 
Since ($)&($') by 2), we obtain by l) and 2) 

(6) E(0) O t E(JX) 1, 
aM henoe further 

(7) S 4 ipliea E(l)E(i)0. 
We bar* obrioualy by (5) and 3) 

(8) 

Froa 2) and 3) we conclude eaaily 
(9) f 

(10) f^J^D impliw E(Cv)iJIi E( n J. 

Let E be a spectrality on W and <f a (^t)-meaeurable function 
on Jl . For a point aet 1? Wt f if f ia bounded in f t and 

l(^)l^ if for erery {^ $,, 

then for any > we can find a finite number of complex nuBbera o< 
(K = 1, 2,... t X-) for which 

1? : Kl <Y} c Z. U : l?-^|-c A [, 
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and putting 

$* {*: ir(*)-**i<-|- t <" it 2,...,*), 

we hare obviously 

5* * w , $ c 



(k 1, 2 t . ..,><.). 



fr I ?i, 

For such ? p (^ = 1, 2,..,x), putting 



we obtain a partition of J ' 

X 

such that $" W and 

up 1?U)-?(T)I^ (^ 
5,***,, 

For two partitions of < in W : 



If (U- f (T)l?i (ri, a ..... f) 



nd for f f^ , f/ 6-Byw " hy for wiy o. d R 
a- 



48'^ II e(3F^)a* -46 1 II E (IJot II 4 , 



, 

!*(*)- <>)IS 2 for 

Therefore there exists the limit 



* fori.*^, ^^ f k , and 

sup iy(|)- y(7)l (K-l, 2,..., ic) 
?,1 ^ 5^ 

This liait is called the integral of c? by E(f)a ( f t*m) in S 
and denoted by 



With this definition we have obviously for every 5 

(u) E(I)j Y(?)E(rf5)a.( Sr( 

. 11. 
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Thus, if i,c f 4 c ., L*W (* m 1, 2,...)i *nd Z. I * . 
then we have by (8) 



f 



In the case where <f im not bounded in $ , putting 

5, * U J !()!< ^ I ("1, 2, ), 

we obtain a sequence $^7^(^ = 1, 2|..) auch that 

, C 5 t .C t 5 * JL f 5t,3 

up |?(4)l<^ (i/.l, 2 f ...). 

7 ^ ff $i/ 

If there eziata a sequence 3L^{-Wi(y 1, 2,...) auch that 

1, C f*C -.., . , 
^ io bounded in Jj, for every t/ si, 2,,.., and 





la eonvexigmtt, than for rry squeno $ k < "W (v 1, 2,...) mbjot 



to the condition: $ t c -^^ c -! $ S ^~ "5^ > and ? ^ bounded 






in -5 W for every t/ 1, 2,..., the sequence 

)a, (i/.l, 2 t ...) 



is convergent always to the same limit* In fact, we have by (ll) 
for every p. * 1, 2 ,... 



I, 

and b*no* 



Thuo, Baking /" tend to oc , we obtain 

ita j r(^)EWJj)*. E(z. )!*,[ 

^4* f 

ii f ?( 

v- , 

fe 
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Therefore, in this oaee we shall eay that 9 ia intanable br E( )o, 
($ *W) in f f and the MM limit will be denoted bgr 



If O&tJ-aeaeurable function f ia bounded in 5" 1 'W i thtn 
I9j definition for viy a , 4 * &* 





for partition* of 5, inW J 

^ 
$o * irj5" ^^5^ for */ * /i* f ? 

up K(U- ^(7)1^ * ("-I 
f*Tfv 

Thus we define the integral of ^ by (E U $ )(X ,- ) in 




for partitiona of f f in W : 

Z. ^.4i.t S^S r * for i^t 

up i<r<$) -rot )is 

<iT * Six 

With thi definition IMT* obrioualy 
(12) j f(%) (E(o<f)a.,^) .(j < 
nd further ' * 



(13) j 

), J 



Indeed, M have by definition 



C 






becauae E ($jE($ r ) for v * 
Froa (ij) we conclude ianediatoly 
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(14) J <fU)E(<*$)cUI* (ir(4)| t 

$0 *0 

For a (77l)-aM8urable function f , if for every aequence 3F 
(v * 1, 2,...) such that $ a $ v f ,C 3*c .... and <f im 
bounded in $* for every i-> a 1, 2,..., the aequence 

j ?<J) (</*)*,<) <"!, 2,...) 




is convergent to the same Unit, then ve ehall eay that <f is inferable 

by (()<x,4) ($6*f) in $ and thie limit will be denoted bjr 



With thia definition we have obvioualy by (13) 
Thooroa 26. i. If a function <y ia integrable by 
in g ff and a function V ia integrable by Bd)4 



Theorem 28*2* ('htt) 
E(5)oi ($W) in $ ff if and only if 
integrable by flECj)^!! 1 (S*W) in 




Proof If <f ie integrable fcy ($)a (2cm) ia 
then we aee by Theorem 28.1 that I <f ( $ ) | * i* inte^rrtle ^ (j 



in 



* 

Conversely, if there is a aequence ^^trt (^ 1, 2,*.*) euch that 



^ 1 C$ 1 C.,. > $. sZI^:,,, i bounded in ^, for every 

1 * i*t 

1, 2,..., and 
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then, putting 3f , we have by (14) and (ll) 
If ()l* II E US)*!! 1 gf fU 

** 



* 

-*,..,) J (* 

z: H j fu 

* 



because E(i:^ - 3^., ) E( 3 f -% P ., ) * for ^ * f. Recall- 
ing Theorea 7.11, we can find hence by assumption % * R suoh that 



)a lia 

t* 1 W-* 

vv 

Therefore ^f is integrable by ($)cx (Jt'W) in i by definition* 

29 Integral Operators 

Let E.($) (f kW) be a epectrality on a totally additive set 
net claaa in an abstract apace n* . Ve suppose furthermore that for 
a cloaed ring of projection operators 'R * 1 ve have 

( $ ) * 7^ for every e WC , 
Poxv a ('frt)-tteasurabl0 function ^f on /L t putting 

^^ - {? : !(?)! < ^ 1 (<-i, 2,...), 

we have obviously ^ ^W (^ = 1, 2,..,) ?or a point J of the pro- 
per space ^K of ft , if * "^E (-$>, } , then we can find a complex num- 
ber o< such that for any > there exists J 7if for which 

-<*IS for every ^e ?. 



Because for any f = 1, 2,4.. we can find obviously a finite number 
of complex numbers o^ (ft = 1, 2,..., K) such that 

<?: IV(?>I<" }c {?: m^)-* r |< -jW}, 

and then we have by Theorem 15O 

({?.' I? (?)-<^rl < 7? H ^ for some . 



For such ^ , putting 



we obtain a sequence $p W (f 1, 2,...) such that 
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For such $ f tyrt (f If 2 f ...), oince g e "Cr ECff) for every f 

a 1, 2,..., we have f <<- * for every f , 6" * 1, 2,..., and 
hence for any f $ p (f = 1, 2,...) we have 



for every f = 1, 2,.., . Thus Y ,(?f) (f=l 2,...) ie con- 
vergent, and putting 



we have 

i 

for 



because for every <5 =s 1 , 2 , , ire have 



f or 

and liin V (4r) = ^ Therefore for any > we can find 

<y-*a 

$ eOrr such that 

$ a 6(* ) I y (^ ) - ^ I S f for every ? t $ . 
Tho uniqueness of such ol is evident . This complex nuaber o< 
will be denoted by 

liB <f . 

E7lt "<f 

For any ? ^ 21 T7 ,- / * . there exists hence lia <f For 
<r ^*< c-v.y k/ j ETit^ji 

, we define 



because for every =1,2,... we have J 6 T7 e ^ ^ , ^ and 
Now, 



oj y () ^lin f for every e ^ K , 

y 
we obtain a continuous function u->^ OR , . In fact, if c^^ ( Jo ) 



is finite, then for any S ? we can find 5 '/rt B ^ c h that 

o T7 Ecf , . I^U)- ^($c)t< i (?S). 

Then for any fc "#<:) Bince 5 c^^ for some i/ , we can find 
^ *)7t such that 
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and hence 



because E ($ ) E (if) * Thua u>cf is continuous at $ . 

It kfy ( ) s oo , than for any ix a 1, 2,.*. we can find 
auch that 

0*tf E ($) I ?()! 21; for every ? *. 
For an arbitrary point J 6 Ug^-,, if <^(J ) is finite, then e 
can find ^ c w auch that 



and hence 

I^(J)1 > 2 v- 1 k, 

becauae (<) (*:") * Therefore o^ is continuous at J o . 
Purtharmore c^<- ie finite in an open dense set Z~ 17 c / -^ ^ t 

' ^ sj e * jT u y 

Becauae E (Sj t^ t E (Tl) = 1 ty the formulas (6) and (8) in 28. 
Thua we can state now 

Theorem 29-1- For a (*?# Immeasurable function <f on SI > putting 

M * ( * )m JjZ.gt 3*?*' 

we obtain a continuous function 6c? on ^- such that o?y is finite 
in an open dense set; if OL>^ (^ ) is finite, then for any g > Q we 
can find <#t auch that 



and if fc/q, ( J ) co , then for any ? o we can find J ^ ^ such that 

JfcT7 E( $), |<f(?)l8 for every g f ^ . 
Purtheraore we have 
Theorem 29.2* For every $ t 4rt we have 



sup 
d >c f * 

Proof. If | <JP ( 1) - <f ( f ) | ^ r for every t , 7 e $ , then 
for each ^ t TJg ^ \ ^ ( J ) is obvious ly finite, and for any > o 
wo can find - < W such that 

IV (^)- ^f()!^ fc ^r every $ 3f . 
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bine* ($)(:) * , we conclude hence 

I?(I)-V(J )!**+ for every ?$ , 
Since >0 ay be arbitrary, we obtain therefore 

1 ?(? )- V(j)l 5 for every ? , 

Conversely, if 

!<?(? )~ <MJ)I for every $ ^ , 

then for any f $ and g > , putting 

i3r * {$ : !*(?)- *(T)I< f J, 
we have obviouely 7 ^ 1 ^ ^Y and further 

l < 2 for f 



aa proved Juat above* Since "^ec-j.) ^ ^e^$) ** obtain hence 
I f ( ? ) - f (7 ) I 6 <5 - 2 for every $ , 7 * J 

Since t > say be arbitrary, ve conclude tbue 

I <f(? )- ?(T)IS for every ?,*$. 

Therefore we have 

up irCn-^CT)! 



If I * (5 ) - "VQr > I $ for ? 1 , J 6 TJ E($ } , then for 



any ^ t T7 ^ * ^ and > we can find -$ t W for which 



I ?(? ) - ^r ( ^ }l = for 

Since E ($ )( J $r) * we obtain hence 

IM$)- H^C^)! < S^ for every 

Since E ?0 nay be arbitrary, we conclude therefore 

!%($)- ><<?)1S for every J , 

Conversely, if 

1V(J)- 0^(^)1 g S for every , ^ * T7 E(ap) 

then for every ^ ^ and 7 t putting 



we have obviously \ t ^ f r )j(, and further 

IV )- "*(#)! ^ 2 ^ for every J ^ 
aa proved just above. Since tTgc^) C "^ecf ) ^^ obtain hence 

If (? )- *M<* )l g S^ 2^ for every ^$ , ^ t Ug c$ 
Since 8 >0 may be arbitrary, we obtain therefore 

|<! )- <Vt )l 5 S for every $ t J , 9 f T7 cf 

Thus we conclude 
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up 



for a (W)-aeasurable function <f on /! , denoting by D the tota- 
lity of thoae elements x 6 R for which <f ia integrable by ($ ) * 
($ 4tt) in A , we obtain an operator T with domain p aa 

Tx * ( <f U)E(d ^) x for TC*P . 



This operator T ia called the integral operator of <f by a apectrality 
on W, and denoted by 



Theorem 29>3> 1 E (f ) 6 ft for every ^fW. then the in- 

tegral operator 

T - j f U)E(($) 

ia a dilatator by ft and we have 



Proof > If <? is bounded in sone 5 f ^rT , then we have by the 
definition of integral for every X * R. 



for partitiona of $ in 7TC : 

x. 

$ * Z. % v , S^ 5^ for 



For auoh partitiona $^ (f = 1, 2, ...,)<:), we alao have by Theore* 29*2 
aup 1 f( )- 



Thua we obtain by the definition of integral 



for J^ 6 "0"e ( $ N (^ It 2,..., H). On the other hand we have by 
Theorem 29*2 



,, ^ 1 2,.. M x). Conaequent- 
ly we have 
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nl 

' 



tJ *, II E(j7 II 1 

Therefore we conclude 

J <f 

$ e 
For a sequence ^ e#t (^ l f 2,..) subject to the condition : 

$,C $ 1 C .... JL * L $ v , and f la bounded In f for every 

j/ = 1, 2,.. t we have by the formula 26(8) ($JTi,"i 1 nd by 
Theorem 29*2 that <*><r is bounded in ^(jfi/) for 0V9r y ^ * 1 t 2 9 ... 
Furthermore we have for every X * R 



Therefore we conclude by the definition of Integral operators 

J J 

and hence T is a dilatator by ft by Theorem 22.3* Furthermore we 
have by Theorem 24*1 

(T,) <*><(() for every J 6 % 9 
because u;<f ( J ) is continuous over the whole space -^ 

Theorem 29 .4 For every integral operator 

we hav0 

T* ^ J <f (^ ) E (cf ^ ). 

I>roof, Since (T, j) lim Y by Theorem 293t putting 



for every 
we huve obviously by definition 



Thus we obtain toy Theorem 29*3 

jfUlfiW*)- j (rT 

On th* othr hAnd w hT ty th fomula 25(12) 

T* ./ TFT)- 1 1. 
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and hence 



T 

Theorem 29*5* For an integral operator 
T j ?($)(<**), 
if we denote by T the apectrality of f as a dilatator, then 

E T (>O- E({$: <f (*) /I $ ) 
for every Borel aet A in the complex plane fir 

Proof. Putting oj^ ( J ) s lim Cf f or ^ , we aee 

cF 
eaaily by definition that if <f ia bounded in some $ * m , then 

?^ $ r for every 



Thua, putting f ^ = { $ t ? (?) /I I for arbitrary point aet A 
in the complex plane Gr , we have for every bounded closed aet A" in G 
/^" for every $ 6 "^ g ( 5^. ) > 



and hence 



On the other hand, since T = j ^y ($ )c(j l>y Theorem 29-3, *e have 



by the definition 23(l). Thus we obtain 
E T (/!-) 2 E(S A -) 

for every bounded closed set /T in Gr . For every bounded closed aet 
A" , we can find a aequence of bounded closed aets Aj (i/ = l v 2,...) 
in (} uch that 

r 1 = r. //, 

and then we have .hence by the postulate 3) in 28 

E T (/T'). J3 E T (/i;)> ^(1^-)= E(I A -0, 

because $ , . , ss 5?^- a 21- ^ /\ - Consequently we obtain 

n ti " ^=1 " 

E T (/|-) = 1- 6 T (/I") * 1-6 (-,)- E(i 4 .), 
because 5^- ' 5/i-' Therefore we have 

Hrf/l') 35 H(f/-) for every bounded cloaed set A . 
For each open aet /f in Gr > we can find a aequence of bounded cloaed 
aets A*~ ( s li 2,...) in (J for which 
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A* * L /l*T. 

t'Sl 

Thus we obtain likewise 

E T (/1) * (5^.) for every open set A . 
From this relation we conclude easily that E T (/\)s E($/I) for 
every Borel set A in <r 

Theorem 29.6. For two (?yc)-meaaurable functions <f and tf ojn 



we have that | co, f (ff.j^~ CJ^(^ )| < implies 

I^of 1^ J 6 tT 6( ^ )l then * 
have by the postulate 2) in 28 



Thus for any J > we can find by definition $ * W such that 



IS f , K (*)- ^(*)li - f or ? 
Since E()6(is> * i/ - i ? I * (5 ) - *(? )l Z I t 
obtain hence 

I'MJ)- M$)l S i- 2f. 
Since ^ > nay be arbitrary, we have therefore 



contradicting the assumption: | ^cp ( J ) -' ^( J ) | < . 

Theorem 297 For two (^)-measurable functions cp uid if on. 
vTL nd fog P 'R we have 



if and only if E ( t $ : *f (?)*>(% )l)P . 

Proof^ Since <f - ^ also is (^-measurable by Thoor 
putting 



we see easily by definition that f ^/t and 

">f(J) A/y,(#) for every 
Thus we have by Theorem 17*4 
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and hence 



Therefore we obtain by Theorem 29.} 



If ( { $ : <f (4 ) * M5 )})P . n we have by 2) in 28 

E(S.)P P, 
because f = } ? s <3T (S ) * Y (^ ) }' Thus we have 



Conversely , putting 

T, /( 

if -f\ P T z P , then we have by 25(9) 

(Tf t j) = (Ti ,) for every 1? 6 T7p > 

because (P f ) 1 for J * TTp by 25(49). Thus we obtain by 
Theorem 29*3 

^<f ( J ) ^(^ ) for ^^^y ^ * TTp. 

Since ^<> a ^J{^ : I V (% ) - ^ (4 ) I ^ V^ > conclude thus 

IT C 



by Theorems 29.6 and 15.8. Therefore we have 9 p E (), that 
1, E($.')P = 0. 

Theorem 29*8. A sequence of integral operators 

T^ = j ^(?)E(rf4) (i/* 1, 2,...) 

is D-convergent if and only if we can find J e t yr( such that (<o) 1 
and ^ (2J ) (i, s 1, 2,...) is convergent for every ? f <, , and then 
there exists a ('frr)-meaaurable function <f on 1 for which 

J4 %(4) f(^t) for every 4 f f fl , 
D-lim ^ * ( 

l"4*o J 
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Pyoof* If > (Cf. ) (v * l f 2 f .) is convergent for every 
5 f $ tf and E (**) a 1, then for the characteristic function Tt^ 
of JEo , ^(^7 ) X$ p (*7 ) (* m It 2,...) la convergent for very 
* JL , and hence, putting 



we obtain by Theorem 27*2 a (w)- measurable function <f on JL for which 

U*,V*(D* f(^) forgery ? ^ $ d . 

Thus, putting 

*<*>* * ,5,4 ** : 1^(5)- (t)l<-f I 

we have 5^ )( - ^ ^t for ^, & m 1, 2,.. M 3 n<r C f a ,<r ^ and 



^o C Zl 5 r ,(r for *veiy <T a 1| 2,... . 

This relation yields 

E (5^,^) T^ t 1 for every 6* 1, 2,... . 
Furthermore, putting 

^ -U: |y(i)l</i*J (f*l, 2,...), 

we have obviously ^^ ^ 7TC (^.=tl f 2,..)> "3? ,C i a. C ^nd fur- 

ther *A. s 21 "i"/* Tb^* 

'"' E<vt 

Putting 

T = 

hav by Theorem 29.3 

(T,) . cp for 



and further by assumption 

(T fcf f) g 3^ ^ for tfft, i/ l f 2 

Thus, if " 



I(T- f j)- (T, |)| < -i- for 

and hence for ( ft ^ we 



On the other hand we have by Theorem 13*7 



and hence JL 17^ ^ . c ^ ^ v i an open dense set for every 
/*! fc v^if^jfe t*/*,r > 

1, 2,... Consequently 
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also is an open dense set by Theorem 13*11* Therefore we have by 
definition 

D-lira TV = T. 

> -o 

Conversely we suppose that T u (f = 1, 2,,..) is D-convergent . 
Then we can find by definition an open dense set A in ^ such that 
(Tp , J ) (^si,2,..) is convergent for every ^ A . On the 
other hand, putting 

3 ,.,., - u i **<?>- v*^ 4-1 

(",/" = 1, 2,...), 

i JJ, r, ^p *,/-,<?' 

we see easily that <& tir{ and 9^ (5 ) (i/ = 1, 2,...) is convergent 
for every $ t 5 . For any .4 and <a 1 , 2 , . . . , we can find 
f such that 

|(T^J>- (T^.f )) < ^- for v >A i S f , 

and henco we have by Theorem 29*6 

< * ^MS,,^,,) tor ".r sf- 

Thus we have 

/4C2ITT T7 ($ - % for every 6 =1, 2, ... . 

pi *>r*p fc v ^^.r'^ ' 

Putting 5 y4 ( ( IT tTp/i x) )"" 7 , we obtain an open set 6 

p=t ^rsf l *^,/-,<?) 
and we have 

> f r 



This relation yields 

(6" TT T7* J 0. 



Consequently we obtain by Theorem 15*10 



( B- TT TJ E(4r N r = 0. 
E 



On the other hand we have 

8C B' 4 c B" TT 
fa >>f**f 

hence 6 " = . This relation yields B = ^ > because we have 
isly 8= 6C 8~- Therefore we have 

- (f. ( TT T7 E(1 ^.J )' for every S* = 1, 2,..., 

= Ck **''?/ 
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A c m (( TT T7 et . jrr . 

a^t fi **r*f ^^^isO 

Consequently we obtain by Theorena 15.7 and 13*8 



and hence I <&0) = l. 

Theorem 29.9. Let T be a dilatator by ft a0i E T the spect- 
rallty of T If for any open set /| p in the complex plane Q we 
can find 3 6 fr? such that 

E T (/I*) E() 

for a spectralitr 6 sa W then there exists a (w)-meaurable funo- 
tion <f for which 

T J <f U)EU$). 
Proof. Putting 

^^ K s I? I ^ * } (^ s 1 i 2,..-), 

we obtain a sequence of bounaed closed *t /t^ (*, x i, 2,.*.) in fir 
such that 

/t t c /\ a c ! 2H /li/ $ 

1 * *^*i 

Thus we have H T ( / k ) t^ 1 1, and hence obviously by definition 

D-liji^T M/tJ s ^"- 
Furthezaore we have by the fotmOas (9), (49) in 25 and (16) in 2) 

(TE-rMJ.j) * (T, y) ^ /\ v ^r ^ ^t7 ET< ^ ) . 
Recalling Theoresi 21.9, we obtain hence for every x * R 

* TE T (/U)x 



o 

for a finite number of Borel sets $^ (/*** i y 2,*.., x) in ^ such that 
/U ^ 5 r i 5 r ? f for ^ * f , sup | $ 7 | ^ . , 

and for r "CT^ ( ^ x (/^s 1, 2, ...,>) Therefore we have by 
Theorem 26 



On the other hand, denoting by <fc the totality of those point se 
$ in for which we can find %kW. such that T (I ) = E ( $) 
see easily that is a totally additive set class. Furthermor 
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contain* all open sets by assumption. Therefore for any Borel set 

$ in Q- He can find * *W for which E T ()* E(3"). Thus we 
can find 3* *W (/* 1, 2,..., K) such that 

S T ( r ) M^) 0*1, 2 f ...,x). 

Furthermore we can assume that -5^ 5 j> * for ^ * p , because ve 

hare E T ( r )E T ($ f ) * C for /* * p. For such <5> ^ 
(^. 1, 2,*..,*), putting 

^ ,(T.*0 *,,,,. 

I f or $ ? Zl 3 M , 

/"S| " 

we see easily by Theorem 2?.l that ^ is a C^) -measurable function on 
j/L and we have obviously by definition 

i (T,^)E T (f^). J ?(%)E(rflJ). 

Therefore we conclude by Theorem 29*8 that T is an integral operator 
by the speotrality on Wt 

For the Borel class *> in the complex plane Q putting 

(%) ? ), 
we obtain obviously a (^J )-measurable function *f on . And we have 

Theorem 29.10. For the apectrality E T of a dilatator r Jj 

R w ha,f e 

T J ? H T (^). 

Proof. Putting 



we have by Theorem 29*3 

(T,,!)* lim $ forerery * ^ 

KT***# 
Thus, if (T t , J) is finite for a point J , then for any > o we can 

find a Borel set $ I for which ^E-rCf ) and 



I ? - ( T t ) I ^ 5 for 

On the other hand, for such and $ , we have (T , J ) $~ by the 
formula 23(16), and hence we obtain 

I(T,$)- (T,,J)| 6. 
e i > may be arbitrary, we conclude hence that 

(T, J) * (T, ,) if (T, ,|) is finite. 
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Therefore we obtain (T , j ) * (T, 9 g ) for every && , becauae 
both sidea are continuous over the whole apace *f ^ . Thus we con- 
clude T = TI by Theorem 241. 

30 functions of Dilatators 

Let p be a space. Considering every system of complex numbers 
(^f)rcr asa P int > ** obtain A space, which will be called the power 
of the complex plane and denoted by r Every point set 



for a finite number of elements x;^ $ p and Borel sets /l^ in Q- (P 
1, 2,..., x) is called an elementary set in the power Gr P The 
least totally additive set class containing all elementary sets in Gf 
is called the Borel class of Q- r and denoted by & r , Every point 
set in the Borel class r is called a Borel set in & r . 

Let *T"j- ( 2r 6 r ) be a system of dilatators ty a closed ring of 
projection operators 71 containing 1, and r the speotrality of Ty 
for every y P. Then there exists uniquely a spectrality 
( i !6- r ) in R such that 



for every y t r and Borel set A in 

In fact, denoting by ^ the totality of those point sets $ in 
for which 



we can prove likewise as in 25 that < is a totally additive set class 
and, putting 



we obtain a spectrality ($) ( ^) in (^ r . Furthermore for 
any Borel set A in $ and ^T ( P we have obviously by Theorem 23.1 



and hence E({ar)yr : ?j- 6 /I } ) = E r<) (/\). Thus we have 
& ? X- r nd (f ) ( $ < ^ r ) satisfies our requirement. 

Such a spectrality (<) (i ^ X- r ) is determined uniquely. 
Because for two spectralitles E t (f ) and ZL($) ( $ 6 & r ), de- 
noting by <fo the totality of those *T 'for which 
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we see easily that <T. is a totally additive set class. If 



that is, 

<> * i ttr) r r' r t A { 

for <very JT d < F and Borel set /I in , then we also have by the pos- 
tulate 1) In 28 

4r,</U (* - l, 2 f .. M x) J 



for every finite number of elements ^ p and Borel seta /V in 
(i^ s 1 9 2,..., x), and hence ^ contains all elementary sets in Cc r 
Therafora ne have ^ * r lv definition. 

This uniquely determined apeotrality (i ) ( $ r ) in the 
power Gr r is called the gpectrality of a aystem of dilatators Ty 

(rr). 

Coao*znliw th pctrmllty (l ) i $ </) of a Bytm of di- 
latator* T y ( JT t C ), * bare fame* for every f < r 



For a subepace J of P , ve ^btain likewise a power &* of the 
complex plane $ by 4 and the spectrality E* ($ ) ( 5 * ) of the 
eystea of dilatators Tj, (^^ ^ ) for the Borel class ^ in b* . 

F6r a point set $ in (f* , putting 



we obtain a point set Sr in C T r . This point set i is called the 
cylinder set of 5 in Gf r and denoted by r . 

Concerning cylinder sets, we have obviously by definition 

(2) (ZLS x ) r - ZL $ x r , 

x/t x^^ A ' 

(3) (TT IJ r = TT $/, 

XfA X%^ A ' 

(4) J' r $"'. 
Furthemore we have 

Theorem 30.1. For a point set $ in * , the cylinder set f r 
$ ifi, Cr r ig * Borel ftt t if Ad on iy if f is a Borel set in ^ , 
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and then we have 



for the spectrality E of T^ ( Y < P ) and the spectraUta E* of the 
subsystem T r (r ,4 ). 

Proof* Denoting by <# the totality of those point sets & in 
Q* for vhich J r f r , we see easily by (2) and (4) that JT i a to- 
tally additive set class* Since ve have obviously by definition 
{<**)** *ri, ^ <"-l. 2 t ...,x)} r 

-iUrW' *r p /^ U = 1, 2,..., x)} 

for every finite number of elements X^ k A and Borel sets /!*, in Gf 
(k = 1, 2,...,*), ve conclude by definition that the cylinder set $ r 
is an elementary set in <r r for every elementary set $ in fy* * Thus 
contains all elementary sets, and hence & 2 * by definition* 
Furthermore, putting 

E.{Z) - E(2 r ) for every ?6 ^, 

ve see easily that E t ($ ) ($ ^ ) is a spectrality in ^^ and 
for every 1T t A end Borel set A in Q- we have 



Thus E, (i ) ( 5 ( * ) is the spectrality of the subsystem 
( Y * A ) by definition, and hence 

E*(S) E($ r ) for every 5 f^. 
For every point set ^ in ft r , putting 



ve obtain a point set : A in (^^ Then ve have obviously 

&*>>'&**-, 

and 

iUy)r^r* ^y^f/^ (v - l, 2 f ... f K) } 



if JT^ M 6/3 for p * l f 2,,*., f and VV ? ^ for every i> * i/^ 
(j* 1, 2,..., f ). Thus -J-^ is an elementary set in 4 for every 
elementary set ^ in r . Denoting by <f the totality of those 
point seta f in r for which - 4 is a Borel set in Of 4 t ve see easi- 
ly that &Q la a totally additive set class in r and ^ contains all 
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elementary sets, as proved JuBt above. Consequently ^T, :> r by 
definition. Thus for a point set $ in Gf , if $ r * %f, then 

i *(i r K *. 

For a function <? on Q* t putting 



for every 

we obtain a function Y on Gf r . This function V- is called the 
cylinder function of ^ on ft r and denoted by <f r , that is, 

(5) P Ur)rr - *rr>r4 J forevery 

With this definition we have 

Theorem 30.2. For a finite function <? on a power Of of ft . 
4 C T , the cylinder function <f r oa r is ( & r )>aeasurable> if and 
only if <f is (^" )-aeasurable. and then we have 

j ?U)E'U?) . J <f r (?)E(o(^). 

Proof. For every point set /I in $ , we have obviously by de<- 
finition 



Thus we conclude by Theorem 50.1 that <f r is (, r )-measurable if and 
only if <f is ( * )-measurable. 

If a (&* )-measurable function <f on % A J* bounded in some Bo- 
rel set $ f ^^ , then for any > we can find a finite number of 
Borel sets $ f * (i^ * l t 2,..., x) such that 

$ = ^- 5 , i ? v 5^ for i/ * fi , 

sup !<?($)-? (7 )|g ^r every i/ l t 2 f .. M x. 

J. 7 6 f ^ 

For such $^ * (v 1, 2,..., x), we have obviously by Theorem 30.1 
S r .i.$ r , i,Ti =0 for ^*u, 



and for every X f R 



for ( 4*.,y )r^r ^ 5^ (^ * l f 2,..., x-). Thus we have by defini- 
tion 
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j <r(?)E'(rf )* - f f'd; )(<*$)* 
$. V 

for every x t R . Therefore we conclude easily by definition 



Especially, putting <4 { jr, } in Theorem J0.2, we see by defi- 
nition that E ir ' * is the epectrality r . of T^ , and hence we 
obtain by Theorem 29*10 

(*) T>, - J Sr, UUr)rr) for every ^P. 

Theorem 50.3* For any Borel set ^ In the power- r of 0- we 
can find a countable subset A c r such that -5- * 3>. r for aoae Borel 
set $ in the power $* b -a . 

Proof* Denoting by ^ the totality of those point seta in 
Q. p for which we can find a countable eubaet -d c p such that r = 

1 r for some Borel set 3? in Q- 4 . For a sequence * ( & (v 1, 

2 , . . . ) we can find then a sequence of countable subsets 4 C P ( ^ = 
1, 2,.*.) such that - s jj* for some Borel set $. in *" for 

oo 

very i> =1, 2,... . Denoting by A the union H~. A ^ and by ii^ 

the cylinder set of 5 k in A , we have obviously 

-$Y ($^ ) r for every t/ l f 2,.,., 
and hence by the formula (2) 

(?:,) = (s^) r . 
J,*1 *<=l 

oo 

furthermore ^ is obviously a countable set and ZL 5,, is by Theo- 

^^\ 

rem 20*1 a Borel set in G( A Thus we see by the formula (4) that 
<# is a totally additive set class. Since < contains obviously all 
elementary sets, we have <K ~> { &- r by definition. 

Theorem 30.4* For any (X- r )-measurable function <f on the pow- 
er (J.^ of Qf we can find a countable subset A c r such that <f = > ^ 
for some ( &^ ) -measurable function V* on Uie power g^ by /> > 

Proof* Let <* u (ix = 1, 2,..*) be the totality of rational com- 
plex numbers. Putting 
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we have obviously 

K^rW 5 ^(?r)rtr ***>(*} * ^ (",/*=!, 2,...). 
By virtu* of Theorem 50*3, for each A* t p. ( k, ^ l t 2,...) we can 
find hence a countable eubeet ^^^ C r uch that 

{ <?*W ! * <*> r A r B **/ for 
For such A* t p, ( v 9 (A * 1, 2,...), patting 

^ * - ^*,/">. 
k, r i *~ 

ve obtain a countable subset A C C and 

f(?rW ^(?rWVJ -(5^) r 

for erery I* , /v*. m l f 2 f ... If 



for two points (? y)r^p n^ ( ^^)rcr of fif r > th * a w ca& find ^^, r 
and /Iw',^' such that 

^(lr)rr ^^r 1 ^(frJr^p ^ A^,^' /l^,^ /ii,', r ' 0, 

and hence 



Thua we have ^c 3.is',1*' * i ^nd consequently 



Therefore there exists a function tf on 4* for which <f ^f r , 
furthezvore > is ( ^ )-eaeurable by Theorea JO-2. 

Tor a (^ r )-eaeurable function ^ on the power Or r of $ and 
the epectrality H ( f ) ( 5 * r ) of a aystea of dilatators T r 
( r f ) by ft , the integral operator 



is called a function of T\ (r^ P ) and denoted by 

f (TVW. 

With this definition we have obviously by Theorem 50.4 snd 30.2 
Theorem 50.5 For any function of dilatators ^(T 

can find a sequence / v p (^ l t 2 9 .) and a function 



<f(T r ) 



r , r 



By virtue of this Theorem 30.5, we need only consider functions of 
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countable dilatators. In the sequel we shall denote by fl-*** the pow- 
er of the coplex plane by { 1, 2,..* } and by " the Borel class 
in Gr". 

Theorem 306 For a function *f (TV)^.,,^.,. of countable 
dilatators T* JHL 71 (f 1> 2.-) * have 

f (T*),,.,.^... - J ^(TV.J),,.!.!,... <$. 

Proof. Putting T a ? (T.,),,,.,,*, ... t we have >jr Theorem 29*3 

(T , J ) li <f 
* "-> 7 

for tne spectrality E(I) ($ ") of the system T v (i/ l f 2 t ...). 
For any >0 we can find by Theorem 27.1 a sequence $^ M (^ 
1, 2,...) such that 



. 

I T I * 

Then we have by Theorem 29*2 for every A 1 1> 2,... 



Putting ^^ {$ : (H.J),,.^... 6 5^} wehavelqr (l) 



and hence 

I ^ (TV.J),,.,^... ~ (T,j)l Si for every ^ X^. 

OO 

Furthemore IL A^ is an open dense set in the proper space * ^ , 
because 



Therefore we can find a sequence of open dense sets &^ (f*- 1, 
2,...) in ^fft such that 

I^Tw.J),,.^...- ( T #)fi 7T for every j f B^. 
Then, putting 6 ( TT B^) t we obtain by Theorem 13.11 an open dense 

set 6 in tffl and we have 

^(T,,,^),,.^.... (T t #) for every $fi. 
Therefore we obtain 



T. 

Theorem JO,?. For a sequence of dilatators 7* (v * If 2 M ..) 
there exists a bounded symmetric dilatator T bjt 71 sucft that T 
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1 a function of the sequence T w (u = 1, 2,*..) and very T* la a 
function of T 

Proof . For the spectrality E ($ ) ($ ") of the sequence 
"TV (i/ s l t 2,...) putting 

<# = { ($) : $ "], 

e see easily that f ie a ring of projection operators and that P^ 
(l/ I, 2,...) implies 

V P., A P,, af . 
tt " J i^i 

Furthermore for the a pec trail ty E w of T^ we hare 

JT 9 E^(-$) for every Borel set -^ in Cr 
for every i/ * 1, 2,..., because we have by definition 



for the cylinder set %" of ^ in ft" 
Ve set 

>V, f I ? s 15 - ^ < -^ } (r, f i 2,...) 

for the totality of rational complex numbers o<^ (fsl, 2,.*)* Let 

P<r,x * o (x 1, 2, ...,**-) 

be the system of all minimal elements in the ring generated by 1 and 
f ( 'V.f ) for ^> A 1 P ^ * Then ve oav6 obviously 

(f,x 1. P-A P-,x' =0 for x * X' , 



P<r, x E u (V >f ) * ?<r )K or o for ^ , /*, f ^ <r 

P-,xP<r',x' P",x' or for er < 6 ', 
and hence 

for ^ "*t *^ 



P <T,A 2 fV',x' 
Furthermore we can find closed intervals 

C^xi^xJ (^-1,2,...; X 1,2,. .**) 
in the real axis of the complex plane (^ such that 

U<r,x > 7<r,x]^^x' i V.vJ " ^or x* ^ , 

7r,x - ?,x < gr f 
aad that P-, x ^ P^S x' ipli* 

t ?(5-,A l^.xl 3 LU',v ^esv] 
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For any point J ^ we can find uniquely X^ (< 1, 2,...) 
such that 

* "^P^x*- for ***** ^ " lf 2 '** M 

and henoe Pr^ I'trlt For such ^ (^ 1 2 I ..) we hare ob- 
viously 



Thus, putting 



for $ T7pg, x (tf s l, 2 >...)> tls obtain a bounded real valued func- 
tion <f on the proper space ^^ . This function <f is continuous , be- 
cause for any 9 ^L and ^ a 1, 2 f .,, we can find X$- such that 



lr | 



for euch f , putting 

T 

we obtain by Theorem 25*4 and the formula 25(12) a bounded synmetrlc 
dilatator T by 91 . For the spectrality T of T , we have by the 
definition 23(2) for every open set A* in 4 



and hence by Theorem 13*7 

ET(A) = w p ff K 
A->U.X. v.xi rff<K< 

Thus we have E T (A*) ^ ^? for every open set A* in fi- Therefore 
we conclude by Theorea 29*9 that T is a function of the sequence T*/ 
(i/ = 1, 2,...). 

On the other hand, it is obvious that 

ML ?<r,* Vxl) P<r>x (^-if 2 ;xit 2ff 

and hence we have for every t^ si, 2,. 



. E T ( 

E ^V.f)^P-,x 

/dr any open set /\ in we can find ^-c , |5 T U 1 9 2,...) such 
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that A * ZL /*/**> f^ i and than we hare for each y 1, 2 f .. 



Therefore each T* i* a function of T by Theorem 29.9. 

For a symtem of dilatators T^ ( f r ) ty 71 , the closed ring ge- 
nerated by the apactrality E ($ ) (I * r ) of T, (jr ^ p ) la call- 
ed the spectral ring of the system Tj. (re P), A systea of dila- 
tatora "T^ (r r ) by fl ta said to be proper, if tha pacts*! ring of 
Tr (* * f) coincide* with tt . 

Theorem 30.8* If a system of dilatatora T^ ( r P ) J& ft is 
proper and there exiate a R auch that PCX ^ for erery * P 

* R. t than every dilatator by 71 is a function of the syetem T r ( Y 

6D. 

Proof* We have obviously by assumption C [aa = 1. Putting 

^ { E(f) : $ 6 r | 

for the epectrality E(i) ( 5 6 ^ r ) of the ayatem T r ( ar ^ T), we 
aee eaaily that ^ is a ring containing 1 and that ? & ( 1, 2, 

) implies ^U P w ^. furthermore ^T is closed, because for 

any system Px <<"(** ^ ) we can find by Theorem 14*7 sequence A v A 
(^ = 1, 2,...) auch that 

AV- PkC c M ' 5,^C CM . 

Therefore we have & ^l , because the system T^ ( r * P ) is proper 
by assumption. 

For any dilatator T by 92 f denoting by F T the spectrality of T, 
we conclude hence that for any Borel aet A in GT * can find $ r 
such that 



Therefore T is a function of the aystmm Tj. (ar P ) by Theorem 29-9. 
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CHAPTER IV 
NORMAL OPERATORS 



31 



Let R be a Hilbert apace. A linear operator A/ with domain G 
in R ia aald to be normal. if p is dense in R and there exists an ope- 
rator f7 with tha same domain p such that 



1) (A'* * fr) *(*>/?) for avaiy x , j. * ?, 

2) II y x (1 || y II for every X P. 

Such an operator Jf ia called the conjugate operator of /V , Since 
P in denae in R , we aee immediately by the postulate l) that the 
conjugate operator of /V ia determined uniquely. furthermore we aee 
easily by definition that the conjugate operator y of a normal operat- 
or // alao ia normal and the conjugate operator of % coincides with 
A/ . 

Let A/ be a normal operator with domain p and J/ the conjugate 
operator of /V in the aequel. For every x , w. ( p and complex num- 
ber A. ve have by the postulate 2) 

(//(* t X),/V(x+ X#)) * (/7(x ^X^),/^(% i- A^)), 
and hence by 2) 



Thus, putting X = 1 and i , we conclude from this relation 

(3) (/V* , Vj) (/Fx,y) for every x , j P . 

For a aequence a^ 6 P (f 1, 2,...), if /Vo^ (^ = 1, 2,...) ia 
convergent , then /Va^ (^ = 1, 2,...) also ia convergent, because we 
have by 2) 

KAfa*-AVI liya^-ya^ll ( k f/ u l t 2,...)- 
Furthermore, if lim a w x o and Afa^, ( 1, 2,...) is conver- 
gent, then for every x ^ P we have by l) 
lim 



i' " ^ O* 

lim (/? a* 9 x) lim^ (<x^, /Vx) 0, 
and hence 

lim /^a^ s lim /V<X y = 0, 
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because D is dense in R by definition* Thus, if 

lim a* li* * , a-i, , - P (v i 2,...), 

yW | "^W* 

and two sequences Afo^t, and ^-/^ (v 1, 2,...) are convergent, then 



Therefore, denoting toy P, the totality of those elements CL R. 
for which we can find a sequence a^ P (f 1, 2,...) such that V^t/ 
(k 1, 2,...) is convergent and J*i^ 0v = a, and putting 



for such CUp ^ D (k 1, 2,...), we obtain uniquely two operators // 
and A; with doaain p tf such thtt 

>Vi x V X , y, X * y X for every x 6 P t 
and for any 0. ( P tf we can fi?d a sequence Ct^ * D (^ 1, 2,...) for 



^ , 

We see easily by definition that such /V d ia a normal operator and /vj 
is the conjugate operator of yVi . Furthernore both /V and /t^ are 
closed. In fact, if 

UM^ 4 ~4* U-U A^^v C 

for a sequence 4* * DO (v 1? 2,*.), then we can find a sequence of 
elements a* 6 P (k 1, 2,...) such that 



This relation yields 15* (Xt* = , lia A^O.^ C , and hence we 
obtain $ * D and /V, ^ C . Thus /v; is closed. We also can 
prove likewise that /^ is closed. This closed normal operator tf 
is called the closure of /V , that is, a closed normal operator /V^ with 
domain P, is said to be a closure of a normal operator /V with domain 
P , if l> :> , //, % 9 MTL for every x p , and for any O, 6 P 
we can find a sequence fl.v 6 P (^ 1, 2,*..) such that 
JLJi^ a^ a,, 1^ //* m faou . 

With this definition it is evident that the closure of a normal operat- 
or is determined uniquely. Thus we have proved that for any normal 
operator N there exists uniquely the closure /Vi of /V. Furhter*- 
more we see easily that the closure of the conjugate operator j/ of A/ 
coincides with the conjugate operator fa of the closure A< of /V. 
If a normal operator y is bounded, then we see easily that the 
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closure of // also is bounded and defined over the whole space R . 
Conversely we have 

Theorem )11. If a normal operator ft/ is def tp+d over the whole 
space R , then both ^ and the conjugate operator y of /V are bounded^ 
and ,V colncidea with the adjoint operator tf * of N . 

Proof. If /V is not bounded, then we can find a sequence a^ R, 
(i/ s l, 2,...) such that II a* II g 1 but II/VO^ II j/* for every 
i> m l, 2,..., and we have for every X C fC 

This relation yields by Theorem 9*6 sup || -p* //a^ || < + con- 
tradicting /I /Va v H V for every l/ 1, 2,... . Therefore 

>V is bounded. It is evident by l) that the conjugate operator /V 
of /V is the adjoint operator of jV . Consequently tf also is bound- 
ed by 10(2). 

Theorea }1.2< If a projection operator p 
that is* if P Af N P then y/P also is a normal operator, 
and ff P is the conjugate operator of ^p 

Proof. If p// c A/P 9 then for every * , w $ p we have by 
the postulate l) 



and hence P/V x ^ ?x for every X < p , that is, p /7 c y p . 
If /V P X has any sense, that is, if P x p , then we have for 
* , subject to P JJ. P , 



and it is evident by 2) that 

II /Vpx I#P XII. 

Therefore N P is a normal operator and # P is the conjugate operator 
of yP . 

Theorem] 31*3* If a projection operator p 
then for the closure fa $ // we have that p // c Ai P 
the closure of A/p. 
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If Aja he* toy eenee, than we can find by definition 
a* e P (* l t 2,...) such that 

^IJi^ a** m a* , JLJj^ AU i, /V, a/ , 
and hence 

^lii^Pa,* P*, ^ /VPa-i, Ug^ptfa,* - PA;*/, 
becauee p >V c >V P tor owmption. Therefore u obtain tgr dtf inltlon 



if JLIIL a* a, ^^ypa^ -/, th jLii^ Pa* pa t 
and henc* /V, P a. -f by definition. Furtherpore, if ^ Pa ha 
any MOM, than va can find by definition a aaquanoa a^ (^ 1, 2 f 
...) such that 



PTOJI thia relation ve conclude 

^lii^ {pa^ 
Um^ fit 9{ ?&>,+ (1- 



; P ** y f P a, t 
becauae P y a C y,P aa proved Juat above. Therefore / p ia the 
cloaura of yVP by definition* 

For a linear operator T with doaain p the aanifold 

{ % : T x O f x P,} 

ia called the aero anif o^d of T for a noraal operator /V , we aoa 
iuaadiatlay Iqr 2) that the *ero Manifold of M coincidea with that of 
the conjugate operator /? 



51.4. If V ia cloaed. than ^e F*p "f B^? 1 " 1 7i of V 
la a oloaad linear anifold; the projection operator fL of 7 lf_ 
oojajMtative to y^ ; 4nM ererr projection operator* which ia coaauta 
tive to y , also ia ooamitativa to P 2 . 

Proof, It ia evident by definition that the saro aanifold Z 
of tf ia a oloaad linear manifold, and we have obvioualy 
H Pi * for every X f R . 

Thua for every a D va have by l) and 2) 

(P 2 ^a X) a (0,, /7P Z X) for every x f R, 
and hence P z M Q for every a, ^ p . Theraf ore p z ^ C /V Pz 
by definition. 
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If a projection operator Q. im commutative to tf , than we have 

y a PT x ay PL* for every x *R, 
and hence Q, P^ x * Z for every x, R. Therefore we obtain by 
Theorem 12.6 Q PZ FZ Q, 



Theorem 31.5. II /V la closed. *h7, ^0*^ hy M the tota- 
lity of thoae element* a, t> for which 

<x P IOC " , /" 0, 1, 2,..., 



sup II N* fit* cu n < oo for yut a 0, 1, 2,..., 
we obta* a oloaed linear "y*"1fold tf , and ve Mv that A* 6M ia equl 
valent to 

II ^V" yV^o- II ^ llo.ll for i/ , /^ 0, l t 2 ..... 
The projection operator P M of M ia ooeautative to y , and every pro- 
jection operator* which ia commutative to y , alao la coanUUtive tg PM . 

Proof* Let M be the totality of thoae elements CL * P for 
which /V"a, P for every ^ si, 2,*. and 

up fl //*" a. || < +00. 
*S 1 
For any TC , 6 Af tf , we have 



for every k- a 1, 2,... and complex numbers c* , ^ , and hence we aee 
that Mo ia a linear manifold. For each Z Ma , we have by l) 
and 2) for every v si, 2,.. 

H/V^xll 1 * (A^x,/^*) (^^"x.y 1 "' 1 *) 

< ||/?/v^xll II /V 1 " 1 xll X y/ 1 '*' xtt H^^-'xH. 
"Phua, if /V" X s for eome k , then /V k X for every i/ 1, 2, 
... . If //x * 0, then we have hence /V* X * for every */ * 1, 
2,*.. and 

*^ for ^ s lt 2f ... . 



H/V"" 1 xll * II /V'xll 
Since sup Jl /V * x H < + c>o by assumption, we obtain hence 

** ! 

II // X ^ . ^ for ^ = if 2,..., 

II V 1 '- 1 X H 

and consequently 

II Af * x (I 5 || x (1 for every */ * 1, 2, ... . 
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Conversely if II N * x II ^ u x II for every i/ a l t 2, *.. t then ve 
have obviously x t Af*. Since Af is a linear manifold, if 

lim X^ a X t X M Af* (Mai, 2,.*.), 

/* P f x 

then ve have x^, - x p Mo (/" f * 1 2,.*.) and hence 

A/ \S -tf A/ t/ V II ^ II -Y -V N 

/v x^ - /v Xj u < H x^- Xj> n 

for every v , ^ , f a 1, 2,.. * Thus we see that /V* x,^ (^ l, 
2 9 .*) is convergent for every V a 1, 2,... Since M is closed 
by assumption, we conclude hence 

H* x f p , HA'" x || || xll for every ^ a l t 2 f ... . 
Consequently we obtain x M o Therefore M is closed* 
Putting 

M & { x : ^^ x ^ for every ^u a 0, 1, 2 9 ... ^ 
ve see easily that M is a linear manifold. If 

lirn^ Xp x dl X^eM (fal,2,..*) t 
then ve have * * M , x f - ^0 * M (f 1> 2,...), and hence 

II N*f - /Vx p || a y/(X f - Z )|| < || x f - X,|l 
for every f s 1, 2,... This relation yields 

lim y x p a ^ x* 

Since V x f 6 M for every f 1, 2,.., ve obtain hence /V x # eM* 
and it is evident that y x f ^M for every f a l f 2 9 ..* . Thus 
ve conclude that >V ^ X M for every /M 1 9 21*.., that io, ve 
have X f M Therefore M also is closed* 

Since x 6 M implies obviously # x 6 Al t for the projection ope- 
rator P M of M ve have P M M ?* * N P* , Thus we have for ev- 
ery x , ^ c p 



and hence P M A/ x P M y P M X for every x 6 P . On the other 
hand, for every # * M ve have obviously /V x * A/* , and hence by l) 
and (5) for every * P / 



Thus ve have /V/Y* a y/Vx M because /f x M . We can 
prove likewise further by induction 

tf^tf-x. a // y'* x ^ Mo for every /* a l, 2,.*., 
and oonsequently ^x 6 M . Therefore we have 

PM A^ PM * /VPM. 
Consequently P M tf x a y p M x for every x P that is f we have 
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for a projection operator ft , if ft >V c AS Q, f then ve also have 
ft /V c /7ft by Theorem 31*2. Thus for any x M ve have 

II N* tf^Gi x|l * II fit A'" yV' 14 ' x II 11 tf^T** x II ^ n /^>x It 
for every j/ , yvc * 0, 1, 2, . . . , and consequently ft x M , There- 
fore ve obtain d P/^ P^ ft by Theorem 12.6. 

If x M> then ve have /V ^ * ^ Af for every /" 1, 2,..., and 



(I N* N 1 * x II < H/V^xR for every v a l t 2 

On the other hand ve have by 2) 

HA^xll = ll/V/V^-'x II < MyV^'xIl 

for every /* * 1, 2,..., and hence || f} * x II < || x II for every /* 
1, 2,.. . Thus ve obtain 

II /y* T/'** X II $ lixll for every i^ , p. 0, l t 2,..* . 
Conversely if II fit * fi * X II < II x II for every i/ , /u 0, 1> 2,... f 
then we have >V^ x ^ M for every /^ 0, 1, 2 y ..., and hence X M 

32 Regular Pert 

A normal operator /V with domain D in /^ is said to be regular, if 
we can find a sequence of projection operators p t Jl < 1 such that 
P^y C A^Pi, end /VP,, is bounded for every v l f 2,... . 

With this definition ve have obviously by Theorea 31*3 

Theores 321 If a _..nprjfm.l, operator tf is reguXnr then the clo 
sure of y also is regular, 

Furtheraore ve obtain by Theorem 31.2 and 2) in 31 
Theorem 32*2. If a normal operator N is regular* then the con* 
jugate operator v o /V slso is regular T 
We have obviously by definition 

32.3. Bvery bombed noriMil operator is regulnrt 
32.4* If a nomffil operator A/ iff cloeed and regular 

then we ft*> find, a MniMOce of TUB i^rtrlnyi ocevatoxv P T ** 1 
IPUOU WP wan ***** ^JU^BB^ vo. iwvj^gj>Avn UV^*^VA^ ^^ | ^ m| A 

that P^/^c/VP^, ^p k is bounded for every k 1> 2..... 
PI fL includes the tero r*r1fold of V 
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Proof* If a normal operator /V is regular, then we can find by 
definition a sequence of projection operators P* t ^^ 1 such that 
P* W c ft/ pr, and /VPi, ia bounded for every * m 1, 2 f ... . If 
/V ia furthermore closed, then we see by Theorem 31.4 that the zero ma- 
nifold Z of >V is a closed linear manifold, and for the projection ope- 
rator R z of Z we have 

P 2 /VC/Vp z , P k Pz P z Pu (i"l, 2,...)- 

Thus ve have by Theorem 12*6 

Pu^Pz Pu+Px-PwPx (i/ l t 2,...). 

and hence ve see easily that 

(Pu^Pz)/V C W(P^ P*), 
N(P^ PZ)X * AfP,x for every x * P 
Furthermore it is evident that P w ^ P z tj^ t 1. 

' For a projection operator Q, , a normal operator yV is said to be 
singular in Q. , if Q/V C A^ft and Q, P ** for every projection 
operator p subject to the condition: P/VC/Vp and /V P is bounded. 
A normal operator /V is said to be singular, if /V is singular in 1. 

With this definition ve have obviously by Theorem 31.2 and 2) in $31 

Theorem 325 If a normal operator y is singular in a projec- 
tion operator Q , then the conjugate operator ff of /V also is so in Q. . 

Let /V be a closed normal operator with domain P in the sequel. 
Ve see easily by definition that o^X also is a closed normal operator 



for every complex number o< * 0, and 5 // is the conjugate operator of 
o/ /V. Thus, denoting by Mf (f 1, 2 f ...) the totality of those 
elements <x e P for which 

(-J5-A') 1 ' (7-^)^0, * P for every u , /u 0, 1, 2,..., 

up It (4-^) w (4-xV)^ CU! <*cx> for every M O f l t 2,..., 

kj t f r ' 

we obtain by Theorem 31.3 a closed 'linear manifold M p , and denoting 
by Pp the projection operator of Mp (f 1, 2 f ..) we have for 
every f * 1, 2,... 

P f A/ C. >VPp , 

II 4" // Pp x II (i pp x H for every X * R , 

and P P is commutative to every projection operator which is commuta- 
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tiveto/V. Sine* MI<T MI c ..., putting 

P - f Cp f , 

we have obviously P f f P 7 t P Furthermore we have P /V c A" P 
In fact, for each CL P we have 

Pet l^ Ppo,, 



and nance p cc D , // P a = P/Vo,, became /V is oloeed by as- 
sumption. for aueh p we see by Theorems 31.2 and 31.) that yp la 
a closed noxnal operator. Furthermore /Vp ia regular* Beotuae, 
putting 

Q f P P + (1- P) (f 1, 2,...) 
we have obviously Q,ptp^ ( 1 and for every f 1, 2 f ... 



II tf P P x II ^ p II P f x il p x II for every * R . 
Therefore yp ia regular by definition. 
For anon P , e also have obviously 

(1- P)/Vc/V(l- P ). 

for a projection operator 4 , if //C /VQ and /VQ. ia bounded, then 
we can find p for which 

II /V41 x II 5 p n x It for every x 6 K , 

because MQ, ia cloaed by Theorem 31*3* Thus we aee eaaily by Theo- 
ram 31.2 that for every is , /* * 0, 1, 2,... we have 

\\(j>*r (-? yj^axll ^ 113x11 for every xf R f 

and hence Q R C Mp by Theorem 31*3* Therefore Q, < p and hence 
(l - P K 0. Thus A^ ia singular in 1 - P by definition. 



Per a projection operator $ , if Q//C/VQ and /^Q. ia regular, 
then, since /VQ, ia cloaed by Tbeorem 31.), we can find by Theorem 32.4 
a sequence of projection operators 0,*, t^, 1 such that 



ia bounded for every f 1, 2,..., and a, P. Includes the 
*ero manifold of yVQ, . Since (l - Q. )R ia obviously included in 
the aero manifold of /Vft , we obtain then 1 - a S G,^ for *verv ^ - 
1, 2, . . , and hence Q^Q Q. C, u for every is = 1, 2, * . . . 
we have 
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cua/vc CU/VQ.C 

Since //$, ia closed and bounded, we can find f * (^ * 1, 2,...) 
such that 11 /V 0, ft x II < f^ l( x It for every * 6 , and hence 



-rft.'Q X|| < 11X11 (/*,OT 0, l f 2,...). 

if TV 
Therefore we have & Q, R c M/v by Theorem 31. 5> and consequently 

Q*a S PIV S P (*"* * 2 '") 
Thia relation yields a < P t because fl,, t^, 1. 

For a projection operator Q , if /V is singular in & , then we have 
Q. N C A/Q, ^y definition, and hence Q, P p * p p ft, for ovsry f 1, 
2 f . . Since p p // C A" Pp nd /VPp is bounded for every f 
l t 2,..., we obtain furthermore Q Pp = for every f * 1, 2,..* 
This relation yields Q, P * , because Pp t p ^, P . Thus we 
have ft < 1 - P . 

Therefore we can now state 

Theorem 52.6. If a norpy*! operator // is closed then there 
exists uniquely a projection operator P such that p/V'CX/P, V P 
is regular, and >V is singular in 1 - P . 

The regular closed nornal operator yp in this Theorea 32*6 is 
called the regular part of a closed normal operator H 

35 Properties of Symmetric Operators 

Let be a symmetric operator on R It is evident by defini- 
tion that is a normal operator with domain fc and S is the conjugate 
operator of 3 itself. By virtue of Theorea 10.9, & is bounded, 
and hence the norm It S II of S is defined as 

IIS H sup IIS xll. 



Theorea 35*1. For a syioetric operator SS, R > us have 

sup | ( & K , x ) | 



Proof. Since we have by 10(2; and $4(2) for every x * R 

l(Bx,x)| 5 || jSx fill xll HSIIHxnS 

putting r |x up | (S X t x) | f we obtain^ r < II & II On the 
other hand we have 
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| (S x , x )1 r * H * for every x 6 R , 
and hence for every x , $ R, and complex number x 



, - . 

From this relation we conclude by the formula 4(l) 

4|* A(Sx,)| S 2 lf( I XI 1 II xll* t II II 2 ) 
Thus for every X * , putting 

3-s*, ;L=1*JLJL, 

V . 'I * I' 

we obtain . 

IfiL ss r a * , 

and hence II S X II g i' /I : II for every TC R. This relation 
yields obviously \\ & \\ Y . 

Por a symmetric operator SonR, (SXjXjis reii for every 
X R In fact we have for every X R. 

(S* f x) (z,Sx) U*,*). 

Prom Theorem 33*1 ve conclude immediately 

Theorea 332, For a symmetric operator 5 on c > patting 

c/ = inf (Sx,*), A aup (5x,x), 
/IXJiJJ r J!X<f 

w navs US II = MMC {|H, 1(31 j. 

For two symmertio operators and T on R , we define $ g T or 
T 5 to mean 

(S x,* ) J> (Tx, x) for every x * R . 
A symaetric operator 5 on R. is said to be positive, if 0. 

Theorem 33.3. If a symmetric operator 5 on R is positive. 
then wo have 

l(3x,)| 2 l (Sx f x)(S^ ,w,) for every x . ^ ^ R . 

Proof. Since 2 is positive by assumption 9 we have for every 
X R and complex number A. 

(SUx-) **-)gO f 
that ia, 

IX I * (Sx.x) - 2 flX (4 X, j) t (S^ f J)g 0. 
We need only consider the case where ( S x , ) * 0. In this case, 
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putting - 

X ., <**'*> 

l(sx,*)| 

for an arbitrary* real number f , we obtain 

f'CSx.x)- 2 f |(S* f j)|* (Sj.vJso. 
If (S x , x) * 0, than we have 

I (**.*)! i TJ ( 5 ?>&) for every f > 0, 
and banca ( S x , jf ) 0, contradicting tha assumption* Thua na 
hava (S x , x) 4: 0, and hence, putting 

f 
na obtain 



that ia, 

(Sx,)(S| f j)2 |(Sx,j)l*. 

Thm>raii 5).4* Let P be a projection operator union ia conaut- 
ativa to a syiametric operator 5 .on R*. If there is an alaaant a R 
ajch that 

(SP<X t OL) * o< liPotll 2 , o( inf (SPx,x) t 

MPxiij 1 

then SPa * ct Pa. If there la an alanant j( R auch that 

(SP^.^) BIIP^II 1 , 6 * aup (SPa,x), 

r Pxi*1 
then SR^ = ^ P^ . 

Proof* Since we have for every - x ^ R 

((S-OPx f x)(SPx f x)-oc HPxl( z go 
and 5 - <=< ia obviously a symmetric operator on R , we obtain by Theo- 
rem 53.3 for every x * R. 



Since we have by assumption 

((& -o()PcL f a) (SPa f o,)- <* IIP cell* o, 

we conclude hence 

((S- oi)Po.,x) for every xfR, 
and conaequently (5 - Pa. 0, that ie t $PA.*o(Pfl- We 
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also can prove likewise the other assertion. 

Theorem 335 If a projection operator p is commutative to a 
jyrapetric operator 3 on R, , and P x * implies 

(S Px,x)g O f sup )|" P x II = 400, 

** 1 
then we have ( S P x , x ) I P x II a for every % R . 

Proof* Ve suppooe ( S Pa , a) < I! P CL || 4 for an element 
a * R . Denoting by M the closed linear manifold generated by 
S" P a, (f 0, 1, 2,...), we see by Theorem 10.5 that S M C M . 
Thus, denoting by P d the projection operator of M$ f we have P, S P 
S Po , and hence by 10(10) 

PoS * (S P,) 11 ^ (P & P )* P fi Po SPo. 
Purthermore it is obvious that P P and P a c P ex, . 

Denoting by Mi, the linear manifold generated by ^^ Pa. (y* 
0, 1, ..., v ), we see by Theorem 2.9 that Mt/ is cxosed for every \t m 
1 9 2 t ... . Denoting by ? the projection operator of MI/ (i/ 1, 
2,...), we have obviously P*/t^ t Pa 

Putting 5^, P*, S Px (^ * 1 2,...), we obtain a symmetric ope- 
rator Si/ on R , because we have by 10(10) 

Sj, 3S ( Py S P|X ) SS Pfc, S PI, B Six. 

By virtue of Theorem 31.5, denoting by L^ the totality of those ele~ 
ments X R for which 

sup II S v ^ X H < oo, 
,**1 

we obtain a closed linear manifold L , and denoting by ft ^ the pro- 
jection operator of L , we have 

&>,Qt, Cl^Sw 

H SS Q>, x tt * x n for xR,p 1, 2 f .. M 

and Q i/ is commutative to every projection operator which is commuta- 
tive to &y . Since * (l - P y ) 0, we have obviously 

1 - P* S ft* , that is, 1 - Cl k < Pv. 
Putting 

oC inf (Ml- A^)x, x), 
(i-a^>xti{ 1 

we have <* g 0, because we have by assumption for every x ( R 

<S,,(1- Qi,)x f x) (SPU-ftiJx.U- a,,)jf)fc 0. 
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p> can find obviously a sequence z^ R. (p* 1, 2,.) such that 
Ild-a,)x r l| *1 (/* l t 2,...)t 

lim (Ml- fti,)**, xj aoc. 
/* -*o ~ r 

Recalling Theorem 9.11, we can than find further a subsequence 

(1 - O *> f (? It 2,...) 

which ia weakly convergent. Since ? R. ia a linear manifold gene* 
rated by S^f^a (f * 0, 1, 2,..., *), and (l - ) R C P^ , we 
aee by Theorem 9*13 that this subsequence (l - ft ) X- (f = 1, 2, 
...) ia convergent, and putting 

* , ii^u-aJv,. 

we have 



Thus we have 'by Theorem 334 

If oC < 1, then we have obviously 

sup 115,/d - ajXo II UP o( A< <*oo, 
and hence ( 1 - ft , ) X f L ^ . Consequently we have 

Z (1- fljx* Qxd - ftjx c 0, 
contradicting (l % e II * 1. Thus we have oC > 1, and hence 

(S^d - ft^)x, x) > lid -&/) XH for every XR. 
Since II (l - Gi ) a* II < 11 OL II (/ a l, 2,...), we can find by 
Theorem 9.11 a subsequence ^ (f = 1, 2,...) such that (l - &i/p)0-< 
(f 1, 2>...) is weakly convergent, and putting 

^ = w-lj^ (1- ftt/ p )o-, 
we have P ^ ^ and by Theorea 9.2 

because (l - % ) P^ ^ P and hence d - ft v f ) d - 4 f f ) ?0 
If ^ B P e ou , then we have hence by Theorem 9*5 

P CL 8 lim (l - ft^ f )0", 
and consequently 

> lirn^ (1 - a.pTpo 0^ II * = II P ft Oo II * = |f p a- B 2 , 
contradicting the assumption ( o P a , <x) < I! p <x )J 2 . Therefore 
we have f * Pe, a, . On the other hand we have 
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and it ia obvious that 

lirn^ S^* * ** P fop every /* 1, 2 
Thus we hart for every ^ 1, 2,..* by Theorem 9.4 



sUm^ ( P. fl,, f *,,*?( P. *- 



II S Q,^ P f a, 
< II Po a. K p tf a - ^ ft 
and bonce 

up 

but P(P P <X-^)=P OL-^4:0. Therefore we atabliahad our 
irtion. 
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Let ft be a oloaed ring of projection operators containing 1 in 
a Hilbert space R For a dilatator T with dnealn P by ft f we see 
by Theorea 23*4 that the adjoint operator T* of T Is a dilatator with 
the sane domain and we have by the formula 25 (l?) 

HT*xR*||TxH 'or every % p . 

Therefore T Is a closed normal operator and T* is the conjugate ope- 
rator of T. Furthermore T is regular by Theorem 24.4* Conver- 
sely if a nomal operator A is closed and regular, then we can find a 
closed ring of projection operators by which y is a dilatator, as we 
shall prove in the sequel. 

Let /V be a regular closed normal operator with domain p , and ff 
the conjugate operator of y For every coaplex number J and posi- 
tive number , putting 

*M * T <'-*> 

we obtain obviously a regular closed normal operator /Vt with the same 
domain D and the conjugate operator / of V^g as 



By virtue of Theorem )1.^, denoting by M| )t the totality of those 
elements * for which 
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/VA^ x t P for every , /* a 0, 1, 2,.. M 

^up |i y <jf " y ?ffc ^ x U < *<*> for every ^u l t 2,..., 
we obtain a closed linear manifold l*% t t Furthermore, denoting by 
PC t the projection operator of M^g , we see that P^ is coosouta- 
tive to /V, and every projection operator, which is commutative to /V, 
is coanutative to P . Therefore we have 



for every complex numbers f , $ ' and positive numbers , t ' . 
Putting 

**, s i ^ : 15- 5 IS f, 
we have 

(1) f,.j C I,, jt , i-plies p fj| ft P? , |/< 

Because for every 7C At c ve have by Theorem 31*3 

/V* t M M , y x M|, > liy^ t x ll 5 lixii. 
Thus, if f $ 5 1', ' i then |^ x -^|< x - C ,and hence 

H// r , ' xil = || |;A^ ( Tc 4- HzJL x || 

< -p II /^ tj t X II + <r ^ II 3t || H z I . 

Therefore we have ft^^c Mf^' if $ ^ c ^jj/^'. 

(2) 5u 5 r,i- B 

Because for every % e M^ } A^ r 

H ^, E X II * ll x i| f )( V r / j f , x || < |i x II , 
and hence 

II (i 7 - *)* ^ IKV- J)X|| * |l(y- 5')7c || < ( ^E'JIIxl 
If $ 1. 1 i', t / $ , then we have j| / -^|>c + / , and hence 
X a 0. Thus we have ?tP' ' ~ lf ^ ^' s 9 * 



Because for every x t TT M r c- we have 

5? *' fl 

l(// ^^ ^M* x " ^ ( T )t/4r llx " 

for every > and J> , ^- t=o, 1, 2,..., and hence 

II #1,1* /V^^X H < || xi| for ever u , yu = 0, 1, 
Thus we conclude by Theorem 31 5 x f M^ t , and hence by (l) 



(4) l.. f C 
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In fact, for an arbitrary S > 0, we have for every complex number I 

p *,*r (P "*- p *.2. p U.'*r ) -' 

because, if M f,,^ 0, then P* f| P|,r *0 by (2>, and 
if $ 0/ g $ JL$- * then * can find " 8uch 



end hence |.f C $^ >g ,^t *hich implies ^ (l) 

P f,-* - P l*,' + * 

Thus, if 

^ 

p " p ,f ^V, p f^ '** * > 

then we can find two positive nuabera IT , y' and a complex number x 
such that 

y< r< vrr, 



l, p ,i- p M, P U, i'*r- ^r every f. 
Putting ft * p^ rl ( P., t - P,, e ^ P u , f ,^ ), we see easily 
that a/Vc/VQ, //a is bounded, and 

j| -p (y- ? 7 )a x II g 110.x || for every %R. 

Furthermore, if Q x * 0, then we have 

uP t H >/| t / Q x II * +00 for every f , 

because P |>y ft x a^id H ^ r ^ A^/ 1 a * fl I y, y*" 1 '' 4 a x II 
Thus we have 

sup H(/V Iy /7| r ) v ftx|| -foo for every { 
k ^ 1 *, f . 

Since /^| ir /7 fir ft i obviously a symmetric operator on R and 



for every x * R , we obtain by Theorem 33*5 

<^,r ^l,r ftx ^^ 2 d3C 7 for every x* 

and hence 

llU-$)Q.x H 1 fc y f UQxll 2 for every $ and 
Thus, putting | * J' }f, f'^tlTtve have for every JC 



and hence 
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II U- sOaxii 1 * y KU/v- *'- iff + cip )-**) * . 

Putting oC sup H (//- 1' )a xll we obtain therefore 
IIXH^I 

c^Hxi!* 2 ar Kt*'- *'+#- v)fc*i*)i i 

0<*IIXII* g y| (U^- U'- {,// -I- I F )<t*i*) I . 

Since both(^-r+^-FOa^(t/v'-C('-L/7+r)Gt are 
symmetric operators on R , we obtain hence by Theorem 33.1 
<X X M X I) 2 yil(/V-$' + >V -f ) axil, 

o< x ii x ii g y ii ( L/V - i \ e - { f/ + i f ) a x ii 

for every X f R. These relations yield 

ao^iixii 1 ^ 4 r 
= 4 

for every X * R , and hence A* 2 y z o^ * . On the other hand, 
since ft ^ p|/^ j./ , we have by Theorem 31.5 

II (/V- \') a X II y' II a X II for every x R, 
and hence o( < fr' < >/T ^ * Therefore ve conclude oC = 0. Thus 
we have & x 4 M r/ 1- for every x t K , and hence fit = p./ ^ Q, con- 
tradicting that Q, * and Q. P^ >y =0. * Therefore we have 

p .*- p .e p u.i'* -0 forwrery y>0 ' 

(3), M obtain bane. 



The system P|^ for all complex numbers \ and positive numbers 
is commutative, and hence there is a cloeed ring of projection ope- 
rators ft containing 1 such that Pf ( e * ^ for ever y complex number 
| and positive number o( . For such *R , we shall prove that /V is a 
dilatator by # . For this purpose we need only prove that P/V<l/Vp 
for every P 6 ^ for the conmutor & of # . 

For any /u. = 1, 2,.,. and > we can find a finite number of 
complex numbers $ (i/ s 1, 2,..., K) such that 

5 0lM C Z $ M t 

"'^ V*1 f 1*1 * 

Then we have by (4) 

p ^ * p *,,*- 

Putting P, P^fcP.,^, 

P^ ( f V, p ? f ,e-;v! p V.t >P., r <"-2.3 ..... ><). 
M 8M *flily that p v f ^ (i, a 1, 2,..., K), ? P f a tor i> f p 
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K 

PX/ ~ A/ D f i/ 1 9 > ^ 

V fw ^ /r r ^ \* r i)fc|l^'^ 

Since II /V^ P^ t x H 5 H x II for every x R , we have 

II (/V- f ) P. x 5 || p^ x !| for every x 6 R . 

Itor each P 6 9? , we have hence for every X R. 

8 (/V- W)Pw P xll < S. IIP^P x |) ^ I! P,, * II, 

U P(V- ^)P^x||g || (y- ^JP^x jl t HPu xll. 

^liice P P w P w P , P^ P p = for * * p , P fl s r^ p t we 

' ' ' u i = 

obtain therefore 

M/VPa M Px - Zl ?,, P w P xl| a = ZL I! (/V- |JP Px II 1 

w 'r vsi *-a i 

< JC * H PI, X l| A =r l l| P X jl \ 

"" v SI '" * 

. P^Pft,/- x "^ UPwPxH Z = l llP(/V-^.)P t ,xf! 1 

*^*i *'/* * 

and consequently 

Since t > ifcay be arbitrary, we conclude therefore 

/VPo^Px P V P 0>/H x for every XR, 

On the other hand we have P^j^T^i ! Because, since /V is 

regular by assumption, there exists a sequence Q.^t^, 1 such that 



Gj, >V c /V Q<u and /VQ^ is a bounded operator on R for every * 1, 
2,... . For such &,, (*/ = 1, 2,...) we can find M</ > (^ = 1, 2, 

. ..) such that 

//4l l/ x jl ^ y^*/ ua u x II for every x f R , 
and hence 

11 ^^^ ( T: ^ )* ft " xl1 * H^-^'i fop P , x - Ot i,--- 

Thus we have by Theorem 31.5 Q^ X MO^^ for every z f R , and con- 
sequently GLv'S PO,^,, for every i/ 1, 2,... . 
Therefore we have for every x * P 



Since M is closed, we obtain hence Px*P and >VPx = P.Vx. 
thus we have P/VC A^P by definition. 
Row we can state 

Theorem 54-1- An operator /V Jin K. is a regular closed noraal 

operator if and only if >/ is a dilatator by soae closed ring of pro- 
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.lection operators contalniyyr ! 

For a regular closed normal operator y , considering // ae a dila- 
tator, we obtain a spectrality E on the Borel class in the complex 
plane $ and we have by Theorem 29*10 



ft = 
Conversely, if there exists a apectrality E, on for which 



then // is by Theorem 29* 5 a dilatator by some closed ring of projec- 
tion operators, and hence /V is a regular closed normal operator by 
Theorem 34-1- Furthermore, for the spectrality ($ ) (I * ) 
of /V , we have by Theorem 29-5 for every $ fc . 

&(3) = E f (U ' ***!)* EI($)- 
Therefore we have 

Theorem 54*2. For a regular closed normal operator yV there 
exists uniquely a spectrality on the Borel class J in the complex 
plane for which 



This spectrality E ($ ) ( f f ^r ) is called the spectrality of 
a regular closed normal operator // . Vfe have further by Theorem 
29-4 



On the other hand it is evident by definition that /V C //* for the 
conjugate operator // of /V . Furthermore we see by Theorem 22 .4 
that the domain of y* coincides with that of /V* Consequently 
we obtain M = y*. 
Thus we can state 

Theorem M5 For a regular closed normal operator yV, the 
conjugate operator j/ of /V coincides with the adjoint operator /y * 
.of y and 

e(f ?) 
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for the spectrality E() (*) of//. 

55 Graphs of Operators 

For two linear spaces R and f the totality of pain t % , ^ } 
for. all x R. , j. e S constitutes a linear space, if we define 



*{* , 3} ^* t el J|J 

for every complex cumber ol . This linear apace will be denoted by 

{R , S\. 

It both R and are inner product spaces, then { R , S } also 
is an inner product apaoe by the inner product 



Furthen^re, if both R and are complete, then we aee easily by de- 
finition that { R , } also is complete and hence a Hilbert space. 

Let R be a Hilbert space* Then i R , R } also is a Hilbert 
space, as defined just above. For an operator T with domain P 
in R , the manifold in { R , R } : 

iKx,Tx{: XD} 
is called the right graph of T , and 

t {TX, tx } ! X t D ] 
the left graph of T . 

If an operator T in linear, then it is obvious by definition that 
both the rt^ht and reft graphs of T are linear manifolds of i R , R | . 
If an operator T with domain p is closed, that is, if 

JLJ^X^^X, t X^tD (** 1, 2,...), IjM^ 
implies) * , t P and T X * jf , then both the right and left 
of T are closed manifolds of { R , R ( because, since 

HI*, j M* - I*!* + ijH* 
for every x f R f we have 

(I UX^T*,,) 



and hence we comelude 
^4-. X 
if and only if 
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or if and only if 

liw^ {Tx^lx.l = t ? , i*ol 
in { R t K } ThuB we have 

Theorem 35.1. In order that an operator T in R be cloa^d. it 
is necessary and sufficient that one of the right and left graphs of T 
be a closed Manifold of {% , R } . 

For an operator T with domain p , if p is dense in R , then we 
obtain the adjoint operator T * of T by the relation 

(Tz,) (X,T*#) for *fP, *P*, 
denoting by P* the domain of T*, aa defined in 22. 

Theorem 35-2, Por an operator T with domain P , JLf p ia dense 
12, R then the left graph of the adjoint operator T* of T io the or- 
thogonal complement of the rii^ht graph of T , and the right graEh of T * 
ia the orthogonal complement of the left graph of T , that is 



\ {i x ,T*x{ : **<?*/ = {{Tx,Cx} : X^ P j\ 

Proof* Por every Xfp, ^eP*ve have by definition 
(iiX,Tx}, {T*j, l-jj) (i x, T*y) + (Tx , l^.) = 0. 
Convereely if 

( liX, TxJ, ^Z > I j[) 
for every X t p , then we have by definition 

(X , X ) (T x , J ) for every X * P , 
and hence )J*P*, T*ijs:Z. Thua we have 

{{T*x,{x} : x*P*( = {{ I x, Txf : -x t P } A . 
We also cbtain likewise the other assertion. 

Theorem 35.3- For an operator T with domain p , jlf p is dense 
4fi R then the adjoint operator T* of T is a closed linear operator. 

' Proof. By virtue of Theorems 351 and 35.2, we see immediately 
that the adjoint operator T* of T is closed. If 

(T*.,^).(x,r^), (TX ,z) = (x ,T*Z) 

for ev.iy X t D , then for any complex numbers o< , (3 ws have 
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(TX t 0(3 +2) a (X, *T*3 pt*Z) 
for every X * P , and hence by definition 

T* (aty + 2.) * o<T*^ + p-T*Z. 
Therefore T * is a linear operator. 

Theorem 35*4. If an operator T is linear and closed, and ita 
domain p is dense in R , then the domain p * of the adjoint operator 
T* of T also is dense in ft and T ia the adjoint operator of T * f 
that is. T * T"*. 

Proof* Recalling' Theorem 351 *e see easily by assumption that 
the right graph of T ia a closed linear manifold of { R t R } T and 
hence ve obtain by Theorems 11.2 and 35.2 

Hi*tTxl: XP} = iU* , T*\ %fP{ 

= { {T*X, C*f : XP* j-\ 
If ( J ^ ) * for every x. * P* , then we have 
({0,^K (T*x, X]) - {,(#,*) = 

for every x 0* and hence V = T = 0. Therefore we conclude 
by Theorems 2.5 and 11.2 that D* is dense in R , because 0* is by 
Theorem 35-3 a linear manifold of & . Thus there exists by defini- 
tion the adjoint operator T** of T * , and we see by Theorem 35*2 
that T** T. 

36 Regularity 

Let A/ be a normal operator in a Hilbert space R . In this 
we shall consider conditions in order that /V be regular. 
Ve have obviously by definition 

Theorem 36.1. If a normal operator tf is regular, then of/V+p 
also is a regular normal operator for every complex numbers oi , p . 

For a linear operator >V with domain P , if /Vx a 0- implies 
X = 0, then X, * X a 4 P implies /Vx f * /VXi, and hence putting 

T(^x)= X for every xp, 

we obtain a linear operator T , This linear operator T is called 
*& inverse of /V and denoted ty /V " f . The domain of the inverse 
/V~ 1 coincides with the range of A', and 
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W - 1 v a * if and only if = tf x . 

If A 7 is a regular closed normal operator and has the inverse, that 
is, ft x =0 implies x 0, then y is by Theorem )4.1 a dilatator 
by some closed ring of projection operators # , and hence the inverse 
AT" 1 of /Y coincides by the formulas (}l) and (45) in 25 with the in- 
verse of /V as a dilatator by 7? . Since N = tf* by Theorem M3i 
we obtain further by the formula 2^(43) 

//-' =(//")* 

Thus the inverse yV' 1 also is by Theorem 54*1 a regular closed normal 
operator with the conjugate operator H "* 

Therefore we can state 

Theorem 56.2. For a regular cloaed normal operator M , if f/ 
has tne inverse tf " ! , then /V" 1 also is a regular closed normal ope* 
rator and the conjugate operator of yV" 1 ie the inverse of the conju- 
gate operator /V of /V , that is. y-^ = /7* 1 . 

Theorem 56.3- If the ranges of a normal operator y and its 
conjugate operator Jf coincide with the whole apace R , then >V is re- 
gular and closed. 

Proof. For the domain P of // , if y x = 0, then ve have 

(x,/f^) = (yx,^) =0 

for every tj. P , and hence X = 0, because the range of /7 is the whole 
space R. by assumption. Thus /V has the inverse /V ~" 1 We also 
can prove likewise that A/ haa the inverse /V ~ 1 . Furthermore we 
have for every x , jf. f R 



and for every X f R , . < P 



Since the raiige of /V is the whole space R. by assumption, we obtain 
hence 

/V" 1 x s /Vy" 1 ^' 1 X for every X^R. 
Thus we have for every x < /s. 
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H^- 1 x II = ll/V/F' 1 /V-'xil a II /V>V- V 1 X|| a II /V- 1 x|l . 
Therefore /V" 1 is a normal operator and /V" 1 is the conjugate operator 
of /Y ~ 1 . Since the domain of /V " 1 is the whole space & , we see by 
Theorem 31*1 that /V* 1 is bounded closed, and hence regular by Theorem 
J2.3, Since A/ is the inverse of /V~ 1 , we conclude hence by Theo- 
rem 36.2 that N is regular and closed. 

A normal operator /V is said to be symmetric , if /V coincides with 
its conjugate operator^, that is, A/" = /v". With this definition 
we have obviously by Theorem 36*3 

Theorem 36.4* If the range of a symmetric normal operator /V' 
coincides with the whole space R. , then A/ is regular and closed. 

Theorem 36.5* A closed normal operator // is regular, if and 
only if its conjugate operator coincides with its adjoint operator* i.e. 

A? = //*. 

Proof. If >V is regular and closed, then we have y = //* by 
Theorem 34*3* Conversely we suppose that a normal operator t/ is 
closed and /V a /V*. Then we have by Theorem 33*4 A' = A * and 
hence by Theorem 35 2 for the domain P of // 

\{l x , yx \ : X* Pi = ii>VX , Cx} : x b }*", 
U/V*,l*}: XP] = \{ I x , /Vx) : X 6 i\ 
Therefore for each x * & we can find , Z , u f v ( P such that 



{ Lx, Of = t^*, /Vuf 
and hence 

0= t^-f/VZ, t-x = 

uX=lu4-/V : i r 0= 

This relation yields obviously 

X = /V/^z t z a N M U vt. 
Thus we have for every w k 

(A'u.A'Kr) + (vt,u") = (yyvt--u,ur) a (tfffi+ z , 
= (>Vz ,/Viv) - (x ,ur) a (//z ,yw) + (z f w). 
Putting \AA s M. - z , we obtain hence 

H/V'fu-z)!! 1 ^ || -ut- z II* =0, 
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and consequently u * 2, . Therefore, corresponding to very x * R 
wo can find uniquely Z * P auch that 

X * yV/V Z 4- Z a Jft/Z * Z, . 

Thua we have 



and the range of tffi + 1 ia the whole space ft . *** P, > tfee 
daemia of /V/V + 1. For va*y * t P* * ** 

x +*,) 



Furthermore pj la dense In R . Because, If 

{*i y^J + J.) f or evejcy X P, f 

than ve have 

( Af/7 K 4X, ) for every ac p* , 

and hence J = 0, aince the range of >V/V 4 1 is the whole apace R . 
Thua N'N+\ ia a ayiaaatric nonud operator* Consequently we see 
by Theorem 36*4 that N& + 1 ia regular and closed, and hence further 
\sj Theorem J6*l that y/V ia a regular cloaed ayanetric normal ope- 
rator. .Accordingly we can find by definition a sequence of projec- 
tion operators P* t^, 1 auch that 

Pi.yV/V C tfff ? > 

\\NM Pt, xll^ is HP,, t- 1) (x R) 

for every I/ si, 2,... . Then, since /V/V = yVA", we have for 

*** /** P = 0, l t 2 f ... 

MA'^/V^Pi, XII* = (A^^yV^P^ 

= (H*V **?*.> N 
II (/VA^'V'P, x 
and hence 

M A"* >?>> P,, x II < 

for every X *R . Denoting by Af* (^ = 1, 2,...) the totality of 

those elements x ( p for which 

uj> II ( ; A^)^ >V p X II <. *^ for every f = l f 2,...> 

we obtain by Theorem 31. 5 a closed linear aanifold M* For the 
projection operator P Mi/ of M* we have thus p v < P Mw (* 1, 2 t 
...) t find hence P My f J^ t 1. On the other hand we have by Theo- 
rem )1,3 for every f * l t 2 t ... 

P Mfc , /v- C /V P H| ^ , flX P M| ^ x n ^ ^" /I P M x (I . 
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Therefore /V is regular by aeiinition. 

Theorem 36.6. For two normal operators tf c /V t , if >V is re- 
gular and closed, then /V = /Vt . 

Proof. For the conjugate operator /V, of /v^ and the domain 
t>\ of /V t , we have by definition 

(>^i *#)(* i ^i Jf ) ^r every x , P 1 . 
Since /Vi ~> /V by assumption, for the domain P of y we have naturally 

(/Vx , ^ ) = ( -X , /V^ ^ ) for % 6 P , # 6 Pt i 

and hence //t /V* Since /7 = /V"* by Theorem 36. 5 we obtain 
therefore P = PI > end consequently /y' = /v't . 

$37 Self-adjoint Operators 

An operator H in a Hilbert space & is said to be self -ad joint. 
if the domain of H is dense in R and H coincides with its adjoint 
operator H * , that is, H = M** Recalling Theorem 33.3, we see 
immediately that every self-adjoint operator is a closed linear ope- 
rator. Furthermore we conclude easily by Theorem 36.3 

Theorem 371 An operator H is self -ad joint if and only if H 
is a regular closed symmetric normal operator. 

Let M be a self -adjoint operator in R . Since H is a regular 
closed symmetric normal operator by Theorem 37.1, we see by Theorem 34*1 
that H is a symmetric dilatator by some closed ring of projection ope- 
rators ft containing 1. For the proper space ^ of such ft , we 
see by Theorem 23.1 that the spectrum (H ,) is real for every point 
$ tf^. Denoting by E(5) ( I ) the spectrality of H , we 
see by the definition 23(1 ) that for the real axis (-00 , too) in the 
complex plane we have 

and hence (-<,+<*) * 1> because (H , j) is finlU in some open 
dense set. Conversely, for a regular closed normal operator H and 
the spectrality E (5 ) ( * ) of H , if e (- <*? , * *o ) - i ( then 
we have by Theorems 29*7 and 29*10 

H = 
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because we have by 2) in 28 

E(U : * * ?H - 1- E(- i + oo) 0. 
Thus v* have 

Theorem 57.2. A regular closed normal operator H ia self- 
adjoint. If and only if E (-*>, + oo) - i for the apectrality B($) 
( $ ) of H ^nH the real axis (-00 f * oo ' ) in the complex pl*nft Q 

Let H be a self -ad joint operator in R and E() ( S * ) the 
spectrally ox H . Putting 

E x= E(~oo,x) (-00 < x 
for the point set 

(-00, x) = { 4 : -<x> < $ < x f 
in the complex plane 6J- , we see easily that 



1) E x ^ E p for x< p 

2) V f E X . 6f , 

5) A Ex=<>. 



because E(-, + c>o)~l by Theorem 57*2* 

A system of projection operators E A (-<*>< X <+<*>) is said 
to be a resolution of identity, if U satisfies the conditions l), 2), 
5), and 4)* With this definition we have 

Thecrem 57.5. For any resolution of identity x ( - ^ x 
< +00 ) there exists uniquely a spectrality E on the Borel class & 
in the complex plane Gr such that 

E x H (-00 f X) for -co < x < *< . 

Proof. EX (- < X < - 1 " 00 ) is obviously by l) a commuta- 
tive system. Thus there exists the closed ring ft generated by A 
(-00 < X < <> ), as proved in <}20. For such 9t we have ft * 1 by 
4). Since we have by 5) and 4) 

Si IB.-E-,,)- Oc,- AE.,-1, 
we see by Theorem 1^.7 that, putting A Zl "T7e e we obtain an 

t- 



37) Self adjoint Operators 203 

open dense set A in the proper apace #^ of ft For any point ^f 
X i we can find obviously * for which # ) u - E-*. For such 
i/ , if 

-I/ = A < X 1 < ... < A* = t>, 



then we have by l) 

E "- E -" -, (E v- E v> 

Thus there exists by Theorem 15*3 uniquely (* for which 

EV- 6^_, , 
EA P - Ex,., ? $ for /> */*, 

because ( 6 Xf - EX P _, ) ( E ^ - E X/14-| ) for f 4= /u . There- 
fore, corresponding to every ^ /4 , we can find uniquely A real num- 
ber ou ( ) such that 

cuc ? u - E**cj>- * for everv ^ > <> 

This real valued function "($) ($*/4) is continuous in ^ . In 
fact, for any j> A ***& 6 > 0, 



implies 



and hence !<*;()- a>(<?[)|< 2. 
Furthermore, putting 

oo ( J ) s oo f or J ? A , 
we see easily that <x> ia a continuous function on ^ and 

v fi. c *# : "W* x ^ c "^BA. 

for -oo < X < *oe , > 0. Thus for the apectrality (f ) ($ 
* ) by <*> * obtain by 22(1) 



and hence 'x-g^^(- eK> i x )^ ^X for -oo<A.<4'Cx> f >0. 
Since E x = \J E* by 2), we conclude therefore 

* f <A r 

(-oo,X)s: g\ for -<X><X<*>. 

Such spectrality E ($ ) ($ ^ <&) is determined uniquely* In 
fact, if for two specialities E,(f ), EI(!) ( S * ) 

^(-.oo^X)^ E 2 (-o f A.) (-00 < X<+oo) 
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then for any open set A* in such that /I* (-,+<*>) * , we can 
find a sequence X, <SV (v 1, 2,...) for which 



A 9 (-00, + 00) * r { 

l> B t 

and hence we have 

E,U*) E, U'(-~ 

* C/iE, (-00 ,<?;)- ,(-<*>,*)} 
O t {E 2 (-oo,<5V)~ E a (-~,A.H a (/1 
Thus we have t (A) * E t (/t*) for vry open set A 9 in ft . 
Denoting by ^ the totality of those Borel sets 5 for which 



we see easily that is a totally additive set class, and & contains 
all open sets, as proved Just above* Therefore we obtain a & 
fey definition, and hence 

E,(f) H 2 () for every $. 

A finite function f on the real axis (-00 f +o) i M id to be 
($ )Hasurabl if for any open set A 9 in G- we can find $ * for 
which 



Every ( # ) -measurable function *f on (-> , +OP) may be extended over 
the whole space Or as a ($6 ) -measurable function. For example, put- 

tlnjt 

(0 for 1J (-<*>,+<) 

><*) | 

we obtain a ( )-neasurable function Y on , because (-00 , + oo ) e ^ . 
Let E x (~o<A.<+oo) be a resolution of identity. There 
exists by Theorem 27*3 uniquely a 8 pec trail ty E() (*) such that 

E (-oo,x) s E x (-00 < X < ^oo). 

Since E (- oo, *<>) * 1, we may consider the spectrality E as a spect- 
rality E(S) ($ ^ (-00 , *oo)^) on (-< , -t-)if . Thus for 
(iC)-meaaurable functions f on the real axis (- , +), we can de- 
fine integral of f by E x a (-<> < A < too) as 

( 

I (p / \ \ J r- A 
J T (X) axc x " a 
o< 

P 
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\ <f (M<ixE A fli * J y(OEUOa-. 

, <* 

j f (?) (e 



Thus, if <f is a finite continuous function on (- <*> f + oo) f then we 
have 



. ,. , , 

I - *9f 

for oC = X<A. t < ...<X X ~P X t -X u ., ^ , 

X K-f S <*, 5 ^^ (^ = 1, 2 t . 
and 

r w f 

} y(A) ^E A ct llm^ J r(X)c^ A x a. 

-p -iu 

We also define further integral operator \xy *f as 



With this definition we have obviously by Theorems 54-2 and 37-2 

Theorem 3?.4- For a self-adjoint operator H there exists uni- 
quely a resolution of identity X (-<K><X<*OO) such that 
H * JX rf x A . 

Conversely we have by Theorem 29*4 

Theorem 375* For every resolution of identity x ( - oo < X 
< * ) the integral operator 

J X rf x E A 
ia a self -ad joint operator* 

A self-adjoint operator H with domain P is said to be positive. 
if 

( H x , x ) g o for every % t 
With this definition we have 

Theorem 37-6. For a resolution of identity x (-00 < A < 
* *) the integral operator 
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1m positive, if and only if E, = 0. 

Proof, If E o * 0, then, putting 

H = J X^x E A| 
we have toy Theorem 28.1 for every element x in the domain of H 



, +00 

J x <*AHE A * * 0. 



If E * 0, then we can find toy 2) > such that E_ * 0, 

do 
0. 



e 
and hence there ia an element <x in the domain of H such that 



For such , > and Cu , we have 

(HE. e a, E -c cu) = f * *( A II E x CL It* 

-0 



< - flt x IIE x a|| a - II E. o, II 1 < 0. 

Recalling Theorem 25.1, we conclude immediately 

Theorem 377 A dilatator H toy a closed ring of projection 
operators % ie a e elf -ad joint operator if and only if the spectrum 
(H , J ) is real for every point of the proper space g^ of 0? . 

Furthermore we have by Theorem 25.2 

Theorem 37 Q* A dilatator H toy a closed ring of projection 
operators ft is a positive self-adjoint operator if and only if we have 
( H > $ ) = for every point in the proper space ^ of V. . 

>8 Isometric Operators 

A bounded linear operator T7 on a Hilbert space R. is said to be 
isometric, if denoting by A the eero manifold of T7 we have 

II ur x II II x II for every x 4 x , 

For the sero manifold A of an isometric operator T7 , /4 A ia called the 
proper domain of T7. 

Let tT be an isometric operator and P0 the projection operator of 
the proper domain of T7 * Then we have obviously by definition 

X7 P^ x = TT x, || T7 P v 5L || a || P v < || for every < * R . 
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For an arbitrary complex number A , since 
IIT7 P (x+ X^)!! 1 nxrp^xll 1 



+ I A I 1 IIP,, Jf'l* , 
we obtain hence 



Putting X = 1 and v 9 we conclude thue 

(trp^x, trp,,^) . (p v x, p^^.), 
and consequently 

(TT7t t T7^) * (x , P v y) for every * , y * R. 
Therefore, for the adjoint operator T7* of 17 ne hav by definition 

TT'TT^ * PV % for every R. 
Since }| p^ ^. || = II tr ^. l( , ve obtain hence 

8t7*trxflaHTrxH for every x * R . 

Let B be the range of an iaoaetric operator T7. E ! obvioua- 
ly a linear aanifold* Furthermore B ie closed* In fact, if 

lla XT TL^ % , 
v^o* " *' 

then we have 



Thus we can find X, * R. for which ^lia^ P v x y * x ot and than we 
have 



Thus B ia a closed linear aanifold. For each v B x have for 
every x < R. 



and hence we conclude that IT* ^ for every J ^ B*" 
Therefore we can state 

Theorem 38.1. For every isometric operator T7. the adjoint 
operator XT* L T7 aJLeo is isometric, and the range of T7 is the pro- 
per doaaln of ^7 * For the projection operator P v of the proper 
domain of -QT we have 

X7*T7 Pt> 
Proa this Theorem >8.1 we conclude ioned lately 
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38.2. For an isometric operator T7 and ita adjoint 
we have 

17 17 * IT = ^ , T7*T7T7*=TT I *. 
Theorem 38.3. An isometric operator V is a normal operator 
if and only if the proper domain of 17 coincides with the range of T7. 

Proof* If an isometric operator 17 is a normal operator, then 
the adjoint operator 17* of 17 is the conjugate operator of 17 , and 



If T7 x II = II 17 * x II for every * & , 

Thus the zero manifold of T7 coincides with that of 17 * , and consequ- 
ently the proper domain of 17 coincides with that of V* On the 
other hand, the proper domain of 17 * coincides by Theorem 58-1 with 
the range of T7 , Therefore tne range of 17 coincides with the pro- 
per domain of T7 

Conversely, if the range of 17 coincides with the proper domain of 
, then, denoting by p the proper domain of 17 , we see by Theorem 
J8,l that P also is the proper domain of the adjoint operator T7 * of 
T7 Thus for the projection operator ? D of P we have 

II 17 XII s II XT Pp X|| = II P x II = 1(17* PpXlt = I! 17* xN 
for every x k R Therefore IT is a normal operator and T7 * is the 
conjugate operator of *O" . 

An operator 17 on R. is said to be unitary, if 77 is isometric and 
both the proper domain and the range of U coincide with the whol? epace 
R, By virtue of Theorem 38*1, we see easily that if T7 is unitary, 
then its adjoint operator tr* also is unitary and 

tr* 17 s 17U* s 1. 

Conversely, for an operator TT on R , if 17*17 17 U* = 1, then both 
the domain and the range of 17* coincide with the whole space R. and 

II V * X I! l s (T7 17" x , x) s I! X II x for every % * R . 
Furthermore 17* ia by Theorem 35.3 a linear operator. Thus 17* is 
a unitary operator. Since IT = TT** , we conclude hence that V is 
a unitary operator. Therefore we have 

Theorem 38. 4 An operator U on R. is unitary if and only if 
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for the adjoint operator ^7* of T7 

Let TT be a unitary operator on R . By virtue of Theorem 58. 3 , 
T7 is a normal operator and the adjoint operator T7 * of 17 is the con- 
jugate operator of T7. Since T7 is bounded, ve see by Theorem 32.3 
that T7 i a regular closed normal operator. Thus ve can find by 
Theorem 34*1 & closed ring of projection opera tors R containing 1, by 
which U is a dilatator. For such ft since V T7* = 1, we obtain 
by the formulas (9) and (12) in 25 



for every point in the proper space %*. of ft . Thus putting 



ve have 



Consequently ve see by 23<l) that for the spectrality ($ ) ($*) 
of V ve have 

Therefore putting 

for \<$ 
E(Ix) f or < A < 2 7t 

1 for X > 2ft, 

ve obtain a resolution of identity EX (~oo< X < ), and we have 
obviously by definition 

( r aw Ii 

17 x s ?E(^^)x= c 0lx EvX 
J ' ^ J x 

for every X R . Conversely if 

T7 J e U (rf x E A 
o 

for a resolution of identity EX (-**<*<+) subject to the 
condition: E. = 0, Ein^o 35 ^ ^^ ^s^s ty Theorem 29*5 

($x) s Ex for "** A < 2n ' 
Therefore ve can state 

Theorem 38.5. For a unitary operator IT on R there exists uni* 
quety a resolution of identity E X (-O<A,<+*) such thai 
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Furthermore we have by Theorem 38*4 

Theorem 58.6. A dilatator t7 by a closed ring of projection 
opera tore y is a unitary operator if and only if |(^i^)l s 1 for 
every point in the proper apace $fL of ft 

59 Canonical Fora 

Let T be a closed linear operator with dense domain P in a Hil- 
bert apace R. . Then we aee by Theorem 35.4 that the adjoint opera- 
tor T * of T also is a cloaed linear operator with dense domain O * 
and T = T*** Thus we have by 'Theorem 352 

Hlx, T*} : *< P} { {T*x, C% } : x P* } x , 
{ {T*x,lx| : Z*D*| *{{lx,Tx}: x*P} x . 
Therefore for any X R we can find x ^ p and ^. P* ouch that 

iiz,0j= | lx, Tx f * {T*^, I J } , 
that ia, 

i Z i x * T* , T x + { ^ * 0. 
This relation yields 

Z * T*T x > x. 

Thus the range of the operator T * T -- 1 ia the whole space & De- 
noting by t> 9 the doaain of T* T 4- 1, we have for every X , f Pp 



Accordingly, if 

(x, T*Tjj+^)=0 for every TL t % 

then we have 

(T*Tx + x,)=0 for every x * P, f 

and hence s 0, because (T* T + l)P f = R. Therefore P, is 
dense in R . Consequently we see by Theorem }6.4 that T* T 4 1 
is s regular closed symmetric normal operator, namely a self -adjoint 
operator by Theorem 37-1. Thus T* T also is by Theorem 56.1 a 
ae if -ad joint operator with the same domain P . By virtue of Theo- 
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rem M*l ve say consider T* T as a dilatator by a cloaad ring of 
projection operators ft . Since 

(T" Tx , x) s n T x M a for every at 9, , 
we have T* T J> \xy Theorem 25.2, and hence T* T * | T* T I 
Thus, putting H = v'T* T , we obtain ty the formula $25(2?) 

T* T a HO H a H H . 

By virtue of Theorem 24*4 9 denoting by P M the domain of H we can 
find then a sequence ^ * P* t^ t 1 auch that P,, R c M "^ HP* 
is bounded for every f 1, 2,,.. . For such P,, (^ = 1, 2, ...), 
we have obviously for every x R. 

T*TP,,x = HHP,,x (^ * 1, 2,...), 
and hence 

M HP* x if 1 (H HP^x , p,,x.) a (T*TP^X, p,, x) 

WTP,, x|| a . 
If X * P H , then we have 

^lis^ H P w x = IjJ^ p,, H x H x , 
and hence 

,,#?.. T P"*- T( % XH r.V*5-" H ' > - X - HP ^ X " Z0 ' 

Since T is closed and lim p., X = X, we obtain hence X * P and 

* -^ oo 

lim TP^x = Tx. 
v-^0 ^ 

Thus we have >;?> H and 

II T X II = J| H 5C 11 for every X. t P H 

Thereof re, denoting by /4 the closed linear manifold generated by 
the range of H : {HX: X t O H j , we obtain uniquely an i el~ 
ric operator 17 with the proper space A auch that 

T X = IT H X for every X f p H , 

that is, T > T7M . On the other hand, V H ia closed. In fact, 

if JLim^ * s a and lirn^ T7 H x fc = ^, then we have 

lim H H X u - H X M || = lim II T7 H X^ - X? H f^M = 0. 

k,yw- r* V.^-^eo r^ 

Since H is closed, we have hence tL t P H and 

Ha = lim H x^ . 

i,->0 

This relation yields 

XT H a = l^n^ TT H x,, = ^ . 

Recalling Theorem 35*1 we see hence that the right graph of TTH 
H C x . T7 H x f : <t/ H / 
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is a closed linear manifold of { R , R \ . Thua for any fit P we 
can find X, P M for which 



Since P w 3 P and T7H X s T x for x H< , we obtain hence for 
every z ( Do 

(U(a-*.),T<L-x.)t, Ux,Tx})aO, 
that la, 

(cu~x,,x) + (T(CL-X O ),Tx) s 0. 
Thua we have 

( a. - X, , T*T x * x) f for every x * p, . 
Since R = (T* T+ l) P, , we obtain hence <t * X . Therefore we 
conclude P M p , and conaequently T = TTH . 

Conversely if T = UH fox* & positive self-adjoint operator H 
and an isometric operator V whose proper domain is the closed linear 
manifold generated by the range of H , then we have T* = H T7* . Be- 
cause for each < D* , we have for every X * D 



and hence T*y H*T7* s HV*^. On the other hand if 
has any sense, then we have for every X P 

(Tx,^) = (HX ,T7*y) = (X, HX7*), 

and hence T*^ HT7*^ *V definition. Thua we have -r* = HT7*. 
Since the proper domain of T includes the range of H , we obtain by 
Theorem 28.1 

T*T * (H-o*) (TTH) HH, 

and hence H * V/T* T , because H is positive. 
Now we can state 

Theorem 39.1. /or a closed linear operator T with dense domain 
we can find uniquely a positive self -adjoint operator M and an isomet- 
ric operator XT such that T TT H and the proper domain of V is the 
closed linear manifold generated by the range of H . 

This X7H is called the canonical form of a closed linear operator 
T with dense domain. Concerning the canonical form of T , we have 
also proved 
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Theorem 39.2. Por the canonical fora T = XT H , ve have 
T* = HIT*, T* T s H H , 

and T* T is a positive self adjoint operator. 

Theorem 39. 3 A closed linear operator T with dense domain la 

a regular normal operator! If and only if for the canonical form T = 

XTH i T7 ia a normal operator and "OH H t7. 

Proof. If an isometric operator T7 is a normal operator and 
U H H -a , then ire see by Theorem 23.3 that for the apectrality 
E,(J) (J*)ofT7and E M (f) (I * Sfr) of H , we have 

EjjCS)^*)- H H (*)ETJ($) for every f,^^^ . 
Thus, denoting by ft the cloaed ring generated by 

E v (f), E H () (Z^) f 

"U and H nay be coneidered as dilatators by ft Then ve have by 
Theorem 23*6 

H-a * H "cr . 

Since Ts"7H=H'a by aesumption, T aleo 10 a dilatator by ft , 
and hence a regular cloaed normal operator by Theorem 34*1* 

Conversely if T ia a regular closed normal operator, then ve can 
find by Theorem 34*1 closed ring of projection operators ft by which 
T is a dilatator. For the canonical form T = T7H, since ve have 
MM * T*T by Theorem 39.2, ve see easily that H al*o is a dilatator 
by 91 and ve have 

T o H" 1 T7. 

Therefore T7 also is a dilatator by ft , and hence ve have by Theorem 23.6 
T * Uo H H oTT m HT7. 

Theorem 39*4* A closed linear operator T vith dense domain is 
a regular normfll operator if end only if 

T T TT 
for the adjoint operator T * of T . 

Proof. If T T s T* T , then for the canonical form T7 H of 
T and that T7, M, of T*, ve have by Theorem 39.2 
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H, H, = TT; 
and hence we conclude easily 

H, * 
Thus tie have 

II T x H = H 17 H x U II Hx || * ft H x I 

* II XT, H , x || * || T * x K . 

Therefore T la a normal operator and T* la the conjugate operator 
of T . Consequently T is regular by Theorem 56.5 . 

Conversely if T la a regular closed normal operator, then, con- 
sidering "f as a dilatator by some closed ring of projection operators 
ft , we hare by the formula 25(5) 

TOT* * T* o T. 
On the other hand we have by the formula 25(ll) 

T o T :> TT 

and both T* o T and T* T are self -ad joint . Thus we conclude 
by Theorem J6.6 T*o T T*T. We also obtain likewise TOT* 
T T*. Consequently we have T T * T * T 

$40 Hermitean Operators 

An operator H in a Hilbert space R is said to be a Hermitean 
operator, if H is a closed symmetric normal operator, i.e., the do- 
main P of H is a linear manifold being dense in R , 

(Hx,) * (x, H$) for every x ', J e P , 
and H ie closed. 

Let H be a Hermitean operator with domain V * For each X * P 
we have 

ll(H + u,)x U 1 = |(H- t)x II 1 * j| MX W l + IUII 1 MX ft 1 . 
If lim ( H + I )* = -, then, since 

II *- X^llj (H4- L )x v (H > I )x^n (w, r = l, 2,...), 
we have ^li*^ II *-* - x^ || = O t and hence putting O, a jUrn^ x^ , we 
have (H + t) L = ', because H -H u also is closed. Therefore 
( H t ) P is a closed linear manifold. We also can prove likewise 
that (H - I )P is a closed linear manifold. 

Theorem 40*1. For a Hermitaan operator H with domain p , 
) x , ((H-J,)D)*, P 
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aye 11 rum ply Hf^ependenti ie 

vt + v * a, o, 



implies u = v s a = 0. 

Proof. For any u ((H + Jo)* and v ((H - i, 
have obviously for every x ( p 

((H + i )x,u) *0, ((H - l)x,v) 0, 
and hence 

(H*,u) (x, Ju), (Hx t v) (x f -iv). 
Thus, if u -i- v + a for aoae a & , then we have for every * 
(x, tu- i v 4-Hft.) (x f tu) + (*,-tv)+ (x f Ha) 
(H-x f u)* (Hx,v)-- (MX, a) 

a (HX, 04, * V+<X) 0* 

Since ia dense in fc , we obtain hence 



Since u -- -IT - (X * by assumption, we conclude further 



On the other hand we have obviously 

(2lu, (H + {,)<X) a 0, (-2;v, (H- l)a) 0. 
Thus we obtain by the foroula 7(4) 

II 2t *ll a -I- fl(H* l)ou II 1 o, 11-2 ,Vll*^l|(H-t ) cell 1 0. 
This relation yields U = ir x 0, and consequently a * 0. 

For a Henoitean operator H , the di nans ion of the closed linear 
manifold ((H ) D) X is called the positive defect of H , and the 
dimension of (( H - I ) D) 4 " is called the negative defect of H . 

Since H + i is a normal operator with the conjugate operator 
H - i , we see easily by Theorems 56*2 and 36.3 

Theorem 40.2. A Hermitean operator H is regular if and only 
if both the positive and negative defects are 0. 

Theorem 40.3 For a Hermitean operator H , in order that we 
can find a self-adjoint operator H "> H t it is necessary and suff ici- 
ant that the positive defect of H coincides with the negative defect 
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of H . 

Proof* If there is a self-adjoint operator 'h 5 H , then we 
aee by Theorem $6.1 that H + I is a regular closed normal operator 
with the conjugate operator H - v . Denoting by O the domain of 
H i we have obvously for every X e O 

II ( H + I ) X H l = II ( H - C) X II * = II H x 11 * + || x H* g U x II 4 . 
Thus we aee \ry Theorem >6.2 that the inverse (7* + I J" 1 is a bounded 
closed normal operator with the conjugate operator ( H - I ) ~ 1 , and 
hence both ( H + c ) P and (H - , )P coincide with the whole space 
R. . Furthermore, patting 

(H-l)*sT7(H+)x for X 5" , 

we obtain a unitary operator V . for this unitary operator "C7 , we 
have obviously 

(H - I ) x s U ( H + i, ) X for every X * P . 

Thus we conclude easily that the dimension of ((H+.)P) coincides 
with that of (( H - I ) P) ^ , that is, the positive defect of H coin* 
cides with the negative defect of H . 

Conversely if the positive defect of H coincides with the nega- 
tive defect of H , then we can find by definition a complete orthonor- 
mal system a A (x A) of ((H+ i ) P ) X and 4 X (X * A) of (( H - 
with the aame density. Putting 
ZL*A^ x +(H-l)x = TT i Zl<^a x +(H * u) f 



for 2H 1 ( .x 1 * < + ^ X- $ & w 8ee easily that T7 is a unitary 

operator. For thie unitary operator T7 , putting 

i* i M *t" T7 *( ) c W ( ^f *" T7 *f ) for M R 
o Q Q Q 

we obtain an operator H with domain 

Because, if V = U"v for some \ e K , then putting 
> = &"*a >+ (H*t)x, 

we have 

that is, 

2Lo^x^x-2H 'xCXx-2Cx =0. 
Since 
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((H + 1)P) X , 



A A 

and X e p , we obtain by Theorem 40.1 



0, X aO, 
Ac A 

and hencs a 0. If J, - t7 j, * jt - T7y t , th.n w. have 



and hence Jf, = ^ 2 , aa proved just above. 
For every x I we have 



and hence H ? H . For every v , Z f R. we have 

U( *Vjf), 2-TT 
f Z)- t(j ,1X1)- 



and hence R is a symmetric .normal operator* Furthermore we have 
for every & 



Thua we conclude by Theorems 3^3 and 26.1 that H is regular and closed. 
Consequently H is self-adjoint. 

Theorem 40.4* For a Hermitean operator )H with domain P , if 

VK7C ,X) g H x (| a for every x^ P , 
then we can find a positive self -adjoint operator H "5 H . 

Proof* From assumption we conclude for every X 6 P 

11 Xfl 1 ^ (Hx f x) i II Hx IIIIX II. 
and hence 

II H X II g || X (I for every X P . 

Since H is closed, we see therefore that the range HP is a closed 
linear manifold. The orthogonal complement (HP) is linearly 
independent from P , that is, 

U +x * 0, u* (H P )* , X * P 

implies w, X * 0. Because for X 9 y * , u (H P )* we 
have 
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(HJ,^*X) (Hy,u)+ (H ? ,x) = (,Hx). 

Thus if u 4 X * 0, than we have ( ^ , H x) for every ^ < p , and 
hence H x = 0. This relation yielda X = 0, beeauae 

II H x II n x U for every x * P . 
Therefore (HP)"*" ia linearly independent from p . 

Let be the linear manifold generated by P and (H p)*' . 
Then every element x f p nay be represented uniquely in the f om 
X a 1X + X, U(HP) X , XP, 

because (H D)^ ia linearly independent from p , aa proved Juat above 
Thua putting 

MX =Hx forx=u^x,iA(Hp) A ,xP, 
we obtain an operator H with domain P . It is obvious that H "> H 
and Pf is closed* 

For some JJ , I t R , if 

(Httti-x),^) (i4 + x ,z) for u^CHP)* 4 ", xP, 
then we have 

(H *,J) (u f Z)+ (x f z) for every u* (HP) X , x^P. 
Thias putting x O t we obtain 

(u f x ) a o for every u f (HP)" 1 ", 

and hence 1 6 H f because H P i a closed linear manifold, aa proved 
just above. Therefore there exists an element *i P for which 

Z H *,. 
For such X t * p , we have then 

(Hx.wJ - (x , Hx t ) = (Hx,x,), 
and hence 

( H x , ^ - x, ) = for every X * . 
Thus putting U, = ^ - X, , we have U, ( HP ) x , and 

Z B Hx t = H (u t + x,) = H^ . 
Therefore H is self-adjoint. Furthermore we have 

(H%,x)=:(Hx,u*x) = (Hx > x)^l|xil 1 g 
for ? = * + x , U 6 ( H P )" , X 6 P . 

Theorem 40. 5 For a Hermitean operator H with domain p , if 

(H x t x) 2 <* N x II 1 for every x f P , 
then for any real number A <. vi we can find a self-adjoint operator H 
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with domain p auch that H 3 H and 

(H%,x) g p II xil 1 for every x0 . 
Proof. Putting 

H ' - TIT (H -^ 

we obtain obviously a Hermitean operator M* with the same domain p 
and we have 

( H i % , X ) > II x ft <L for every x * P . 

A-/ 

Thus we can find by Theorem 40*4 a positive self-adjoint operator H, 
"> H 1 . For such HI putting 

H (i-p)H, + j5 

we also obtain a self -ad joint operator H and we see easily that the 
domain of H coincides with that of Sf, and H *> H Denoting by 
P the domain of H , we have furthermore for every X 
(H x,x) = (erf- p) (H,x ,x) ^ p I) x|{* 
g II x l| 2 . 
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CHAPTER V 
UNITARY INVARIANTS 

41 Isomorphisms of Rings 

For two rings of projection operators ^ and T in a Hilbert space 
R. , if there is a one-to-one correspondence P T t V ( P ft) such 
that 

P r 2 0? I* and only if P Q, 

(p~Q.) r s P T - a r forp>a, 

then # is said to be ieomorphio to . Such a one-to-one corres- 
pondence P^ ^ ( P * <JR) is called an isomorphism. 

Concerning isomorphisms P IT (P t 91) we have obviously by 
definition 



Q 0. 

Furthermore we see easily by definition that if a closed ring # is iso- 
morphic to a ring T by an isomorphism P^ T ( P * flfc ) t then T also 
is closed and 

( vy PA ) r = vy Px r 

XtA *tA 

(A Px) r = A P ^ 

XA x ** 

for every system P x (^ ( x */l)i and hence for the cover C^ of *& 

and C^ of ^ we have 

/* T /t> 

U 7t s L r- 

Let 1R and T be two closed rings of projection operators in the 
sequel. If # is iaomorphic to T by an isomorphism P^ V 
(P *R }, then for each maximal ideal in ft , putting 



"I* /v** 

we obtain a maximal ideal J in " . Conversely for each maximal 
ideal ^ in T , putting 

$ {P : P^6 ^ | , 
we obtain a maximal ideal in # . Therefore we have 
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41*1* If ^ is isomorphic to *T by an 

r (pt-R) 



then the proper apace ^^ of *R is homeomorphio to the proper apace 
%V ^ fry ft correspondence 

$ r < * r <**> 

such that $^"f "Hp?* if and only if $ e- T7p. 
Conversely we have 
Theorem 41*2. If the proper apace % o ^ la homeoaorphic 

rC 

to the proper apace ^ SLV by a correspondence 

$** ^ (?*^). 

then 'jR ia iaoaorphio to ^ by an iaomorpfaiaa 

p r r (p^) 

auch that J^e T7 p r if and only if T7p . 
Proof* By virtue of Theorem 13*6, putting 

VpT * if I J ^p } (P*H), 



we obtain a one to-one correspondence P * 7^ ( P *#) Further- 
more it is obvious that C~ s Ctf t and 



because we have by the formula 



If p = y p x , P^ t K ( x * /I ), tbm w* have by Thtowa 15.7 
t7p =(2IT7 p I". 

P AA X 

Thia relation yild 



and hmoe P r = V^ P x r by Tboiwi 15.?. th P r tT (Pt7) 

^ ^^ 

ia an isomorphism, 

For two closed linear manifolds M and A/ , a 
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X v tf (x < M) 
of M onto /V is aald to be an isometric correspondence. if 

(at -X. + p^) M otX v 4^t|, v , 

(*.) - U V ,*") 

for every x , 6 M and complex numbers o( , p . 

For an isometric correspondence x v fA^ ( x * M ) we have obvi- 
ously by definition 

H x " II * II x it for every x 6 M, 
x ^ = if and only if x = 0, 
lim x* X ^ if and only if lim a ^ = X . 

b^o k ^^ *" 

Furthermore, putting 



for the projection operator P M of M , we obtain by definition an iso- 
metric operator 17 with proper domain M and range /V. 

Let T7 be an isometric operator with proper domain p By vir- 
tue of Theorem 58.1, for the adjoint operator T7* of T7 and the projec- 
tion operator P of P we have 

V 11 T7 P p , 
and hence 

(Ux , 17^) = (x ,^) for every x, 9 ?. 
Thus "tT x (x<D) is an isometric correspondence between the proper 
domain and the range T7 P . For a manifold K C p , we see easily 
that V K is a closed linear manifold, if and only if K is a cMoeed 
linear manifold. Furthermore for the projection operator P K of a 
closed linear manifold K C P and the projection operator P^ K of T7K 9 
we have 

P WK T7 x T7 P K x for every x e R . 
Since T7 T7 * P^p by Theorem >8.1, we obtain hence 

(l) PT;K * ^ PK <u< * for K C P . 

From this relation we conclude immediately for every system of closed 
linear manifolds K x c P ( x 4 ) 
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(2) & ****** * U( xVA P ** )t7 *' 

(3) A T7 P k T7* X7( A P K ) T7*. 
MA K * *M Kx 

For two closed linear manifolds K , L C p * have obviously 
(T7P K T7) CaPcV*) . "OP* p,. T7, 
T7"<T7P K P L T7)t7 P K p,. , 
because T7* T7 = P p . Thus we see that 

(TTP K T7*) (T7P L T7*) (T7P L T7*) (T7 P K T7") 
if and only if P k P L a P L P R . 

Therefore, if C^ < Pp for the cover C^ of a ring of projec- 
tion operators 7? > then putting 

T {X7p-a* ! P ^ } , 

ne obtain a ring of projection operators ^, and W is iaonorphic to Y 
by the correspondence T7pT7*6T (Pt^). Furthermore for the 

connutor ^ of ^ and ^ of y , we see easily that 

T7PT7* 6 ^ r r (Pfc CfcS) 
is an isofflorphissi between C# K and L* r r . 

Theoren 41-3- For two closed rings of projection operators *& , 

T and the coamutore ^ > 7^ rsspectivelj of 72 , "T , if there is a one- 
to-one correspondence 

P r C^T (PtC^^) 
between ^5 and C^^ such that 

p^*" ^ Q^^* if and only if p > d , 
*(P-d) r P r - 61^ for P^ ft, 

thep there exists an isometric operator T7 with proper domain C^R. such 
that W, is iaonorphic to T by the correspondence 

T7PT7* <T (P*) 

and we have 

p^ a tTP T7 * for every P6 ^!. 

Proof. We see easily by assumption that 
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( A P x ) r A 



_ 

for every system P x C^ (X /\ ). for P , a C^ft, if 

Pft * ftp, 
then we have by Theorem 12.6 

(P w ft.)- P * ft- (P^CL), 
and hence by assumption 



that is, 

p r ^a r = 

Thus we have by Theorem 12.4 

P r U r - (P*V>ftT)) 

Since we have by Theorem 12.1 



we obtain hence 

P r ft r . a r p r 

We also can prove likewise that P r d r s a!**?** implies Pft = aP . 

Therefore we conclude by Theorem 20.1 that we have p^ T if 
and only if P # . Thus 41 ia isomorphic to ^ b y thia correapond- 
ence P r 6 T ( P * 9t) 9 and hence we see by Theorem 41*1 that the pro- 
per apace ^L of fl ia homeomorphic to the proper apace ^L. of T by 
a correspondence 

$ r * r (*) 

such that J^ ITpV if and only if T7p . 

By virtue of Theorem 14.1, for any $ P fc CLS ^^ can find an 
element OL R, such that P g [ct]^ 4= 0. For such CL R., . since 



^ C r T, we can find 4 /I such that Ca3 % j [^ 3 r * 0. 
Then there eziata Q. t C^ S for which [^3 r = & r , nd hence we 
nave Cflt]^ J Q, ^ 0. Thus we have by the formula 14(6) 

[Gialfc at<x]^ = d * 0. 

Therefore for any * p < C^^ we can find x , ^ R. such that 
P 



By virtue of Maximal Theorem, there exists a *** 1 system of 
elements x x , x ^ R. (X 6 A ) such that 
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for X*. 



Then we have % a U tXxJ^. Because, putting 

P - Cfc-^CXxJ*. 
if p * 0, then, since P C* ft i we can find * , C R for which 

P 2C*3fc* 0, Cx3 w r * t^Jy, , 
and hence 

C X A 3^ C x 1 K = for every A /4 , 

contradicting the maxinality oJT X A , H x R k (Ae/t). 
Therefore we have 



Since tMx3^. s CXxJ*,^i we have by definition 



Since both HPXxIl*! HP^axll 1 (P) are positive total- 
ly additive functions on K and proper in C ^ A 3 ^ *y virtue of Theo- 
rem 18*2, putting 



for 



we obtain a positive continuous function <f\ on T7/# and 
MP^^x" 1 j 



P 
Thus we can put by Theorem 17*3 



ZA - j V<M) d$ 



<- 1*0* 
and we ha, ve 

II P r ^x II = H P Zx H fop *K * P 

Furthermore we have C^jJ^ = Lx A 3^. Because it is obvious that 
[Z A ]^< [XxJft i and hence we can find by Theorem 19*4 Pp ft such 
that P ^ ft*.^* and tz ^^ = PoL*jJfc. Then we have 



This relation yields 

P. r - 

and hence P s C 
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for every X CixJ^ R. putting 



v* toy Theoreae 17-3 and 18.4 that C^jJ^R, ! isoatttric to the 
closed linear Manifold C ^ x 1<p R. toy the correspondence 

17* C$x1 r R (* 
Sine* we have by the formulas (6) and (8) in 19 



pr- 
v conclude toy Theoran 17*4 



P C 

For any X ( R we can find a sequence A 4, A (^ = 1, 2,..,) auch 
that 

C ^ X * ^ lZA - ;l fl X ' 
and for euch X*, , putting 

crx .C. ^cz Xl ,j^x, 

we obtain hence an iaonetric op writer U with proper doaaln C^ R. , and 
we also have for each \ t A 

TTPt^A^^R P r Cy x 3 r R for every pjt, 

and hence toy the formula (l) 

T7 (P 1^3^)17* P r ;t, r for every A. 6 A , P * . 
Since 



we obtain therefore toy the fonnjl^ (2) 

tfPT7*= p^ w for every P e 

If % ia aimple, then we have ty definition H m C^K , and hence 
we obtain inaediately by Theorem 4... 3 

Theorea 41*4 Let a'-e"> m ple r*Tvr of projection operators 7( be 
isoaorphic to a ring ^ by a ccrreBpondence P T t Y (pffl). In 
order that we can find an iaoaetric operator IT with proper domain f^R. 
auch that 
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p r s TTP-tf* for every prt, 
it la necessary and sufficient that y also la simple, 

42 Rings of Onifora Multiplicity* 

Let $1 be a closed ring of projection operators and % the commit- 
or of fa . For every Q, 6 *R , QW. also is obviously a closed ring. 
For a projection operator t ve have by the definition in 14 

C<1 s C tt 
if and only if Q. P = 0, P * ft , implies P 0. 

theorem 42.1. For a projection operator Q.*# f 71 is iso- 
morphic to Q K by the correspondence Q. P ^ q^t ( P e fl)> if and 
only if C a a C^ . 

Proof. For P, , P x * $. we have obviously that 
PI 3 PI inpliaa d P, 4 Q, Pa . 

If CQ^ = Cft , then ve have conversely that 

Q. P t < a P x implies P, i PI . 

In fact, if d PI < Px , then ve have a ( PI - PI Pi ) * 0, and hence 

P, - p t P x s 0, because C a C * and P f - P, P* 6 71 

If Co. * Cfc, then putting P C K - C^ , ve have 

* P f *. 
but 

ftPo * ft. \J P 0. 

AP0,f *X 

A projection operator S C^ft ia said to be a simpler of 71 
if <? C^ and S 71 is a simple ring. 

Theorem 42.2. For a projection operator Q, * <R , i 

^0. * ^* 
then there exists a simpler $ j Q. oX #. 

Proof. By virtue of Maximal Theorem, ve can find a maximal sys- 
tem of elements x x R. ( X f /I) subject ot the condition: 

for every X /I , 
for X * f. 
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Tor such X* R ( X A ), we have 



Because putting 



if P 4: 0, then we have P d * by assumption, and for an elem- 
ent 7 R such that P d x * 0, we have by the formula 14(16') for 
every x A 

= 0, 



. 

contradicting the maximal! ty of the system X x t R (X /I ). 
For such X x ^ & (X f /I ), putting 




we have obviously C^ 'K } S < & , and by the formula 14U5) 

<? -xV. C W^- C *- 
For a projection operator ^ , if 

(SP)ft, ft c (SP) =0 for * P *ft, 

then we have naturally for C caXxl P * 0, P 6 # , 

(5 C UXxl P )ft. - &.(> C LCi ^ P ) * for every x /I 
because C CftXx5 f ^, . On the other hand, since 

C Ux x ] C LftXf] =0 for x * p, 
we have 



AnA CO. ^x 3 *3R. is simple by Theorem 20. 5 Thus we obtain by Theo- 
rem 20*4 & ^ LQx x ] for every A /\, and consequently 

a.g x ^Lax x] = s. 

Therefore SW is simple by Theorem 20. 4 

A system of aimplors x (X /I ) of ^ is said to be orthogonal . 
if S x S p =0 for X ^ f . An orthogonal system of s implore \ 
( \ /I ) of K, is said to be complete, if 

Cn'&Sx 

for the cover C^ of fll . A closed ring of projection operators ^. 
is said to be of uniform multiplicity, if there exists a complete ortho- 
gonal system of simplors of *& 

42.3. Let a closed ring of projection operators 3t be 
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of uniform multiplicity and x (x^) a complete orthogonal sys- 
tem of simplors of K . For any orthogonal system of simplors Q.y 
(frP) of tt . the density of r ia not greater than that of A . 

Proof. For an element a R. subject to ^ a, * 0, we have 
obviously C Ca3 * by the formula 14(l6) Since ^ is isomor- 
phic to S x ft by the correspondence 

Sx P * SA# ( p e ^^ 
we see by Theorem 14.7 that there exists X X R (x*A) such that 

On the other hand we have by the formula ?0(l) 



because Sx ^. is simple. Thus for such X x (& (xtA) 
CS x x A ] = S\ CCA] for every x A . 

We also can find likewise ^**R ( JT P ) auch that 

tftyUrl = Gt^Cca] for every rtP, 

and hence by the formula $14(16) 



We suppose firtly that the density of A is infinite. For any 
A A we have 

HSx*xll a > 21 ll t y 3*]S x x x || a , 
and hence we can find a sequence K XjW , (v = l,2,...) such that 

tft-r^l S X X^ =0 for If t y xv (i/ = 1, 2,...). 

On the other hand , for each f P we can find X and v for which 
V = y x ,^ , because if CO,*^ y ] S A x^ = for every A /\ , then 
we have by 14(8) 

Ca^^]LS x x x J =0 for every Xf A, 

and hence 



contradicting C 0,^.^3 ^ 0. Therefore we have 

r = i r x^ : x e A , v = i, 2,. 

Thus the density of P is not greater than that of A 
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ext we consider the case where A is a finite set. We shall 
prove firstly that for every finite number of different elements x v A 

(v m 1, 2,...,*), if 

x 

then for any * P *K we can find dilatators T^ (/u = l, 2. . . . , x + l) 
by ^ such that 

jg-r^c,, -o 

but we have not T^ p for all /M = 1, 2,..., x+ 1. In the 
case: x = 1, if 



then we have obviously 

PC, * CSxt^lPC,, PC t . CS Al x x 
If PC 1 KpC l =0, then we have PC,4.pc^=0 and P * 0. 
Thus we suppose that PC^ * <X By virtue of Theorem 25.8, we can 
find two dilatators T, and T* such that 

PC, -MSj^x*,), PC! T t (S Al * A| ). tT t ] = CCPCO- 
For such T, , T x we have by the formula 23(40) 

[TalPC, - (T,T a - 1 )PC t 

*wt CT t ]R * PCcp Cll * ^CPC 4 ] t 0, Next we suppose that it 

is valid in the ease: x - 1. We have obviously by assumption 

Pc,* (r li 2 t ...,x* 1). 
* = it 2,..., x* 1, then we have 
,l)FL (^.1, 2 f ... t x*l). 

Thus we suppose that C Ex K *x K lP C H+i * * ^ virtue of Theorem 
25.8, we can find dilatators T X|r (/M. 8 1, 2,..., K+ l) such that 

AK) (/* l, 2 f ... K* l), 



and hence by 2^(40) 



. 

Thus we can find by assumption dilatators TM. (/* a 1, 2,. M x.) by 
such that 



. 
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**t T^I-TH,*,,,]? * for some /u, , because we hay* by 14(16') 

*0. 



For such T^ (p = 1, 2,..., K) we can find by Theorem 24,4 Q, t K for 
which all T^ Q, (/* = 1, 2 t , .. , K ) are bounded and 

T>Q IT*,**,} P *0 for some ,. 
Then we also have 

i>ft t-r*,^, ] p c^-f (T^.TK^.TK,^ > PC K+ , - o 

but T^ d CT K ,H^il p * for 80me ^ Therefore we conclude our 
assertion by induction* 

It A * { \i, i i'sl,2,...,x}, then we have 

il CSx.Xx,] * C Ca3 . 

If we have different y k f P (/ x l t 2,..., x-i- 1), then we can find 
dilatators T^ (^ = 1, 2,..., xt l) by ^ such that 

21 T /u(ar.^)*o, 

^*i ~ /* r 

but T^ C Cal tO for some ^ . On the other hand we have for every 
i/ = 1, 2,..., K+ 1 

tay^rjr! ^(Q^^)^ T,(a^ r J. 
Thus we obtain by Theorem 25.7 for every /* =1, 2,..., >t+ 1 



contradicting T^ C Ccc3 ^ for som0 ^. Therefore the density 
of P is not greater than that of A . 

By virtue of this Theorem 42.5, we see that for a closed ring ^ 
of uniform multiplicity, every complete orthogonal system of simplors 
has the same density. This same density is called the multiplicity 
of #. 

Theorem 42.4. Let a closed ring <K of uniform multiplicity be 
igomorphic to a closed ring of projection operators ^f" by a correspond*' 
ence P -!r T (P*^). In order that we can find an isometric 
operator T7 with proper domain ( R such that 

p r = u P TT * for every p t ft , 
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It ia necessary and sufficient that f f also is of uniform multiplicity 
and the multiplicity of T coincides with that of # , 

Proof . We suppose firstly that V is of uniform multiplicity 
and has the same multiplicity with f? . We can find by assumption a 
complete orthogonal system of simple rs & x (x/4 ) 01$. and x (A 
A ) of T. Since R x ^? is isomorphic to ft and 3^T ** isomorphic 
to y , we see by assumption that R x ^ is isomorphic to $^ f by the 
correspondence 

Sx P 7 " < SxT UxP < Rxtt). 

Since both Rx^R and S^T are simple, we can find by Theorem 41*4 an 
isometric operator 17^ with proper domain K A R 8UCh that 

-Sx P r = "C7 A R x p T7 X * for every p e flU 

For such Ux. ( * ^ ^ ) * have by Theorem 38. 1 

^xR = tr^Rx^R = XT X R . 
Thus putting 

17 X 21 T7 X x for every % * R , 



we obtain an isometric operator V with proper domain 

(V R x )fc = C-R, 
xfA w 

and we have 

^K-x = Sx"^ = "^^ f or 
Therefore we have for every p f 7 and x f R 
P T x = H Sx P r x = H V x Rx P 



- H. XT R v P T7*x = T7 P T7 * x , 
because 2L R x Pl7*X = PT7*X. 

Conversely let T7 be an isometric operator with proper domain D 
such that 

C^ P0 i P^ = T7 P T7 * for every P ^ 

For a complete orthogonal system of simple rs R x (X^/\)of^,we 
see by Theorem 41.4 that R x T' also is a simple ring for every A. /I 
Furthermore we have for x =* y 

AfA ~~ ^ ^ 

by 41(2), and 

7*' = ii and only if Ptf x = 0. 
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Thus T7 R^TJ* (*> * A ) is a complete orthogonal system of staplers 
of T . Therefore T is of uniform multiplicity and has the sane 
Multiplicity with ft . 

43 Multiplicity Resolutions 
Let 91 be a closed ring of projection operators. Since 

(V * c*. . 

we see by Theorem 42.2 that there exists a simpler of K . By virtue 
of MaTlmnl Theorem, we can find hence a maximal system of orthogonal 
simplors S x (X A ) of W . Then putting 

a v s*, 

AM 

we have obviously ft f ^ ft for the commuter <R of # . If ft ^r ^ , 
then *& is of uniform multiplicity by definition. If Q. * C# , then 
we have 



Because if C^ .^ = C|^ > then we can find by Theorem 42.2 a simpler 
S<C^-a ofT^andwe have obviously S x S * for every X A, 
contradicting the maximal! ty of the aystem S^(^ t A). 
Therefore putting 

P = C^ - ^^- a 
we have ^ P ( 'K and by the formula 14(16) 



This relation yields 

xA 
Furthermore we see by Theorem 20.6 that P S x *R is a simple ring. 

On the other hand we have by the formulas 20(2) and 14(l6) 

Therefore P S ^ ( X A ) is a complete orthogonal system of simplors 
of the subring P ft , and hence the subring P ft is of uniform multi- 
plicity. 

Thus we can find * P 6 fa for which the subring PK is of uni- 
form multiplicity. By virtue of Maximal Theorem, we can find hence 
a maximal system * P\*3l ( X /\ ) such that P x P f for every 
X * p , UP\ = fc , and P x # is of uniform multiplicity for 
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every X A . 

For a eyetem * P y 71 (if 6 r ), if Px Pf * for X * p , 
and Pfr ft la of uniform multiplicity with the same Multiplicity for 
eveiy JT T , then the aubring ( V Pj- ) K alao is of uniform multi- 



plicity with the aame multiplicity 

^ x 
V 

rtr 



gonal avatem of eimplore & x ( X A ) of P y ^ , putting 



In fact, for a complete ortho- 
P y ^ , p 
(X A), 



we have 



\J 



and for X * f 



ye P 
P r , 



V S) = \J 



r 

j 



A), 



0. 



For a projection operator Q , if 



then for each Y P we hare naturally 
Q (S rfX P) = (S y|X P)Q ^0 
Thua we obtain by Theorem 20.4 Q. 5 ^ 
Q, j> VJ 5 y>x -Sx Consequently 



for 

for S 
for 



and 



IB simple by Theorem 20.4* 



therefore S x ( X ^ A ) is a complete orthogonal system of a implore of 

the subring ( V P y )# . 
*P 

Now we conclude hence that there exists a system * P x 9t 
(X * A ) such that P x Pj> a for X * f , L/ P A = <^-R t PX ft 



^ ^ 

is of uniform multiplicity for every X /t , and the multiplicity of 
P x ft is different from that of Pp # for x ^ f . Such a parti- 
tion P x (X /\ ) of (?^ is determined uniquely. Because for some 
04 p * tt r i* PR ie of uniform multiplicity and * W, , 
Q. a P then for a complete orthogonal system of simplors S A ( X A ) 
of Pft we see easily by Theorem 20.6 that Sx Q. ( X * /I ) is a complete 
orthogonal system of simplors of the subring Gi ft . Thus Q, ft also 
is of uniform multiplicity and the multiplicity of Q,K coincides with 
that of P <R . Therefore we can now state 

Theorem 45.1. For a closed ring of projection operators 7t 
there exists uniquely a system 0* P x *7l(x*/O such that 
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P* Pf 12 > * P , V P x . C*. 

^'A 

PA R. i of uniform multiplicity for very x A , and the multipli- 
city of P x *R is different from that of p p ft for A * p . 

This uniquely determined partition P x *.ft ( X 6 /I ) of C ^ is 
called the multiplicity resolution of % , and every PX 4s called a 
multiplicity term of ft for the multiplicity of P x * . 

'jfheorem 45*2* Let a closed rlmr ^ be isomorphio to a oloaed 
ring y by a oorregpondence p^fe T (P*R). In order that we 
can find an iaoaetrlo operator TJ with proper domain CjaR euoh that 

p** * -CTPTT* for every P *XL . 

it is necessary and aufficient that for every multiplicity terai P og 
^ ^^ also is a nultiplicity tern of T with the aaae ultiplicity. 

Proof* We suppose firstly that for every Multiplicity tem P 
of % t pr also is a multiplicity tem of ^ with the sane multiplici- 
ty. For the multiplicity resolution P*(A~6/1)offt,*esee by 
assumption that P X T ( X * A ) also is the multiplicity resolution of 
^ and the multiplicity of P^T coincides with that of P A <H for 
every X C /! . Thus we can find by Theorem 42*4 an isometric operert- 
or XTx with proper domain P X R such that 

Px r P r * ^xfxPtTx* for every pft. 
For such tT^ ( X 6 A ) , putting 

T7 Zl T7 X *> for ***** * * R 

Xf/1 

we obtain an isometric operator t7 vith proper domain C^ R , because 

T7\ P x ^ T7x fo 

Zl IIX7 x x|| a * 21 l|p x xll f M2L 

A-M X^ *M 

Furthermore we have for every X t A 



and hence for every P ^ 

P x r xrp-a* t7PxP 

Thus we have for every X 

t7Ptr*x - 

^, 

because W P A r 



ZI Px r TTP-a*x. 21 Px^P^x P r x, 

X *^ * A 
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Conversely if W. is isomorphic to *f by a correapondence 

T7PT7* * f (P * ft) 

for an isometric operator with proper domain such that ? g C^ , 
then we see by Theorem 42*2 that for the multiplicity resolution PA, 
(A /I ) of K i T7 P X T7* ( *- * /I ) also is the multiplicity resolution 
of T and the multiplicity of T7 P x t7* T coincides with that of P x # 
for every X A . 

Theorem 453 Let the dimension $ of a Hilbert space R. _be 
infinite and ^ a closed ring of projection operators in R . For 
a system 0* p x (ft ( X / ) subject to the condition: 

P A P p = for \ * p , f P x <?K , 

x t A 

and for a system of different cardinal numbers ^ < J> ( A f /i ) . we 
can find a closed ring of projection operators f such that % is lao- 

morphic to T by a correspondence P^( T ( P * W> ) and Px 7 " is a 

multiplicity term of V for the multiplicity /x 

Proof. Since ^ -g ^ (X / ) are mutually different, the 
density of A is not greater than & . Let r\ be a set with den- 
sity >/x for every X 6 /t . Then the density of 2H f\ also is 

xA 

not greater than . Thus we can find a system of closed linear ma- 
nifolds Mx,r (*"*f\**^) mich that the dimension of Mx,r i8 
/ for every r * f\ , X 6 /A , and 

M x ,rMy,yf =(OJ for X * x' or r * V', 
For a simpler S of # f ft is isomorphic to 5 91 by definition. 
Thus we can assume without loss of generality that 9? is simple* 
Since every Mx,y has the same dimension with R , there exists an 
isometric operator V\ } f with proper domain R and range Mx,r 
For such T7 A ^ r (f f\ , * ^ ), putting 

9 r = W W T7 x , y P x P T7>; r for P *K , 
A < ^ IT < n> 

we have for every X ( A and JT e T x 

Px r ,V>. ^A, r P* ^*,y 

^< TX 

^,T PX ^A.r* P r " V x>r P x P TT X ,/ for every P t % , 
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AVx, r)*0 for jr* a", 

v ?S = cf. 

A*A * 

Thus putting 

r { P r : P* # f. 

we see by Theorem 41-4 that T7 x>r P* T7 Ajr *T ** * simple ring, because 
^ is simple by assumption and hence P x 71 also is a simple ring by 
Theorem 20.6. Furthermore T ia a closed ring. In fact we have 
by Theorem 15-9 

( e * - P ) r CfT ~ P ^ for 
and by 41(2) for every system 



Therefore we conclude easily by definition that 9JT ( >- 6 /t ) is the 
multiplicity resolution of T and the multiplicity of ?J r V is /^ A 
for every x 6 A Furthermore it is obvious that $t is isomorphic 
to T by the correspondence P^tf ( P 
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Let ^ be a closed ring of projection operators with multiplicity 
resolution R r 7? ( r 6 P ) and /^ r the multiplicity of R ^ 4* for 
every r 6 P For each p e *R we define the minimal multiplicity 
*n( p ) to mean 

(l) **(P)aMin ^ for 0P7t 9 



and 'tn (0) = 0. If we need indicate 91 , then we denote by t n ( P ) 
the minimal multiplicity of P . 

Concerning minimal multiplicities, we have obviously by definition 

(2) **(R,) = J r (r r), 

(5) ^(P)g^(ft) for P*Q,*0, 
(4) ^(V/P X ) Min ^(P A ). 

AfA a*0,A*/| 

Theorer 14 .! For a projection operator * P, e 'H , the 
aubring p p "X is of Ufiifomr-multiplicity with multiplicity /f- , if 
and only if the miniaal niultlplicity of p coincides with $ for every 
* p t P "X , that is, ^v (P ) = ^ for * P * P. '& . 



2J8 UNITARY IKVARIAHTS (Chapter V 

Proof. If P ft B of uniform multiplicity with multiplicity 
J , then there exists a multiplicity tern P, of ft for the multipli- 
city A* and P < P 1 . Thus we have by definition 

* ( 9 ) * J- f or * P e P fl ft . 

Conversely if *+ ( P ) /^ for * P e P ft , then for the mul- 
tiplioity resolution R ^ ft ( r 6 P ) and f or the multiplicity ^ of 
Rj,ft we have by definition 

Pa K*- = ^<> r >^y * ^- 

Thus there exists X t T for which P # r ^ r = ^ **"* nence 
the subrlng P >R is of uniform multiplicity with multiplicity/. 

Recalling Theorem 43*2, we obtain by this Theorem 44,1 
Theorem 44,2. Let a closed rinjg #. be isoaorrtiic to a closed 
rigger by a correspondeooe P^ T (P ^.). In order that there 
exists an isometric operator T7 with proper domain C^R sucfc that 

P^ a T7P17* for evwy P e K . 
it is naceesary and eufficiemt that 

*Y (P r ) ejt^( P ) for gvegy p f fl , 
denoting by -tn.^ the minimal multiplicity of ft and by **c^ that of T* 

Let ft be a closed ring of projection operators and ** ( ? ) ( P * 
ft) the minimal multiplicity of ft . For the proper apace ^ of ^ , 
putting 

(5) **.($)* su P 4tv(p) forj^, 

we obtain a cardinal valued function *t on ^f^ . This function '***- 
on ^ is called the multiplicity function of fl and the function va- 
lue **($) the multiplicity of ft at J . 

Concerning the multiplicity function **> , we have 

(6) **> (P ) s Min ^*v(P) for 0*P*#. 

|P 

In fact it is obvious by the definition (3) that **, (P ) < Min ^*t 

* J>P 
f or * P ft , On the other hand, we can find by the definition 

(l) a multiplicity term R y of ft such that PR jr * and * (P ) a 
^ for the multiplicity ^ of R Y ft . Thsn for each * P R y 
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we conclude by Theorem 44-1 that *w ( J ) = 4*r Therefore we ob- 
tain (6). 

Theorem 44*3* The multiplicity function t*v o ft ie a conti- 
nuous function on ^ and 

{$ : *($) >^ } 
is open and closed for every cardinal number// . 

Proof. If **> ( $ o ) > & t then there exists by the definition 
(5) P * Jo for kieh ** (P ) >/^ . f\irthermore we have by (5) 

'*** ( J ) 2T ** (P ) for every "C7p . 
Therefore {J : >**t(j)>^l is open. 

If { : ^*,(J ) > j> \ * 0, then we can find a system of pro- 
jection operators 0* Px^ft (X6/1) such that 



because t J : -tn ($)>,/} is open, as proved Just above. Thue 
we have by Theorem 15 7 



On the other hand we have by the formula (6) 

** ( PX ) > 4^ for everv A. 

and hence by (4) 



A rA 

This relation yields by the definition (3) 

*, ( $ ) > / for every J 17 ^ 
Therefore we have 



and hence { : t^-(J ) > /^ ( ! oloMd. 
Sine. 



we conclude hence that {* -^^ ( J ) 2^ ^ I i* closed. Therefore 
4H> is continuous* 

Theorem 44,4. For a multiplicity term R* ojf >R with multipli- 
city ^ r we have 
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for the multiplicity function v* of *l . 

Proof. Since we have by the definition (5) 

*-(% ) //r for ever y $ 6 ^Hfr 

we obtain imnediately 

^ c U : **"<$> * A I*' 
Since { : /i*v ( ) = ^ | ia closed by Theorem 44), we can find 

by Theorems 15*9 and 13.6 P * V for which 

^Pt * 1^ s "*(?> /M*- 
For such P we have obviously R ^ g P , and the subring P f? is 

of uniform multiplicity by Theorem 44*1* Therefore we obtain 

R r * PC . 

Theorem 445 For two closed rings of projection operators # 
and y* there exists an isometric operator TJ with proper domain Cft R. 
such that ^ is isomorphic to 7^ by the correspondence 

V PT7* T (P^), 

if and only if the proper space ^fL. of JJ is homeomorphic to the pro- 
per space ^ of ^r by a correspondence ^ nf^ ($ ^ ^ ) uch 
that 

^Hi r (-J r ) ^($> for every ^ , 
denoting by 4K^ the multiplicity function of ft and by /wc^ that of 

r. 

Proof* If ^M ie homeomorphio to tfv ^ a correspondence 
? r ^ ^r ^ 6 ^K ^ then ther * exiatfl ^ Theorem 41.2 an isomor- 
phism P^T (P^^) such that 

XT r * r s ^^ for P^'K. 



furthermore if 4**r($ r ) ^>**^(J) for every ^ , then we have 
by the formula (6) for every $ P * ?t 

8 Min -^t r (j r ) = Min />** ( ) 'W^(P). 



Therefore there exists by Theorem 44.2 an isometric operator t7 with 
proper domain C^R. such that 

P r tr-PT7* for every pf^.. 
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Conversely if 41 is isomorphic to tf" by a correspondence 

T7PT7* T (P6tt) 

for an isometric operator T7 with proper domain CM R- then we have by 
Theorem 44*2 

^r ( T7 P T7*) = ** ( P ) for every P e # . 

On the other hand we see by Theorem 41*1 that $f^ ia homeomorphic to 
* y. by a correspondence J *" * *^ ( jf ^ ) such that we have 
$ ^ * T7 P T7 * if and only if J * P . Thus we have ty (6) for every 



sup ^ r T7PI7* sup 4H^= 
j r 9-optr* ^*P ^ 

Theoren 44*6. Let the dimension /JL of a Hilbert space g, be 
infinite and 01 a closed ring of projection operators in R. . For a 
cardinal valued continuous function ($)/ ( J ( ^) on the pro- 
per space ^ of ft we can find a closed ring W such that L is ho> 

u fC ""* - i.- - - T . .. . . ' - ~ s v > " n: 

meoaorphic to the proper space If of ^ by a correspondence 

$ r ^ r (#^K) 

such that for the multiplicity function w^- of y* we have 

^ r (? T ) C (#) for every j ^. 

Proof* Since T (J ) ( J ^ ) is continuous by assumption, 
the point set 

{ J : C ($) ft }' 

is open and closed by Theorem 15 9 for every cardinal number 0i/ , and 
hence there exists uniquely P^ * 1R for which 

17 P* i* s ^(J) a ^ J ' 
Thus we can find a system of different cardinal numbers ^ ^ and 

projection operators P (71 ( X 6 A ) such that 



p o ^ for every X 6 A , 



Then, since "CTp TJp s for X t / > we can find by Theorem 43 
r *K r ^f 

a closed ring T such that H is isomorphic to T by a correspondence 
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P T T ( P * ft ) and P^ r is a multiplicity term of T with 
multiplicity // A For such an isomorphism p*"* T (9 * tt) 
there exists by Theorem 41.1 a homeomorphic correspondence ^ 6 *y 
(J e jfu) such that 

tTp^r = { J r : C ( J ) = / A I for every A A 

and hence for the multiplicity function /i*v r of T we obtain by the 
definition (5) 

*<> for ' 



Since is continuous over ^f ^ and L 17 p is dense in 

A$A ^* 

we conclude therefore 

r( ? } for every 6 



45 ^ -ideals of Sets 

Let TTt be a totally additive set class in an abstract space *A< . 
A subclass C W is said to be a <5 -ideal in Tit , if 

1) Trc ^ ^ 3> 5 ^ implies $ 6 J , 

2) >, (^.1,2,...) implies JT J,,j. 

With this definition it is evident that /TL g for every <5" - 
ideal $ and 9rt is itself a (cT -ideal. furthermore we see easily 
by definition that for every sequence of <5T -ideals *, (v = 1, 2,...) 
the intersection TT $* alao is a 6-idftal. 

lr1 ^ 

For two 6 -ideals g and 0J in W we shall write J -L <?^ , if 
we can find I * and ^ *C such that $5*0. With this defi- 
nition we have J ~t 7TC for every 6 -ideal J. , because fit . 

Let be a <o -ideal in W For each < e 7rt , putting 



we obtain a T -ideal 0[ in Trt . In fact, we have obvioualy by l) 
that W. * ^ J f <^ implies ^ ^ <? . If S, * ^ (^'=1, 2, 
...), then we have by 2) 

TT 1,4- f e ' = ?!<***;)$, 

oo 

and hence TT $ u ^ ^. - T^i* ^ -ideal <^ 1s called a co- ideal of 

l^al l 

a 5* -ideal by I and denoted by $ ^ , that is, 
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(3) $* = { : $4 5 tf '6, ietttl- 

Since we have by l) J 4- $' t for every $ * > we obtain 
by definition (3) 

(4) |* "> J for every i eW . 
If f $ , then $ + $,/ implies by 2) 

* ?!o(S+*;) J, 

and hence I by l). Thus * C for * . Con- 
sequently we obtain by (4) 

(5) | f = for every $ fc . 

Since J 4- J ' = JI ( jf for every $ t W > we obtain by (3) 

(6) i 6 * for every 1 f Trt * 
From this relation (6) we conclude iourtiatftly 

(7) $* A J % for fir 0. 

For a sequence 5^ ^ 7?t (^ = 1, 2,,..) we have fcy the defini- 

tion (3) oo 

j5,*- = {5 : Ii ( IJ^lf 



Thus we have 

00 

(8) "'*" = TT J f " for f ltK ( 1, 2,...). 

u bet a 

For aveiy li i 5i f TrC >e have by the definition (}) 



Thus we obtain 

(9) (*)*=*$** for every f ,5: W. 

A 6T -ideal | is said to be separable, if J x ? p = for A * f , 
S x * 7ft (X e /I ), implies $ A / 1 J except for at moot countable . 
elements \ * /I . The totality of separable (a-ideals in TrC ia call- 
ed the property of W and denoted by T^/>^ 

With this definition we have obviously 
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(10) 7 :> "P*< iPliee <? T* 
Furthermore we have 

Theorem 45.1- If ^ D ^^ , then ^ la a co-ideal of , 
that la. we can find <E tf W for which (^ = 3**. 

JProof . fy virtue of the formula (5), we need only consider the 



case where <%*<. By virtue of JtoTim^^ Theorem, we can find a ma- 
ximal system i x * W (\ A ) subject to the condition: 
S A $p = for X * f , 

S x' * l Zx * & fop every A A * 
Such /I is at most countable, because is separable by assumption. 

Thus, putting 

$ 3* ** > 

we obtain $ f i b Y 2). 

If $ 4 i ; ? ^ for some f 6 < , then we have 

(S'Jo)?** S'S/^x =0 for every X A, 
and ($ x $ )' = 5 4- $/ ^ oj but ? , contradicting the maxima- 
lity of the system $* (X /I ). Thus $ ^ implies *-?<,'*. 
Conversely, since JP c cj by assumption, $ 4- /* implies 

5 ^ i (5t $o) ^ 

and hence $ (f <? by l). Therefore we obtain ^ = J * by the 
definition (3). 

Theorem 4^.^. If cj p J 6 T'fct* then wq cap f lnd l* * IP in 
such that ^ X C^ and ^<^ = ^ . 

Proof, By virtue of Theorem 45*lt if ^ ~> 4 T^lrt* then we 
can find $ < >t for which ^ = ^ * . For such ^^ we have by 
the formula (?) 

*' ^ **' 

and further by the formulas (8) and (3) 



Theorem 453* For every sequence g^ t ^p (^ = l f 2,,..) we 



ft ^ w 
u 



Proof. For a system S X ^W ( X 6 A ) , if $ A I p = for 
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X * f , than we can find by definition A.*,,,* (A (*,/**!, 2,...), 
auch that 5 X ' for X * X*,,^ (f* = 1, 2 ,...) and hence 



for X 



Therefore we have TT J ^ ^^ by definition. 



Let . E ($ ) ( $ ttt ) be a apectrality on Trf and ft the spectral 
ring of E , that la, the do Bed ring generated by ($) ($ WC). 
Putting 

(11) E() A (*) for ^T' 



we obtain a projection operator ( ) ^ ft for every 

aystea of projection operators E ( ) (J fc 7^ ) is called the deri- 

vative of a Bpectrality fc($) (^ 

Concerning the derivative, we have 



(12) (?*)= ()E(Jt) for J t ^ , J*t. 
In fact, for each & t t trt we have by the definitions (}) and (ll) 



> E(f.) A E() = E(*.)E(J). 

**^ 
On the other hand, aince 5 $ 4- $/ ^ , we have ? 5 fl -* 

for every $ f J2 > and hence 

A E(Z)ii A E(f.) E(*.)B(f). 

*;** *# 

If * J. c^ , than we can find by definition $ t g and 
auch that 1> "5: a 0, and hence by the definition (ll) 

E(j)E(l)i ()(*) - E(Z)-0. 
Thua we have 

(13) E(J)(^) =0 for -t ^ . 



For a aequence $> k ^^ , putting = TT ^u , we alao have 

06 ^> by Theorem 45* 5> and hence we can find by Theorem 45*1 a 
aequence 5 V 6 4ft (f = 1 ( 2,.e.) auch that 

^v * , 2 " (^= i 2,...). 

Then we have by (12) 
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40 * 

Since ft g k o& *" *? ( 8 ) we obtain ^nca 

(14) E(fTjv)- E($M). 

*1 k1 
From this relation (14) we conclude iaoediately 

(15) E(J)< E(<?) for j ^ 
Theorem 454 For each x * R , putting 

$ -ii Ccx-ji ($)} 

for the spectral ring ft of , we obtain J e ^^ and 



Proof, Putting $ = { $ : C M < E (S ) 1 , m see easily 
that $ is a ^-ideal. For every system ? A 67rt (X ^ /I ) subject 
to the condition: *3 p = for * * P > ^e can find by Theorem 14*7 
a sequence \>,t A (v 1> 2,...) such that 



If f 4s Xt for every i> 1, 2,..*, then we have 



and hence 



thai is, 5j> ; ^ ^ for f ^ X^ (i/ ss 1, 2,...) Thus ^ is sepa- 
rable, namely ? 

For an arbitrary ^. ( R , denoting by & the totality of those pro- 
jection operators P k ft , for which we can find f * W such that 

[J3P = C^3 E(), 

we see by Theorem 14*3 that & is a closed ring, and it is obvious that 
E ( ) * # for every $ / J7t . Thus we conclude <f = ${. , and hence 
we can find 5 7Jt for which 

tiE(i). tj>jc ui . 

If C^J g Cx], then for such 3f * TTt we hav* by the fonulaa (l6') and 
(12) in 14 

E(I)g C C>1 E(I)= C c , 1Et$) = C C)J C C , 3 - C CXJ . 
Since E (^ ) % C Ctj by the definition (ll), we conclude therefore 
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IJH E <S) * tJ 3C t*) *>* Cg1 *t**' 

Putting P = E(J ) - C C x}i * **** *ir 14(160 for every jR 

^CP ^1 C tx] P C C jj C cx) 0, 
and hence by Theorem 19*5 

tx+ P f ^ 3 = [x] + Cp f 5] j [x] for every 3. t R . 
Thus we obtain for every ^. C R. 

(CJ* CP 3 :() *(CXJ* CPo^))C Cx j, 
as proved just above* Since 

t*i e($) * U]<? tx] E($) cxi C CXJ , 

we have hence 

IP.1(E(*)- C Cx3 )0, 

that is, t PO ^ ] P = for every ^ t R . From this relation we 
conclude l?y the formula $140) that P jj, a for every ^ ^ H Thus 
we have ($)=: C CxJ . 

For every 2 ^ 7TC ve have by Theorem 14*1 

E (*> = X Y R c l8cl ,,, 

and for any x R we can find by Theorem 45-4 "fy auch th&t 



Thus we have 

(16) E(I)= U E($ for every f Oft 

f^i 
Theorem 45.5. For every * 73^ we Oan f ind -^^ such that 



for the spectral ring of (f) ($ 

Proof. For any system P^^^(X/l)we can find by Maximal 
Theorem a maximal system of elements 0$*j,eR (^*p) subject to 
the condition: 

for ** f, 

* )P ** for some A y /\ . 

Then we have 



Because it is obvious that (j) \7 P x 2 W C , T , and if 

"" 



, T , 
* 
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then we can find A. A for which 



and hence there exists by Theorem 14.1 * x * R for which 



contradicting the maximality of the system x x 6 K. (X h ). 
For each JT P , putting 



we obtain by Theorem 45*4 



Since Jj. D , we cim find by Theorem 45.1 5j- * W ( r 6 P ) for 
which 4>. ss ^r , and hence we have by (12) 



By virtue of Maximal Theorem, we can find then a maximal system of point 
sets -3?> ( WC ( $ t * ) such that 

<frf 5 P = f or $ * f , 

e(f)fi(**) E(j)H(?y f ) for some ^ 6 r 7 . 
Since ^ is separable by aasumption, if such A is infinite and not 
countable, then we can find S A for which -$:$' J . For such S" 
we have by (ll) E ( ? ) $ E ( 3r 3' ) M* h nc 

E(J)E{*^) E(J) (1- E(*/))O t 

contradicting E(j)E($^) C CXr 3 * 0. Consequently such A 
is at most countable. If there exists f * X * V s (>*), then 
we have for such JT * P 



a .y, 

and hence 



contradicting the maximality of the system % & ($ t A). Therefore 
f also is at most countable. Furthermore we have obviously 



Therefore we conclude by Theorem 14*7 that there exists Ct * R for which 

(?)= <W 

For a projection operator P t ft , putting 

# = {I : P.* E(I)J, 
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we aee easily that is a <? -ideal. If is separable, than we 
can find by Theorem 45.5 an element a R for which E ( J ) = *c&3* 
For such a t R we have obviously by the definition (ll) 

P. * e(j)= C UJ 

and brace by 14(16') 

P. ' P. CCM ' CCP.M. 
Thus wa obtain by Theorem 43*4 

*<$>- CtP.aj - P.- 
Therefore wa can state 



Theorem 456- For a projection operator P (- 4? . if 

# - {S * PS E(f)f 
ia a separable 6 "ideal, then we have E (f ) = P 

Recalling Theorem 14. 7 i we conclude easily by Theorem 45*5 
Theorem 45,7. For the spectral ring K. of E($) ( 
wa have 



Theorem 458 For a coaautative system of projection operators 



(<fc) = for ^ A 7 , 
F( TT $K) = F ($,.) 

*-1 I'd 

for every sequence ^^ ( T^Uw (^ s ^> 2,*)i then there exists unique* 
ly a spectrality () ( g t m ) such that F() (^ < ^) coin- 
cides with the derivative E(J) (| ^ 73^ ) of E . 

Proof, Putting 

()* U F() for every if w , 

we obtain a spectrality E($ ) ( S f 77t). in fact, since ^ f ^ 
for every < T ' we have by as8UJD P tior> 



For any sequence ,,ttt (^ = 1 2,...) we have by assumption 
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= E(J 

*i 
becauae ^ f^ (* l f 2 f ...) implies ^ ? $ for every 

90 

/<. = 1, 2 9 .* . On the other hand, for every g * ZL ve have 
by the formulae (3), (8), and (6) 



^ 5 ^ 9 f (*/ = l, 2 f ...) t 
and hence 



we obtain for every sequence ?,, t'Jlt (^ = 1, 2,...) 



If i i =0, then we have by definition that * J , ^ 9 ^ im- 
plies ^ JL < , and hence F ( J ) F(^ ) = by assumption. Thus ve 
have for $-$ = 



Since E (5 ) ^ E (/ ) = E (A) 1 aa proved just above, we obtain 
hence 

E(f)+ (') = ! for every ^. W . 
Therefore E (f ) ( f t Oft) in * spectrality on W by definition. 

Since F(j) E(i) forJ9f,we have by the definition (ll) 

F<$) < E(J) for every jf e 7^. 
ut ^0 7^^ be arbitrary. For every 6 7^ , putting 

I Jo $ , 
we can find ty Theorem 45*1 5 5 ^ for which 

$t M*. * - <** 
Then we have by the formulas (9), (4), and (8) 

1 fi * ,&* ^ $o > 

^f.f 7 f 'j B ^1 = f 

and J s <^* i^^*by definition. Thus we have by assumption 

) 

(1- E (J,)), 
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becauae E ( ) E(<? f *'* ) * E (<l *) E( I*' 1 ) 0. Since aoy 



be arbitrary, we obtain hence by assumption 



On the other hand we have 

F(J ) (1 -(,)) E($,) (1- E(o))0. 
Therefore ne conclude 

F(J.)+ (1- E($.))l, 

and hence F ( Jo ) = () The uniqueness of such spectrality 
E ($ ) ( 5 W ) is obvious by the formula (16). 

46 Isomorphisms of Spectral! ties 

A spectrality E ($ ) ( S W ) is said to be iaoaorphic to a 
spectrality F ($ ) ( J fTTt), if H () is equivalent to the 
relation F(f)=0. ({) ( $ * W ) is said to be completely 
isoaorphic to F(5) (5W),if 

( J ) = is equivalent to F ($) a 

for the derivaltives E ($ ) and F ($ ) ( Jl T^)- With this 
definition it is obvious toy the formula 45(l6) that if E (?) ( 5 
W ) is completely isoaorphic to F ( f ) ( f 4rt ), then is isoaor- 

to F. 



Theorem 46,1. For the spectral ring 3? of (!) (f 
and that fr" of F(lf) ( $ Wt ) . there exists an isomorphism 
(9 ?t ) such that 

F() = ($) for every "9 t *ttt 
if and only if is completely isomorphio to F 

Proof* We suppose that is completely isomorphic to F 
Then we have 6 ( J ) (<J ) = if and only if F()F(<7)0. In 
fact, puttinf J f = $ ^ > we can find ^ TheoraiD 45*1 X , 7 ^ ^t* 
such that 



and we have by the formula 45(12) 



$* 
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Furthermore we have by assumption E ( J ) s if and only if 



By virtue of Maximal Theorem, we can find a maximal system of se- 
parable (^-ideals J A TV ( A A ) subject to the condition: 
E ( Jx ) * for every A 6 A , 
E (Jx)(jf>) =0 for X * f. 
Then we have 

&*(*)- 1. 

Because, if W (A ) * 1 then there exists * <x e R. for which 





and for such ex, 6 R. we can find by Theorem 45-4 * T^U fop 



contradicting the maximality of the system x A ^ (X 6 A ). We 
also can prove likewise 

V F($x> sl 

AA 
because E is completely isomorphic to F by assumption* 

For every X h , we have obviously 



if and only if 

E(fi / )E(fx)= (i x i)E(jA) =0, 
and hence by 43(12) if and only if 

E (&"')- (jx f/ir )=0. 
Thus va conclude by assumption that we have 

E (f )(*) * E(*)(JA) 
if and only if 

F(*)F(fx) F(*)F(>A>. 
Therefore, putting 



we obtain by Theorem 45.7 an isomorphism 

P^* F(Jx)T (P f 
Furthermore, putting 



we see easily that f>V e <f ( p e 'K ) is an isomorphism such that 
r (i)F(J A ) = (E(I)E(^x)) r for every ZtW, 
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Sine* \J^ B ( A ) V f ( J A ) s i f we obtain hence 



F(f) E(f)*" for every $7n* 
Conversely if there exists such an isomorphism 9*** <f ( p 
then we aee easily by the definition 45 (ll) that is completely iso- 
morphic to F . 

Theorem A6.2. For a spectrality E(<f) ( $ * W ) . if there 
is a separable <T~ideal , c "^ for which E (go) 1. then every 
epeotrality F (<g ) ( <E * W ) which is isomorphic to E , is coapletely 
iaoaorphic to E . 

Proof. If F is isomorphie to , then we also have 

F <$.).!. 

Because, if F ( J ) % 1, then we can find by the definition 45(ll) a 
aet $ J for which F ( f ) * 1, and hence 
F (I') 1- FU) *0. 
Then we alao have by assumption E (S') * 0, contradicting 

E(') =1- E (f)< 1- E(jo) =0. 

For each * 7^ , putting ^ * ^e J we can find ty Theorem 
45.1 $ 5 tW, for which 



Then we have by 
E 



because E C^*0 E ( Jo) s ! We also can prove likewise 

F(J) F(I). 
Thus we have E ( ) = if and only if F ( ) 0. 

Lt E ($ ) ( $ f 77t) be a spectrality and ^ its spectral ring, 
For the minimal multiplicity ^^ (P ) ( ? 6 ) of ft , putting 

(1) 



we obtain a cardinal valued function 1*1^ on the property ^^ of flrt . 
This function *n, (^ ) ( J * ^ ) is called the multiplicity function 
of the spectrality E (S ) ( $ f W ). 

For each P *ft we have by Theorem 14.1 and the formula 14(15) 

p 
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and for every X R we can find by Theorem 45.4 % for which 



Thus we obtain by the formula 44(4) 

(2) -w,,(P)= Min -"*() for every * P fc. 

* 0*E(J>2P * 
Theorem 46.5 For two spectralities (f ) and F ($ ) (i 

^TC )i there exists a unitary operator TJ auch that 

f ($) = T7E(S)tf (fS'Wt), 
if and only if we have 

*~ F (J )= **E<*> ( <T). 

denoting by m^ the multiplicity function of E and by 4*^ that of F 
Proof. If there is a unitary operator TJ auch that 



then we see by the formulas 45(ll) and 4l(3) that we have 

F(f)= UE(J)V* for every * "ft^. 

From this relation we conclude that E ( $ ) = is equivalent to the 
relation f ( ) = 0. Thus, denoting by 7t the spectral ring of E 
and by $* that of F , we can find by Theurem 46.1 an isomorphism 

P^e T (PtK) 

such that 



Denoting by df the totality of those projection operators P 6 ^, for 
which 

p r = T7P tr* , 

we see easily by the formulas (2) and ()) in 41 that & is a closed 
ring containing all E (# ) ( $ fcWt). Thus we>have <" = ^ , and 
hence 

P r = TJPX7* for every P * 71 . 
Therefore we obtain by Theorem 44 2 for every J 



for the minimal multiplicities 4*p^ (P ) ( P 91 ) and **t^ ( P ) ( P 
T). 

Conversely if ^H- F ( J ) = W'p (f ) for every J^ , then 
) = is equivalent to i.p ( J ) =0, 
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that is, 

E(J ) = 10 equivalent to F ( J ) = 0. 

Therefore there exists by Theorem 46.1 an isomorphism P r < T ( P # ) 
such that 



Furthermore we have ty (2) for every P ft ,- P * ?/ 
= Min "v 



= Min 



Therefore there exists by Theorem 44.2 a unitary operator TT suoh that 

P^ T? P V * for every P # , 
and hence 

F(i)= 'O r E(i)T7* for every $*W. 

47 Unitary Transformation of Dilatators 

Let 'R be a closed ring of projection operators containing 1 in 
a Hilbert space R and %^ the proper space of 0? . For a unitary 
operator 17 on R , putting 



we obtain a closed ring flt 17 containing 1 and 

T7 P IT* 6 v (P*#) 

is an isomorphism, as stated in 41* Thus there exists by Theorem 
41*1 a homeomorphic correspondence 



for the proper space ^f^v of ^R v such that 

U p T7* e ^ ^ if and only if P * . 

For a dilatator T with domain P by ^, we see easily by defini- 
tion that T7 T T7* is a dilatator with domain T7 P by ^ v , and 
we have by Theorem 24*1 

(T7 T T7* $* ) (T t J) for every J f ^ , 
because we have for eveiy * X ^ f? and P 'R 



Thus we see by $2j(l} for the spectrality (f ) ( $ * ) of T that 
XJ (3E)XT* ($ (^) is the apectrality of XT TIT*. 
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Furthermore we see by 30(l) for the spec trail ty E (i ) ($ 
p ) of a system of dilatators T r ( r P ) ty tf, that 

T7E (3)T7* (Sfc r ) 

is the spectrality of the system of dilatators V T*~0* (Y * T) ty 
the ring ^ " . 

Conversely, for the spectrality E (S ) ( 5 r ) of a system 
of dilatators T* ( IT P ) by a closed ring ft and for the spectrality 
F ($ ) ( $ f P ) of a system of dilatators S# ( 3T 6 T ) by a closed 
T" there exists a unitary operator T7 such that 

F(f )= T7E(5)T7* for every $ f r , 
then we have 

3 r = TT T Kt ^* ^r every r t P , 

because we have by 30(6) 

S r = J ?* f FW(%rW). 



since 17 E (5 ) T7* ( 5 r ) is the spectrality of "0 T y T7* ( y P ), 
as proved just above. 

Therefore we can state 



Theorem 47.1* Let E (f ) ( S * & r ) be the spectrality of a 
system of dilatators T y ( 2T P ) by a closed ring ft and F ( S ) ( $ 
4 ^ T p ) the spectrality of ^^ (y f P ) by T. For a unitary ope- 
rator T7 we have 

Sfr = T7T y T7* for every y T . 

if and only if 

F(5)= "aE()T7* for every $ t r . 

Recalling the definition of functions of dilatators in 30, we 
conclude immediately from this Theorem 47*1 

Theorem 47-2. Let T r ( Y P ) be a system of dilatators by 
a closed ring % and X7 a unitary operator* For any (<f )-measur- 
able function <f U) (>; G> f ) we have 
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Let e ( 5 ) ( f r ) be the spectrality of a system of dilatat- 
ors Tf ( y P ) toy a closed ring ft . The multiplicity function 



of E on the property *p r of the Borel class jfc r is called the mul- 
tiplicity function of the, system T^ (r f ). With this definition 
we conclude by Theorem 47,1 immediately from Theorem 46*3 

Theorem 47*3 For two systems of dilatators Tj. ( JT e P ) by a 
closed ring ^ and ^(JTSPjbgtV* we can find a unitary operator 

T7 auch that 

5). - VTyTJ* for every JTfP, 

if and only if the multiplicity function of T^. ( r t P ) coincides with 
that of 5 V (fr P). 

For the spectrality ($ ) ( $ ) of a regular closed normal 
operator tf , the multiplicity function +*> ( J ) ( t "fo ) of E is 
called the multiplicity function of tf . With this definition we 
have obviously by Theorem 47 3 

Theorem 474 For two regular closed normal operators V, and 
tfl we can find a unitary operator T7 for which y 2 ~ "CT /V, T7 * i 
and only if the multiplicity function of ^ coincides with that of fa * 

48 (Lq)>s paces 

Let Trt be a totally additive set class in an abstract space A< . 
A function /u- ($ ) ( J | Ort ) on Trt i said to be a measure on 4rt , 
if /u is positive and totally additive , that is, 

1) $ /" (f ) < + oo for every $ 



2) /*<, S w ) * Z. /M-(W) if S v l f =0 for i/ * f 
For a measure ^ on 7T( we see easily by definition that 

for f C-3P , 



and we have 

lim 
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if f , C I,. C ..., 1 2. 5,, or if f, p i ;> ..., $ = 5i y ' 
Let ^ be a measure on irt in the sequel. If a (4rt)-neasurable 
function <f on A is bounded in a point set <E W , then we define 
the integral of <f by /u, in f lilceirise as in 28 to mean 

} U )/*<<*) ^ t (W/*(iJ 

* 

f 5. - . $n ? k ff =0 'or * * f , f f -jrc , 

rop |P(^)- (7)| ^ (*.l, 2...., x). 
l.f <S^ 
With thie definition w have obrioualy 



f /** / 

j ()/(<*)* J<f(^ )/*(<< 4 ) - j 

* 5 *** for ii =0, 

I J U)/"(iH)ls flV(*)l/*U). 

f 

It a (7rt)-BaBurable function f on Jl be poeitivs on a set $ 
( t , that i, (O for every JJ S, . Denoting by <jf the 
totality of those sets S W for which f is bounded in 5 , we define 
the integral of <f by f*- in $, to nean 

sup f < 



With this definition we have obviously 



1 
* 



I. 

for every ^ t 5 e 



f f ( 
. *. 

rf4)= J <m )^ 



i 

IflSSS, * i </>< (5 ) < ?* (JJ )^ ... and 

Urn ^(ZJ) V (-S) for every r 
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then we have 

n J <M*V*UO = \ yU)/*<U>. 
*. * 

Proof. If f is bounded in $ and 9 (5 ) $ T for every 4 
< 4 , then for any > 0, putting 

Ai, * { $ : <M?)-V*($)>M (* * 1, 2,..-), 
we see easily by aa sumption that 

d. :> 4i 2 ..., JJ, ^* = 

and hence lin ** (A*) & Q. On the other hand we have for every 

i "* 

V = 1, 2,... 

)/(%)- f^(% )/*(*?) 
*. 

)+ J (V(^)- %( 
*.- A* 



Thus we obtain 



{ J <f ( *, > r ( d t, ) - 1 < ( s ) P ( d t, ) \< 



Since i > may be arbitrary, we conclude, hence 

JLta j V (*,)(*(*$) = f <f(i )/(<< ). 
" 



In the general case,, it is evident that 



for every i/ * l t 2 t .. . For a set $ Tit , if *f is bounded in 
$ , then we have 



s ijft. j *( 
i. 

aa proved just above. Thus we obtain by definition 



From this Leattft 1 we conclude immediately 

Lenuna 2. If f< ( $ ) <f L (% ) & .... JLJp^ V^ (^ ' * for 

every z; e f , a4 j ft (O/"U$ )< **> . then we have 
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For a characteristic function X of $ f Tjf , we have obviously 



f. 51. 

Thus, as a special cast of Loaa 2, bar* 



Uoga 3. I ( f ( f, )p(d $ ) < +e . then for rrr 

* 

f ^f /jrt such that ?^ f ,.3 ... and TT f f,, * 0, > har 

^i^ f y (>;)/*(< j) = 0. 

**I.f^ 
Umma A. If < y, ( E ) g y., (g ) ^ ... for very $ f ^ and 



then there exiata a eat ^ ^ />rf such that & C 9^. ?(&) = ^ ($), 
lin ^ ( $ ) < * oo for every r 5 . 

t--9 ^ * 

Proof* Putting 

**,{' ^(r)* Pi ?Sf } (f,k-l, 2 f ...), 
we have obviously ^f,O "Jf,* ^ (f = ! 2,,.,) and 

(%V(;)s j f A*(^i) f 

Vtf,* 

Thus, putting 



we have 

^ t c ^ a <: ..., 

IjJk ^v (z; ) ^ f for every ? e 5: f , 

A*(*f)a r(*.)- j (f = it 2,...). 

o* 

Therefore , putting % = ZI. x f f we obtain 

Jli^ ^ (^ ) < +~ for every zj J: , 



and /kA (t ) ^ ^ (f 9 ). Since i C I i conclude hence 

/(*) - <*(!,). 
For a (ort) -measurable function ^ on *TI , if 
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then Tor every two sequences $ w , S, * W (ix = l, 2,..*) suoh that 

S.CiaC..., 2L ? =io> 

1 v*1 

rC. x- 5R /- X""" 3* 2 

x^ * x^*" i / jt i^ at o 

and <f is bounded in S^ as well as in 3\, for every \s = 1, 2,..., we 
have for every v , f = 1, 2,... 



t *' r 
y()^(rf4)- <? 

i*p 



s.i/3M.'' JJ, *.*/ -. 



we conclude hence by Leana 3 



Therefore, in this oaa, v* abttll say that f is integrable by ^ in 
Id and define by this sane limit the integral 



With this definition ve have obviously that both <f and > are in- 
tegrable by /u, in 5 t , then ol ^ ( ^ ) - (i > ( ^ ) also is integrable by 
^ in $ for every complex numbers of , |3 and 






if SI = and ? ie integrable by /u. in 

f 



i 

We shall denote by LI the totality of those (Orr) -measurable func- 
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tions <f on tTL for which 



A, 

With this definition we eee easily that <f e L t implies ol <y> e L i 
for every complex number ot , and that <f , V L fc implies <? * V e L x , 
because 



For every <f , V L i , since 

if< 

we have 



Thus we define (f ,!( ) for <f > Y e L t to mean 
<*,*)- J 



a 
With this definition we have obviously 



o* (<f ,V) for every complex number o< , 



We see easily by the definition of the integral that 



a 

if and only if /^ ( { ^ : V ( ^ ) * 0}) 0. Therefore for every 
<f * Li i denoting by C ^ the class of all functions V LX for which 



we see easily that ?, 6 C ^ f Yi C^ implies 

o/i * jJVi C^^ ^ ^ 

for every complex numbers t , (3 . Thus, denoting by R, the totali- 
ty of such classes C<f (<ffLi),we obtain a linear space R t def in- 
ing 

C T* ^^Y s C -V*^ 
Furthermore we conclude easily that 

(?l >i) = (<f >V") . for every <f < - C Y f Y f fc C t . 
Thus we define (C<, , Cy ) for Cf , ^ t La. to 
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With this definition, (C y ,C Y ) (<f , > f k*) is an inner product 
on R . In fact (Cp , C y ) s iaplies 

/*U % * <f ($) *0}) =0, 

and hence C^ = 0. Thus R. is an inner product space. This in- 
ner product space R is called the (Li)-space toy /* 

Theorem 48.1. The (Li)-space by a measure /*() (& 
is oosjplete, that is. a Hilbert space. 

Proof. For a sequence <f* * Lx (*> * 1, 2,...) if 

,5. c n-c,". 

then we can find a subsequence f w (i/ a 1, 2,...) such that 

HC fn, - ^VfJ 1 - -F" ( "" 1 ' 2> > 

Then, putting 

^U) * ^ 1^1^) -^fct*)! ^ SBl 2 
we have obviously 3 t, (% ) < Vi (^ )i ... for every $ A , 



V,, La for every k = 1, 2,,.., because II C y II H Ci<t I for 
every <f L i . Thus we have by definition 



U^ f |V,ft)l* 



By virtu, of LMM 4 * n find heno. ..t S t t trt uoh that 

/<.)= /*(A), 

^IJ^ V b (4) < +* for .r.ry ^ 5.. 

Thn 'ff^ (tf) (S 1 s 1, 2, . . . } i oonr.rgwit for v.ry ^ i 

I^U)-yr<*>lj >.,<*)- Vi<*> for !, 

Thus, putting 

(?) ^4*. */.(*i) ^r ?*, 

we have /or every ? f J a and i/ 1, 2,... 



from this relation we conclude by Lessja 1 
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Thus, putting 9 (^ ) = for $ 1*', we obtain <f * /-i and 

il c y - c f ji 5 -JTTT for V6r y ^ * it 2 ..... 

Therefore we conclude lin BCy-C^II 0. 

Let R be the (La)-apace by a measure ft ( J) (&t 1rt). For 
the characteristic function X $ of a set $ f W , putting 



we obtain a projection operator (<g ) on R . In fact, we have for 
very <f , > Lt 



Si. 

and it ia obvious that (5) E{$ ) = E ( ) t Therefore E($) 
is a projection operator by Theorem 11.8* 

Furthemore E ($ ) ( W) is a apectrality on W , In 
fact, we have obviously for every *f Li 



Thus we have by Theorem 12.6 

E(f + *) i- E d'*') 



If 5,7 f t ^ .., TT Ii, 3 0. 5 k ^ (* 1, 2,...), than we 

ti 
have for every f t L^ 



and hence by Lemma 3 1, 

J.^ E (1^) C <f = for every <f L a . 

Thus we have (5^)1*^, 0. Accordingly we conclude easily for 

every sequence ? * W (^ = 1, 2,...) 

E(*^) lif ($)- E(ZJ. 

1^*1 C-0. VSt k*1 

Therefore E($ ) ( $ 7/t) is a spectrality by definition. This 
spectrality is called the apactrallty of the (Li)-space R 
For the constant 1 on ifl we have obviously 
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Thus (f ) = implies /*($) = 0. Conversely if ^ (i ) = 0, 
thon we have for every <f L i 



$ 
and hence E($) = 0. Therefore we can state 

Theorem 46.2. For the spectrality (f) ( # 6 frt ) of the 
(Li)-space tar a measure ^($) ( $ 6 W) we have g ( $ ) a if and 
only if |U(f ) = 0. 

Let <f be a bounded (w) -measurable function on JI . For any 
> we'can find obviously a finite number of sets 0* $ l> * 1 *(" = l * 2 t 
M x) such that 

JL .$,, $wi f * for i, t f , 

sup I^T(^)- (T)| < (v * 1, e^.^x). 

Il7 * $|/ 

for such ? p W and for arbitrary ? u 5^(^ = 1, 2, ... *) we have 






L\ i?(^)- 

$y 
Since E (f ) C n & C x for the constant 1 on *a, we obtain hence 



T frm 1 

Thus for the spectral ring ft of E we have C ^ t C , J R if ^f is 
bounded. For an arbitrary <f * L* we can find a sequence J,, 4Tt 
(is s 1 1 2 , . ) such that S f C iE i . , x J ^ = /I , and *? is 

bounded in 2^ for every l/ = 1, 2,... . For such if, / fet (i' = 1, 
2 t *.) we obtain by Lemma 3 



nd hno* JLia^ II C ^ - C v <. II = 0. Hwra Xj <f i 



bounded 
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in *ft for every ^ = 1, 2,*.* . Therefore we conclude by defini- 
tion U,l 1. 

Thus for every X R. we have by Theorem 19*4 

t*j = <r cx3 ccj = c r%1 * *., 

and hence ft is simple by Theorem 20.3. Furthermore we see easily 
by Theorem 14*5 

K = {E(S) : f W f. 
Therefore for every <f L a we can find ! e 1ft for which 

CCyl = E(So), 
and hence ($) c f = C cf by 14(5). On the other hand, putting 

$<f i * : <f (^) *(>}, 
we have obviously 



and hence CC^3 = E ($<p) [C^] by 14(6 f ). Therefore we have 



and further 

^ l| l =0. 



Since | f ( ^ ) I > for every 5 5<^- 5 5 <f > we conclude hence 

/*(**- 5 ?y) = 

and consequently E(5y-5 i<f)=0 by Theorem 48.2. Thus we 
obtain E($<f) = E( 5y) E ($o). Therefore we can state 

Theorem 48.5* Let E($) ( g Oit ) be the spectrality of the 
(L 2) -space ^ by a measure jU.($) ($^ / >rt). The spectral ring ^ 
of is simple > and 



for every t Li . 



Regular <? -ideals 



Let OrC be a totally additive set class in an abstract space /L . 
For a measure /* (< ) ( S * OTt ) on W , putting 
Jo = {? : /u(0=0}, 

we see easily tnat < j > is a f -ideal. i^irthermore ^ is separable. 
In fact, for a system f x 7*t ( X f .^ ), if $ x f ^ = for X 4 f , 
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then we have 



X c A 

and hence /*($>.) = o except for at most countable elements of A 
Furthermore p> ($x) = implies J A ' ^a Therefore * is 
separable by definition. 

A <$ -ideal in Qrt is said to be regular, if we can find a 
sure /u ($ ) ( $ (lrt) for which we have 

$ * {S : /(i')0j. 

With this definition we have hence 

Theorem 49.1. Every regular 6* -ideal is separable. 
Theorem 49.2. If a 6 -ideal ff p is regular, then every -ideal 
J D Jo also is regular. 

Proof. If a 6 -ideal , is regular , then there exists toy de- 
finition a measure ^A O on 9rt such that 

, {$ : /*.(1')0|. 

Since ^o is separable by Theorem 49.1, for any tf -ideal 3? ^ J o * 
can find by Theorem 45*1 a set J ^rt for which J * J p ^ . For 
such $o * 'frC * putting 



we see easily that p also is a measure on W . Furthermore we have 
for every J trt 

^((f ^5o')')= /^.(ffti')" /^(* ; ). 

Thus 1 we have /* (f ; ) = if and only if ^ D (( $ 4 S ; )' ) = 0, and 
hence by definition 

$* = if : ^(S')-Oh 
Therefore J is regular by definition. 

Theorem 49.3. For every sequence of regular 6" -idea Is g * 

(i/ = 1, 2,...) the intersection TT !fe^ also is a regular 6" -ideal. 

i,t " 

Proof. By assumption ve can find a sequence of measures yUi/ 
(j> = l,2,..,J onW such that 

={: ^($0 =0 } (^ = 1, 2,...). 
For such (*i, (is = 1, 2,...) we can find a sequence of positive numbers 
o/p (u = 1, 2,...) for which we have 
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ZI o^u.XA) < + <*>. 

*1 I 

for such o<i, > (i/ = 1, 2, .. .), putting 

/*(f) = ZI *,/*,,($) (5 



we see easily that ft is a measure on OTt Furthermore it is obvious 
that /u. (f ) = if and only if /" ($ ) *0 for all v 1, 2,... . 
Therefore we have 



TTJ* = H, i : 

and hence \\ %. * is a regular -ideal lay definition* 
\.n\ v 

The totality of regular (3 -ideals in 4rt is called the regular 
property of 9jt and denoted by ^^ in the sequel. It is evident 
ty Theorem 49-1 that 7?^ C 7^ for the property 7^ of W . 

Let ($) ( $ ^ ^rt ) be a spectrality on W in a Hilbert space 
R . For an element Ct R , if C^ai ^ E ^ )* then w ^^ natu- 
rally E(')C t ai * and hence E($ 7 )^=0 by 14(19). Con- 
versely if (!')a. = 0, then we have EfJ'Kcaj 8 * ^r 14(19), 
and hence C Ca] jE(2). Since |IE($)Xll a ($ /)rc ) is ob- 
viously a measure on W , we obtain therefore by Theorem 43*4 

Theorem 49. 4 For every X R , putting 



we have 6 ^ and E( j) = C Cx3 for the derivative E(#)of 
a speotrality on W . 

Furthermore we obtain hence by Theorem 45.5 

Theorem 49.5. For any separable gf -ideal we can find a re- 
gular rf-ideal ^ such that < > and E (^f ) * E( J). 

Let 4H- ( J ) ( J 6 7^ ) be the multiplicity function of a spect- 
rality on mt Denoting by ** ( P ) ( P # ) the minimal mul- 
tiplicity of the spectral ring # of E , we have by the definition 46 
(1) 



For any J ^^ we can find by Theorem 495 [ t Tirt* for 

* E (J ), and hence ^*- ( J ) *"-(^) Thus for two 
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spectralitie* g and F on *t , denoting by **t th* multiplicity func- 
tion of E end ty +* f that of F , if 

*() <tH, F (J) for every 7^ f 

then we also have the MUM for every * T^t * Therefore we ob- 
cain by Theorem 46.5 

Theorem 49. 6. for two speotralities E($)ji fr(f) ($ 
'Tit / thoro ^rlffta a it ?i^1ffln | y oiMiratoi* 17 moh ^hfi^ 

F(f) X7E(jf)TT* (S<W), 

If and only if *($) * f 'r ( ? ) for vary 3 * ^ > denoting ter 
'H^e tfat nultiPlioity function of ITTl Vf ^*r that of ^' 

Let ^*v ( J ) ( ^ 7^ ) th* nultiplicity function of a spwtra- 
lity (f ) (tt*vt). M, is obviously itself a regular 6"idsal 
containing 0, and hsncs v hav* by ths definition 45(ll) (tfl ) 
as ths derivative of E , considering 4rt a regular tf-ideal. Thus 
ve have by the definition 46(l) 

(1) #*> <1Jt ) * 0, considering Trt '^J . 

If E(J)0, JC<^ t then we have E (^ ) toy 45(15). 
Thus ve have by the definition 46(l) 

(2) 'W'^J-O, JC^ implies ^(^)mO. 

for a sequence J^ 7^ (^ 1, 2,.-) we have by 45(14) 

B( S>>- S B( ^ 

Thus we have by definition 

(3) 4H.(^)0 (u 1, 2,,..) implies 4r( TT $M) 0. 

^ If VI ^ 

IVurthermore we obtain by the foxvula 44<4) 

(4) "*(TTi,)= Min +($) if sup *+ (*) J 1 

" 1 * ^(^)H "XI 

By virtue of Theorem 49.4, there is a regular tf-ideal for which we 

have E ( ) * 0. Thus we have 

(5) sup +($) 2 1. 



In the sequel we shall prove that for any cardinal valued function 
(1fl ) subject to the conditions (l), (2), (j), U), and 
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(5), we can find a Hilbert apace R and a spectrality E (l ) ( f * 
*Ht) in R. such that the multiplicity function of E coincides with**-. 
For this purpose we oust prove the following Lemmas about tf-ideals. 

Itati. *** = j f if *' J. 

Proof. If 5- p ' $ 9 then S 4- $/ c impliea 

5 + I.' *. ':>*'(**!;) J, 

and hence 54- ( $ 4- $"<>)' g . Conversely $4- ( , 4- $ / 
implies $ 4- J ' , because ?/ P ( $ 4- ,)'. Thus ve have 

ty definition 

l,4-3r,> = f, if / 9 



Lemma 2. ^ _L ^> if and only if 

Proof. If ^^* X *, then we can find by definition $ 6 
j ^o and -J- ^ f ^o for which J $ s 0. For such J , J we have 

I + ?a X ^ ** #/ I f * 0, 
and hence 

$ * ($4-I/) (S*$;)c $/*/ =(o^) x . 

Thus we have ^ 3 ( ?,$,)' by definition. 

Conversely if ($ $ ) 7 * < , then we have by Lemma 1 



Since (S - ? d $:<, ) ("5r - 5,3:,) * 0, we have jT^o j. J^o ty de- 
finition, because $ * ^ for vay y J W ^y 45(6). 



5. For two separable JQ -ideals J and ^ we can find a 
set ar < ^yt such that ^ * > g and ^^^ <? > 



Proof. Putting 6 = 0) , we can find by Theorems 43*1 *nd 
45*5 two sets jo "Sp * W such that J - J * i ^ s Jo 
Then we have by the .formulas (9) and (4) in 43 

and furthermore * JL jf^ - ty 

Lemma 4 ^ ^TC if and only if f . 

Proof. If 4 = Ort * then we have obviously J x t J ^ , and 

hence by definition f 7 = 1 ' 4- $ ' ^ . Conversely if 5 ' * 

x 

then we have by definition 4 * , and hence $ * B OTC . 

Lemma 5. For a separable $- ideal J and a system J x f $rt 
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U A ), if (f x f f y g log x* f , then we have / except 
for at most countable elements of A 

Proof* By virtue of Maximal Theorem, we can find a maTlmal sys- 
tem * x ( X < r ) such that P c A , "i x c 5 X for every x P , $ x 5^ 
s for X * y i and $* x ' I J for every X < r. Since J ia sepa- 
rable by assumption, we aee by definition that such P is composed of 

at most countable elements* Thus, putting 5 ZL $ x , we have 

A t p 



For each X P , aince (S^5^) ^ for X T 
assumption, we also have by definition 



Thua, if f x / $ f then we have ($ A .I ')' ^, because (? Ao S ')' 
( ^ iapliea $ 9 (f >,,$<!)' (t&.Y 3f x / Accordingly, 
putting * X0 fA.S,/' we have * x , C Xo , f X| ' ? J and 

i x .^ x c f Xo 'i A for every x r, 
contradicting the aaxioality of the system 3\ ( X T ). Therefore 
we have J x ' f or X ? T . 

Let -nv ($ ) ( J ( 7^ ) be a cardinal valued function on the re- 
gular property *p^f of W satisfying the conditions (l)-(5). A 
regular ^ -ideal 7>^ ie said to be of uniform aultiplicity by 
^,if4H,(^)jl andW*(J5j implies ^ (^ ) ^ ( )< 
Ve shall prove firstly that for any 6 *p^ with ^ (^ ) g 1, 
we can find ^ 3 J tf such that -**. (oj ) s -w^ ( J ) and ^ is of uni- 
form multiplicity* Ve suppose that < J > | is not of uniform multipli- 
city. Then there exists by definition 1ft * 0[ ? such that 
Ht (<J ) t "in, (J d ). For such 0{ we can find toy Theorem 45.1 a set 
S , W for which ^ = $, ? , and hence 2 ' ? J by Lemsm 4- 
Therefore we can find by Maximal Theorem a maximal system f\ t Ott 
(X A ) such that S x f f for X * p, f x x ? | o , and 

** t J*^ x ) * ^^ ( Jo ) for every x A . 

Since is separable 9 such A is composed of at nost countable ele- 
ments* Furthermore we have 

&*** 

because, if . f x e J , then we have by the formulas (5) and (8) in 
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but ** ( Tl J,* A ) % *($) *y the conditions (3) and (4). Thue, 

A c A 

putting S, *(**) , * have I/ ? J, . Furthermore 

A vA ^ 

** (&* ) **($) for S p :> *t, Z'?$o 
Because, if +* (&* ) * ** ( , ) for some $ C f f and $'?,, than 
we hare 5 $ x for every A /t contradicting the naxioality of 
the system S x (X A ). Therefore we aae by Theorem 43*1 and the 
formula 45(9) that * ia of uniform nultlplicity and 



By virtue of Maximal Theorem, we can find hence by the condition 
(5) a maximal system x ^3^ (X A ) auch that x -L $ f for 
X 4 f , and every ^ x (x ^ ) ia of uniform multiplicity. For 
auch f A 7?^ ( X /I ), if TD^r? * 9 #* for ^^^ A. A , then 
we have ** (<^ ) s 0. Because, if 444^(^)^1, then we can find 
^o } <7 of uniform multiplicity) aa proved Just above, and for auch 
< we have obvioualy 0[ t x x for every X /t , contradicting the 
maxioality of the ayatam Jx (X ( ,/1 ). 

For an arbitrary C ^ * we can find by Lemma 3 $ x 'W 
( \ f A ) auch that 

l $X ^ $x ^ ^ x/ x ^x for ever y X A 

For auch A Wc(x.A)we have naturally <f $x j. ^^f for x * f , 
and hence by Lemma 2 (f x Sf)' for X * f . Accordingly we 
have by Lemma 3 J x f * C except for at moat countable elements of 
A . Thus , putting $ * 2H 5 x ** n * VQ tlK and ^y th* f or " 
mulaa (8) and (5) in 4$ f *'*^ 

<fr = I *' = ?5' TT ^t 5 ^. 

M 
On the other hand, for f x ; ( cj we have by the formulae (4) and (3) in 

545 <$*':> Gfc = cj*k J. ^x > and hence 9 5/ J*A. ** fop 
$/ ? ^ , since f 3 5 X , we have by the formulas (4) and (9) in $45 
^f'p^^'a.Jxtand hence ty * ' X x . Thua we have 

<*' i J x for every x*yl, 

and consequently -wt(^^ ) = 0, aa proved just above. Furthermore 
for f x ' f ( we have by Lemma 4 tot * < ** "> x and hence 
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because fi is of uniform multiplicity. Therefore, if <J J. J *. 
not for all X * ^ f then we have toy the condition (4) 
(#) ^(^) Min ** 

* w A 

adopting the notation *. X J * 1BMI11 that * &**! llC * t $ ^ <? 

Since every x (x A ) iaa regular -ideal, me can find by da- 
finition a system of measures /* x (S ) (f <Ht ) ( X f /I ) such that 

x * { : /^x,(S f ) * } for every * A . 

Let ft x be the (L)-space toy this tteasurs /u x and F x (* ) ( f < ) 
the epectrality of fc x for every X f /I . Let > be a set with den- 
sity H ^*i,(lx) and 4 X a sateet of ^ with density **($x)for 



every x A uoh that J \ ^ f f or x * f and ^ 21 ^x . 

f ' XM 

Denoting toy R the totality of those system (*g )^M subject to 
the condition: X s R x for f A K ( A 4 ) and r \\^ f \\ t <*< 9 

we see easily that R is a Hubert apace, if we define 



for every complex numbers o< , fl and 

((-X-S)S<A> (^)|M) 
For this Hilbert space R , putting ** 



* ( ** ' }* * p \(i ) X a *WP * ^A. "* ^* - o ^ * * )^<^ 

for every J * tint and f d ^ , we obtain obviously a projection operator 
Ff t *(f)onR and Ff* (Xl)R is 'isometric to R x for ^ t ^ x 
such that Ff,*(I)R corresponds to F x# (f)Rx for every 2 W . 
Therefore we see V Theorem 48.3 that F;* ( ) ( f "9it) is a speot- 
rality in F^ (XI) R , and 

{F^(i): IC'W} 

is the spectral ring of F;, R and simple. Furthermore we see by 
Theorem 48.2 that for * f 4 x t we have 

fx* if and only if F^( ; )0. 
Putting 

H(S) U F/(f) (SW), 
<4 

we see easily that is a speotrality on 1lt in R * Concerning the 
derivative of this spectrality we have by the definition $45(11) 

A 6(f) (XfA). 
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For each f x f we have F/ ( ' ) for every 4\ t and hence 

Fs R UX) ft* ($) for every ? * 4* Therefore we have 

E () 2 V F/(A) for wry $ e * x> 

and consequently 



On the other hand, for X 4 f A * have J A -t $ f ^ hance * 
can find by definition two seta $o > i d * W auch that 



For auch and $, , we have obvioualy $^ c 5/ and hence 5 d ; 
Thua we have F s * ( $ 9 ) m for * 4f . Since 

F^Ca) F^(A)*0 for f f *J a , 
we obtain hence (%) W F^ (A) = 0. Therefore we conclude 



E( Jx) V F/(A) = for X * f /I , 

$ f 4p 
and conaequently E( J x ) W \J F/(A) * 0. Thua we obtain 



becauae V V> F/(A) = 1. Therefore we have 



Denoting by *& the apactrality of , we obtain bane* by Theor 



= { U F/(f) : i t 
a f 



Therefore ($ x )tf is of uniform Multiplicity with multiplicity 

+- ( J x ) Thus, denoting by 4iv R ( ) ( J * ^ ) the multiplicity 

function of E , we have 

<n* ( J x ) = m ( x ) for every X f /I 

For a -ideal cj 6 ^^ , if 0[ JU ^f x , then we have by 45(13) 
(jx) E(^ ) * 0. Thus, if ^ JL ^ for all X ^ A , then we have 
Vj E ( Jx) E(0 ) = 0. 

Since V E ( J x ) = W L/ F/"(A) = 1, we obtain hence (< ) = 0, 

and consequently / *H-^ (cj ) = by definition. 

If ^ X x i then we can find by banana 3 a set 5 * lit such that 
J x * 5 l and 1? x * a. ^ . For such $ fc'Mt we have 5 ' fc J x t 
becauae f t g^ implies by 45(5) ^^^Jx^'-^^i contradicting 
the aasuBption: Q I J x * Thus we have 
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F/ ( ) * for every f 4 A, . 
On the other hand * have by $43(12) for every $ A* 



Thereiore we obtain E (f x * ) * 0. Since we have by 45(15) 

E(JA) 
we conclude hence 

Furthermore we have 



and (|A )9l ia of uniform multiplicity for every A /I . There- 
fore ve obtain by (^) and the formula 44(4) 

4H, R (^)= Min 4*>( A )= Min ^(JA) 4K(q) 

l^- 1 -^ ?*M 
if ^ X J x not for all x 6 A . 

Thus ve have proved 

Theorem 49*7* If a cardinal valued function *H>() (g 
T^J ) on the regular property j of frt eatisfies the condition* (l), 
(2)> (5), (4), and (5), then we can find a Hilbert apace R and a apect- 
rality E(f) (& t W) in R such that the multiplicity function of 
coincidea with w, . 
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30 Brgodic Theores of Bowvi+d LlfWfltr Operators 

Let T be a bounded linear operator on a Hilbart space R and 

|T"H i X for every * 1> 2 ..... 
In the sequel we Make ue of the notation: T 1 and 

T> 3? T* (fi.l, 2,...)- 
Denoting by M the totality of those elenent* x R for which 



is convergent t we see easily that M is a linear aanifold* farther* 
ore M is closed* In fact, If lie * % , a v c M (v l t 
2 9 *)| then we have for every ^ 1, 2,... 

11 ^ T /^ *"- 7 > x ir i 

and henoe for every /*, f * 1, 2,... 

II T>X- -pT f xiig it T>x k -iT 

Ihis relation yields for every v & 1, 2,... 

M ,|sL " ? T /- % - T T f x|li * 

and consequently 



Thus -j T^ x (/AS 1, 2 > .) is oonvergent f that is, X M . 
For every X R and y* s 1, 2 9 ..*, we have 



because for if > /* we have 
iT k (l-T' t )* 



and henoe 

x| for 
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Since x-.-1-rx * "T-^ (*- T r-t x) t w* obt^n further 

~ i r* F 1 

,Jfc. T "<*- Tr^*)"' 
for every x R and /* 1 2 ..... 

Since II T^x || <j JT A * II for *very yu * l t 2,..., can 
find by theorwi 9.11 a aubaequenoe p* (i/ 1, 2 y ..) for whioh 

yfc T^X <*!, 2,...) 

ia weaHy eonvwgaat. FOP euch /+* ( 1, 2*..) t patting 

U W-li -i- TM^X, 

v k-t ^*i r*' f 
a bare by Theoraai 10*9 



and hence 

3- T} wjU^i V(*-T). 
On the other hand we have 



aa proved Juat above. Thus we have TV H , and hence w ( M . 
Since 

X - J x M for every a 1, 2,..., 
/** r" 

aa proved Just above , we alao have 

3f w -^ ( x - 7bV*> * M 

because M is a oloaed linear manifold. Thus we obtain 

X = (x-Jf) + cM for every x R. 
Therefore we have 



or "f on E Hilbert 



, 2,...) 



This Theoreej 50.1 la called Mean Brgodic Theorem of bounded linear 
opera, tore* 
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51 Ergodic Theorem of Dilatators 

Let ft bo a closed ring of projection operators containing 1 in 
a Hilbert space R . For a bounded dilatator T by ft , we have by th< 
formula 25(33) 

tl-TJ(l~ T) * 1- T, 
and hence 

(l- [1- TJ)T * 1- [1- T 3 . 
Thus we have 

(1- C1-TJ)T W 1- (1- TJ 
for every i> s 1, 2,*.. , 

If II T II 5 1 then we have by Theorem 25.4 

I T"| $ 1 for every y l f 2,..., 
and hence we obtain by the formula* 25(40) for every /w. = 1, 2,... 



I % I / ILL* / I JX I * * I M 

Therefore we conclude by Theorem 26*6 

D-lim [ 1 - T] -i- 'ZL T " 0. 
Since 

we obtain therefore 

On the other hand, recalling the formula 25(31), we obtain 
(l-[l-T3)R { * : Tx*x}. 

Thus we have by Theorem 11*6 

1- U-TJ * P {x . Tx , x j. 
Therefore we can state 

Theorem 51 a. For a bounded dilatator T by ft. . if H T II < 1, 
then we have 



Recalling Theorem 26.8, we conclude from this Theorem 51*1 
Theorem 51 .2. for a bounded dilatator T by tt . if II T M $ If 
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then we have for every * R 

*' 



. . - <*:~- I 

Let /V be a bounded normal operator on R . J/ is obviously 
closed, and furthermore regular by Theorem 32*3* Therefore there 
exists by Theorem Ml a closed ring of projection operators contain- 
ing 1, by which /V is a dilatator* Since the ring convergence im- 
plies the convergence by Theorem 21*6, we conclude hence by Theorem 
51-2 

Theorem 51. J. For a bounded normal operator y on R , if we 



have ii/vn < 1, then we obtain for every 



52 Translators 

Let ft be a ring of projection operators containing 1 in a Hil- 
. bert space R. A unitary operator 17 on ft. is said to be a trans- 

lator of % , if 

T7 #TT* =: 71 . 

If 1R. is not closed, then we see easily by the formulas (2) and (}) in 
41 that every translator of K also is a translator of the closed ring 
ft generated by $ . Thus we consider the case where tf. is closed in 
the sequel 

Let 17 be a translator of a closed ring ft For each x 6 R , 
we have obviously by the formula 4l(l) 

tir x] = -acx j tr* 

and hence 



An element Ou R is said to be an invariant element of T7 , if we 
have T7 Oc = (V . For every invariant element 0. of T7 we have ob- 

viously 

TTCoul = toOtf, TJ C Cal = C Cal T7. 

For two symmetric dilatators Ht and H t by & we define H t ^Hi 
and H t ^ Hi to mean 
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for a synnetric dilatator H by ft we define H* and H" to mean 
H* * H ^ 0, H- (-H)* 

With this definition we eee eaaily by the formula 25(26) that we have 
CH 4 HH"J =0, H3 * tH*J+ IhTJ, 

HlH'J * H*t HIH-] = - H". 

Let H be a ayunetrio dilatator by ft in the sequel and we also 
nake use of the notation: 



(^li 2,...)- 
f 

With this notation we have obviously 

(M) ^ H <0 * /* H c/I0 e (k fO'O^Hc.^tjV* for i/ 

Theorem 52.1. For an invariant element a o "C7 we have 
(Ha.o.) j ( f A CH Cf ;]Ha t a), 

1 Hct haa any sense. 



Putting p f * i - tH ;l, 

P^ "(1- CHo^oJ)^ [M Cf rl (K 
we have obviously 

p f i-W iH Cf rit 

fe r ft if> 

Pk S CH <r) -J for i/ { / u, 

P^CH^4irJ 0. 
for ir > p , we have ty () 

"Hc^Pv-i /^H tf0 P v . l ( 
Since 

HUI^.I HcrtCH,]P^i 
* H^/Pv, S 0, 
Ht^) PM-I * H c ^ LH t ^)' JPy.i 
we conclude easily 

and hence. 



Putting f P - /M, , we obtain therefore 
* 
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This relation yields 

P* ( V**-' PI,-, V') * for v f p $ f $ l, 
because P^ 5 lH (p) "J for /* j f . For an arbitrary K s l f 2,.* M 
putting Q K P K , 



we have obviously Q^ $ P^ and hence 



Therefore we obtain 

fl^(T7* l ' - *Q lr T7*'- x ) =0 for 
Furthermore it is obvious that 

Q / u(^* l " X Q^V l " A ) s: for 

Therefore we see easily that 



if */ * ^4. or > ^ f . 

Since tM Cf ;] (^**" f p l .. l T7""') * f or * j f 5 1, we have 

tf'^-rp^t^-'s l-[H Cf4l) -] 5 l-JJtH Clr| -3 k 4 Pu> 
and hence 

T7*^^a r T7^" f < ft P,, for $ f * /* l 

On the other hand we have for 5 f* < K 



Thus we obtain 

21 T7*'*' f 4UT7'*- f L ? = 

0ff^/i,f)C " ' <l0 

Since TT ou = (t 9 we have therefore 
((1-*A CH, M -J)Ha,<x) 
= t 

/* ?7e 



Since tH c ^,fJP^ and Q^ ^ P r t we have 

Hc^fc/* Mc^otHc^./ia^ * 
and hence 
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G^a f <t) 2 0, 

because both H (fA ^ t ^ and Q,^ are positive dilatators by ft . Thus 
wa obtain 

(Ha,a)2 ((J5 4 tM M -l)HcL f a). 

Fbr a sequence of symmetric dilatators TV (* e !> 2,*..) by ft 
if there ia a symmetric dilatator T bgr tt for which T y g T d for 
ovary i/ as 1, 2,..., than we sea easily by Theorem 26*1 that 

up (T v> $) 
** 1 

la finite continuous in soae open dense set of the proper space ^ of 
91 . Thus, putting 

T . J sup (T. t j)dJ, 

we obtain a symetrio dilatator T by ft . This sysaatrio dilatator 
T will be denoted by 

TV. 

*m\ 

With ttiia definition we have 

Theorem 52,2. If a svaetric dilatator T is cosautative to 
^ and both H OL and Tec hftv^ a rw w>^e for an invariant eleoent cu 
jgf T7,^an ^ (H c ^ /% T ) * T iaplies (H a,et ) J (To, t a). 

Proof* For an arbitrary > 0, putting 

K * H - T * , 
we obtain a syas*tric dilatator K by fl and we have 

^<^ " H t ^, - T * I (v 1, 2 t ...)i 

beoaue T is oooautative to TT by assunption. By virtue of Theorem 
52*1, we have then for every K si, 2,... 

(Ka.ft.) j (( v AtK <w) "])Ka,^). 

Thus, putting P s H LK (lr) " ] , we obtain by Theorem l}-5 

(Kcc,Ci) g (PK<X,o.). 

Ve shall now prove that P = 0. Since P i t K (M *J for avery 
v = 1| 2,.,., we have 

K< t ,P - KU)!",,,,-!? - -K^-PS 0, 
and hence 

TP- iP fc Hc^P 2 (H(^n T )P 
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for every v = 1, 2 ..... Thus we obtain 

TP. 



This relation yields P * 0, because t > 0* Therefore we have 
( K <x , <x) 0, and hence 

(H<x, cu) fc (To,,o,)- e Han 1 . 
Since I > may be**e*traiy, we obtain hence our assertion. 

For a sequence of symmetric dilatators TV (fel, ,..), if 
is a symmetric dilatator T by ft such that 

IT^l 3 To for every i/ a l f 2,..., 
then we see easily by Theorem 26.1 that both 

I^(T. J) and Jt^(T^,^) 

are finite continuous in some open dense set of ^f^ Thus we de- 
fine Tim T,, and lim TV to mean 



With this definition we see at once that T u (v = 1, 2,...) is 
D-convergent if and only if 



For an arbitrary /w. s 1, 2,..., putting 
H * 



H 

*.-P 

we obtain two dilatators H and t! by 91 Both H and H, *re com- 
mutative to tT . in fact we have by definition 

* * Tim 



H , 

and we obtain likewise T7 H 17 * = H . 
Since H ^ H and 

(O (H (I ,^ H )) 
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ve see easily by definition that 

[H-tilH $ [H-HJ V 3 (H lw) AH) 



because 

T7CH - BJT7* lT7(H - ti)T7*J tH - J. 
Thus ire obtain by Theorem 52.2 

(CH-BjHsoOs (CM -til Ha*,*). 

Since 

H - -.(((-H) Cl0 A |* )^ (-/*)), 
obtain likewise 

( C H - H ] H a, , a ) < ( C H - B J H a, f a ) . 
Sinoe H < H , we conclude therefore 



and hence (( H - tt )a , ** ) * 0. Sinoe H - H S 0, we obtain hence 
by Theorem 33.4 ( H - ij ) ou = 0, and hence by Theorem 25. f 

H CcaO s t! ^co 
furthermore we have 



H C tal 

because T7 C co-i^* s ^C<O Therefore we conclude that the se- 
quence 

((HC [fc ,) to A f*)v/(_ r ) (!, 2,...) 

id D-convergent for every ^ * l t 2|.. . 
On the other hand we have 



Thus we oan find by Theorem 50 ! an element -f f R for which 

^(HCciA,,,* = * 

and hence there exists by Theorem 21.6 a subsequence v^ (fA = l, 2,...) 
for which 



Thus we have by Theorem 21.8 
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in some open set being dense in ^C taJ Therefore we obtain 
HC^)^, . ( (,$)<<$. 



Let T be a dilatator by ft such that T& has a sense. Put- 
ting H a TeT*, K * (~C)T* iT*, we obtain symmetric dilatators 
H and K by ft for which both H a and Ko, have sense, and 
T = H C K. 

Therefore we can state 

Theorem 52.3. For an invariant element a of a translator T7 

of ft and a dilatator T ]5L ft i the sequence 

1 iz. 1 - -. / * 
2Z. TT^ T "(7 *^ Cr*i (i/al. 2...) 
^ f . f c ^ 

la P-convergent. if To, has any sense. 
*or every X R , putting 

T - j <*>* 

we obtain a dilatator T by ft and To- has sense. Since 



we obtain therefore by Theorems 266*6 and 51*3 

Theorem 52.4- For an invariant element a of a translator "0 
of *R we can find a sequence K 9 P f T f ^, C* CoO such that 

<*>?SU p f ( T^>^a3x) , Pf P <<: ^.^Wit 
for every x R and f = 1, 2,..* . 

53 Ideal Spaces 

i*t ^ be a closed ring of projection operators in a Hilbert space 
R. , ^ the proper space of ft , and ^ the commutor of ft . For 
an element e R and a point f t *^^ce J * w shall denote by R e ,* 
the totality of those elements X R for which 

lim 



We see easily that R>e, * a linear manifold of R . For each 
^ * &e, w ball denote by <x, e '<? the totality of those elements 
x < R c , for which 
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li. JLfif^JL .0. 

P-*$ ii p e H 

Then we have obviously by definition that 

<X f ' Jt*>* ifandonlyif a 6 ^*'* . 
Furthermore we see easily that x * a*' , <, <l*' implies 



for every complex numbers o/ , |& . Thus we define at &*'+ B e ' 



o< a> * p' 

With this definition we obtain a linear space **'$ ( X Re,*). 
This linear space will be denoted by R ' . 

For every X d e> $ and ^ e 'J we have 



lim 



Hpeil 1 P-*| 

because 



| (Pa t 



Therefore we define (&*' , 4***) to mean 
(1) (a**,***), li. lE^L 



Vith this definition we see easily that (a e *$, e '$) is an inner pro* 
duct on R e 'J , and hence R e ' is an inner product space by this inner 
product* This inner product space &*' is called the ideal space 
of R at | by 6 . 

Concerning the ideal apace R e ' , we have obviously by (l) 

(2) ||X f '*l - H ' P * 1 . 

II P e II 



Consequently we have 

(3) ilC e '*H nl. 

For each x Re, j , we also have & x R c - for every ft Tt , 
because we have for every P fi 

II P d X || s || a P x || 3 || P x |l . 
Furthermore we nave obviously by definition 

(4) (Px) e >* = x e * for *et7p , Pe 71 . 
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If **? * 0, then for any ^ K e ,j ve have by 19(12) 



IP 



P x u p-*f u p e H 



u 

Thus, putting of = (~tjr)i ** obtain 



Hpen 

P<. u. IIP(Cx]^x)ll. m 
II P e,l! P^# H P x U 

because we have by the formulas (4), (5)t and (12) in 19 



Coneequntl> wa obtain (C 1 ^)*'^ = i X*'* by definition. Thu 
we hav 

(5) (CxJ^) e> * =(^,j) e> * for<,^tR,,j, 

adopting the convention oo = 0. 

If ( '> , $# ) = 0, then we have ty (5) 
)**. U. < P[XJ ^ t 

p-*f UPC n 



u pen 1 
) (**'*, *) o. 

Conversely if (Cx J 3 )*'f = 0, then we have by 14(3) 



4 

P-J u pen* fHMf u Pen* 



Therefore we have 

(6) (X '*,^***) s if and only if (LXJ^)*'* = 0. 

Theorem 53.1. If .X*'* * 0. then we can find <f. * &* 
such that X 6 '* ^. e * , t^J = Crm Cx] . and 

P ^ II * H X*'* /I P tx , 6 II for every P K . 
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Proof* If x*>* * 0, than we have obviously C tx , * *y 
definition, and hence by the fonula 14(l6') 



Thus t Ctxi^JTt la iaomorphie to C C CC) X) ft . Furthermore both 
Cfcx-jCm and CC c jXl3l are simple toy Theorem 20.5 * There- 
fore we can find by Theorem 41*4 an element a [ C e] xJR such 
that 

|| p a, |i = R p tx j e tl for every p 6 *R . 

For such (V we have 

ta] L C t ei x ^ 

Becauae pa 0, P t 71 implies p C Cx j = 0, and hence by the 
formula 14(19) P ce] * = 0. Thus we have 

CtO 2 C t<?ctj x 1 

On the other hand we have obviously C a ] j t (? ce j x] , and hence we 
conclude by Theorem 19.3 to,] = C (?ctj ^3 

Since C tx3 6 ^ , we obtain further by the formulas (2), (3), 
and (4) 

U0, f '*ll II (C Clc ie) '* = lie 9 '*H l. 
Since [<X1 = C cei Cx] ^ Cx3 by the formula 14(6' )> we obtain 
by Theorem 19*4 



and hence (lcUx) e * = X e '^ by (4). Thus we obtain by (5) 

x' -(i,f)a'*. 
This relation yields 

llxMll = |(i, ^)|||OL'*|| = |(i, $)l. 
Therefore, putting 

-<!-.*)*. 

we have obviously x e '^ = # e ' , and 1^3 = t o~ 3 , because we 
have x f> ? ^ by assumption. Furthermore we have 

p ^ it = i(^ , )l it P<VH = iix e '* ii HP c cx ,e a 

for every ? 01 . 

Theorem 55.2. If (^ x ) e> * =0, ft & , then we can find 

an element * such that 
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Proof* We need only consider the case where x*>X * 0. 
Putting 0, s (l - , )x f we have ft CaJ by the formula 14(l), 
and further by assumption 

0.*'* * *- (ftx) a -* * x*'*. 

Since x e '* * toy assumption, we can find by Theorem 53.1 an ele- 
ment y < *e,j wh that a.*'* >*'*, t? * C C ej *** 
and 

II P II * II 0,*'* II II P <?c<n e II for every P #. 
flor such ^ , we have obviously x e *= J c *?t AC^JsQ and 

^ < H x * tl C CM e -< II x e *^U6. 

Theorem 533 For a sequence x, * R (/ * 1, 2f.)> it 
for any ^ > we can find i/ f such that 

* - X^ ^ e 12 ^ . r J ^ t 

then x^ e J (vsl,2,..) is convergent in the ideal space R e f 
and for X * ^lim^ X v t <ie have 

X C 'J li Xi,*'*. 
*>- 

Proof* From assumption we conclude easily that for any ? 
we can find ft such that 

X - X i, -< e for is 2 f* . 
Thus we have by definition X - * &*, and 

II (x- -x*)*'* { e for i>tv*. 

Since x*, R c , for every P = 1, 2,..., we conclude hence that we 
have X , and 

|| x e '* - X^ e ** II g for k 5 **. 
Therefore we have x*'J li X k e * J . 






Theorem 55, A* The ideal space R^f is a Hilbert spsce. that 
is. fc f '* is complete, 

Proof, Let af>t (* 1, 2,..t) be an orthonormal system in 
& c >? . Ve shall prove firstly by induction that there is a sequence 
* Ae,j (* 1 2,..,) such that 

a/'JT = x^'/, *4, X 6 (<^ It 2 f ...), 
l*UX1 f or v * ^ 
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Putting *t = CL 1 , we suppose that there exists x w (* = 1, 2,..., 

*) such that *f'* x^'l , x v -< C (y 1, 2 *), and 

Cx^J tx r j = o f or / * ^ * 
Then we have by assumption 

and hence by (6) 

( C *v J^K*^ * 35 for every v = 1, 2,* .., *. 

This relation yields 

( C. l*vlOt K4l ) '* = 

Since Cx k Hx*vl =0 for i> * /^ by assumption, we have by Theorem 
12.6 






Thus we can find by Theorem 53*2 an element * K41 fl-,j 0uch that 

because Ho^x/^ II =1* Therefore we see by induction that there 
exists Xj, Re, * (i/ = 1, 2,...) subject to our requirement. 
For a sequence of complex numbers ot^ ( ^ = 1 , 2 , . . . ) i if 

00 ~ 

then we have for every p fl 

HPCII 1 lo^^l 1 , 

because we have for * $ /* 

( Px* , PX^) s (p Cx^3 Xi* , P tx r )%^) 
(P x v> Cx^3Cx r ]x^) = 0. 

Thus 21 o w x v f ^ is convergent by Theorem 53* 3 Therefore we 
conclude by Theorem 7.10 that R > $ is complete. 
For each 7C f R , putting 

?()= lim 1 P X !ij- for tT7^.^. 
we have by Theorem 16.2 

II Cr+* * 
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Thus we have x &*, for very except for at most a nowhere 
dense aet in "^Ctei* Furthermore we have by (l) 

\.i*.*>- j (x' 1 * 

tei 



en 1 . 



Therefore we can state 

Theorem 53.5. For each x & , we have x fit,* for every 
*cept for at moat a nowhere dense set in ^C^-y ftpd 

ilX'*H* lUC II*, 



Theorem 536. I (fD-lii^ x w X t then we have 



for every J except for at most a nowhere dense aet in 



Proof. If (ft)-llp M af., = X , then there exists by defini- 
tion an element / R. such that for any > we can find V* for 
which 

*w - X -< 6 / for ^ g Vo. 
For such <( ( R. , putting 



we obtain by Theorem 18.2 a continuous function ? on "^Ccc3 8ucn 
that 



P 

Since { J : <f (^f ) < f } is open, we can find by Theorems 15.6 
and 15*9 a sequence P f 'H (f = 1, 2,...) such that 

?P, - ($ - (^)< f J" (f sl 2fO. 
For such P f (fsl, 2,...) we see easily that p f f^, Ctej 
Furthermore we have for every f = 1, 2,... 

f ^e u a * f P f ci f f 



and hence 









P f X - P f X < I f P f e for i/ fc i/ f '. 
By virtue of Theorem 53.5, we can find an open set A being dense 
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in TTCtei * uch that * **> for 0ve *y $ ^ F0r 8UCh 
we have further by (4) 

(P f x,) C '* * *'* for 6*Vp fl fl, 2,... 

and hence we obtain by Theorem 55. 5 

* 

**> */* - *>* for / TT Ff . 
On tb* other hand h*v* toy ThorM 15.7 



54 Reduction Theory 

Let T be a bounded linear operator on a Hilbert space R and ooa>- 
BUtative to a eloaed ring of projection operator* ft For every ele- 
ment * c R e> , we have by 53(2) 



(Pen r+f UP en 
3 UTIUI x a 'n. 

Thue X e >$ sO implies (Tic) e '* = 0, and hence **' =s ^ 6> * 
implies (T) e ^ *(T #)*'*. Therefore f putting 

(1) T f *^ z f> * = (TX) e * for XRt,, 

we obtain an operator T e ' on the ideal apace R e> . This ope- 
rator T e '* ie called the reduced operator of T on R**^ . The 
reduced operator T e 'f alao is obviously a bounded linear operator on 
R e '* and || T e '*H < II TIL 

For the adjoint operator T * of T we have by definition 



IIP e 



for every X, j At,* ^hus we have 
(2) 



Therefore we see that if T is symmetric, then the reduced opera- 
tor T f * 9 also is symmetric. 

For two bounded linear operators T, and T t commutative to 7t , 
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we have obviously by the definition (l) 

(3) (T,T a ) e '* * T.* T t e *. 

By virtue of the formulas (2) and (}), we see at once that the 
reduced operators of unitary operators also are unitary operate"* 
For every Q ft we have by (2) and (3) 



and hence the reduced operator Q, * J also is a projection operator 
on the ideal spaoe *'* . 

$$ ^e a * ?* - <? ) ft $ ^<v e** and 

hence a*' * = by definition. 

How we suppose that $ < ^(?a * ^ Tlrtua of Th9orw 42.2, 
we can find # *& that 

S < ft 4. (Cn-Ca), ^ s C ^ 

and furthersore S H is a simple ring. For such we have ob- 
viously C a S C ft Ct ft *nd Ccejl s< K also * a i"Pl 
ring by Theorem 20.6. On the other hand Cej C a fl is a simple 
ring by Theorem 20.5 and isosorphic to C cel C^ S f? > because we have 
br the fornula 14(16') 



Therefore we can find by Theorem 41.4 X C ce j C a S R such that 

II P C a e II H P % II for every p <K . 

Since * C ft by assunption, we have hence by definition 

|IX e ' H II e c * II =1. 
Furthermore we have 

QNP x e '* (a*) e '* * (C a &x) e> * m x , , 
because Gl>C<tSsiid C a SR^*- Consequently we obtain 
Q e >? 4 0. Therefore we have 

Theorem 54.1. For a projection operator Q ^ we have 
ft e> * if and only if ? TJc a 

Let ^ be a closed ring of projection operators containing 1, am 
T7 a translator of 4" . Putting 

% * {P : PU * VP , Pr}, 

we see easily by the formulas (2) and (5) in $41 that % also is a closed 
ring containing *1 and fl c V C ^ Putting 
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r e>$ * { a e,j . a f r j f 

we obtain obviously by (5) a ring of projection opera tore fl" e 't? on 
the ideal apace R*><? by 'H Furthermore the reduced operator 
T7 e * of t7 is a translator of V * J J . In fact we have by the 
formulas (2) and (3) 

tf*>* Q*'*T7 e '$* = (TTQT7') e 'J ?*'*. 

For some ft *T> if * & e ' * *> then we have by definition 
P L ? 71 for J T7 p , p ft and hence P Q, "(7 * XT P Q for 
J t7 p , P 6 01 . Thus we obtain 

P (1 - a ) T7 Q -0* 4 for 5 e T7 p , p ft . 

This relation yields by Theorem 34*1 

(1- <a e '*)x7 e *a e '*t7 e >** *0, 
and hence Q,*** X7 e> ^ * T7 e '^ Cl e> ^. Therefore we have 

Theorem 54 2. For a translator ~g of a closed riiy of projec- 
tion operators T oontaining 1 putting 



we obtain a closed aubring ^ jof y containing 1, and the reduced ope- 
rator t7 e >? of X7 in the ideal space R e ' by_ ^ also is a transla- 
tor of the ring { Q*.| : Q ^ *?- } such that we have 



if and only if Q. e> * = 1 or 0. 

55 Measure Preserving Transformations 

Let W be a totally additive set class in an abstract space SI 
and yu. a measure on W . With the same notations in 48, we shall 
say that a sequence f y L x (v = 1, 2,...) is mean convergent by /* , 
if we can find <f ( L x for which 

^(%)- (%)lV4) =0. 

Then we have obviously by definition 

Theorem 55-1- A sequence 9> v ( , x (v = 1, 2,...) is mean con- 
vergent if and only if C ^ U = 1. 2....) is convergent in the (Lt) 
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space R b /* . 

Let E (J ) ($ W ) be the spectrality of the (L)-space R b/ 
/u and % the spectral ring of E . For <f , > * L a , if we have 
C ^ < C Y by ft , then we have by definition for every $ f 4it 



On the otner naud, putting 

* = U ~ \f (* t )\> IY ("5)1 }, 
we have | <f ( $ )\ > |V (t, )| for every $. , and hence 

> 



I: 



Thus we conclude 



( 



and hence |U (ir a ) a o, because 1^ (t )l > I >(% )l for every 5 t $. . 
Conversely if /*(-50) = 0, then we see easily by definition that we 
have Cy X C-y , Therefore we obtain 



Theorem 55*2. We have C y < Cy, JSc if and only if 



A sequence ^ v LI (^ = l t 2,...) is said to be conv 



everywhere by /* , if we can find <f L i and 5 ^ W such that we 
have /u(f ) = ^ (/X) and 

Urn^ <? ( ^ ) * <f (^ ) for every $ f . 
With this definition we have 

Theorem 553 A sequence <f v < LI (^ = 1| 2,...) is oonver- 
genv almost everywhere by ^ , if and only if we can find a sequence 
JtiPftp?, 1 and an element a R such that 

OJO-lim PA C< * P f 0, for every P a 1, 2,... 
i"*oo r ^ r * 

Proof. If (TO-^im^ C y ^ =0, then there is by definition a 
function V L i such that for any i > we can find */ for which 
C^ t < C^, for every p ^ i/, . Thus, putting 
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we see easily by Theorem 33*2 that /*(!)= /* (A) and 

lim <f y ( $ ) s for very 5 * $ . 

V-+O* 

For a sequence # * Pp t/Ti 1 we can find by Theorem 48.} a se- 
quence $ P * WC such that Pf = (lf) (fl, 2,...). For such 
i f (f - 1* 2,...) we have E ( Jl f ) = 1, and hence by Theorem 48.2 



If (*U-llm PpC^,, =0 f or rry f si, 2,..., then, since 



we can find ^ptlrt such that f*( f )= /*-((l) and 

lim Xi (^) < fi/( 1 7)=0 for every JJ c -5^- , f = 1, 2,.., 
as proved just above. Then we have 



and hence <f^ (i/ 1, 2 t .) is convergent alnost everywhere by p 
Conversely if y^ 6 L x (^ = 1, 2,...) is convergent to for ( ^ 

then, putting for f * 1, 2,... 
{ 5 * I ft (5 )IS f for every j, a 1, 2,...}*, 



we see easily that -J-, C -f, C .... /* ( i^ f ) a /* (A*), 



f t i, 1 9 2 9 ... 

Thus we obtain (3^)1^, ^ ^ Theorem 46.2, 

C H,,, > Vf,^ > **-. C >P., <f * 1. 2,...) 
by Theorem 35*2 and by Lena 2 in 48, and further 

, e(^f)c<f. c Xf ^ ?v < c^ k (f ,u ai f 2,...) 

by Theorem 55.2. Therefore we conclude by Theorem 21.? 

(^)-lim o MSr^Cy,, *0 for every f 1, 2,... . 

A one-to-one correspondence T^H. ( ^ *U ) from iTl onto XL 
itself is called a transformation of fyt , if T W = W , making 
use of the notations: 
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For a transformation r of in , using the notation; 

<fT(ij)= <j>(7%) U/L) 

for functions <J on A , we see easily that ? T is (*l)-asasuimbls if 
and jnly if <f is so. 

For a transformation T of ^rt we shall say that T preseiretths 
measure /* , if yu (T f ) /* ($ ) for every e *t< . 

Let T he a transformation of Ore which preserve! the measure /* 
in the sequel* Putting 

TT T C, * t^ T (<f * ^ t ), 

we see easily that IT 7 is a linear operator on the (Lt)-epece R by 
^c . Since we have for every <f ( LI 

1 



and the range of TT T coincides with R , Uy ia a unitary operator on 
R. . Thus, reoallin Theorem 55*lt wo obtain by Theorem $0*1 

Theorem 55.4* For every transformation T Jt Off t J T ** 
server a measure yu oa w t then . ^ T^ (* " 1 t 2 t ..) jy. 
mean convergent by ^ for every 9 Li 

This Theorem 55*4 ia called Mean Srgodic Theorem. 

Por the characteristic function X $ of J * #t we have obviously 



for the inverse transfornation T " ! of T v because 5 ) T$ if and only 
if T" 1 $ 9 % . Thus we have by definition for every <f t Li 



etnd hence U T E (i)TT T * = E(T" 1 S ) Accordingly TTt i trana- 
la tor of the spectral ring 01 of E t Therefore, recalling Theorem 
553> we obtain by Theorem 52.4 

Theorem 555. For every transformation T St W i ii T 

1 y m I 

serves a measure yn on. Tyt t then 2H ^ T ^ (^ 1, 2,...) 

^ T*o 

convergent almost everywhere by yu . 

This Theorem 55.5 is called Individual Krgodic Theorem. 
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APPENDIX PROOF OF f t t 

In irrooi of Theorem 43 3 we have admitted without proof the fact 
that for a system of different cardinal numbers A.^-^ (A, A) we 
have 1 /^ g j. , if / is infinite. Since the density of /**is 

not greater than / , this fact follows immediately from 

Theorem C \2 ~ C for every infinite cardinal nmnber t> 

Proof . Let A be a space with infinite density. For every 
siet A * we denote by A the totality of finite systems of elem- 
ents from A , that is, 

With this notation it is evident that for every A and B with same den- 
sity the density of A **> coincides with that of 6*^ . Furthermore 
the product of the densities of A ** and 5 ** is obviously not greater 
than the density of (A 4 B ) w Thus, denoting by /f A the density 
of A ** 9 if the density of A is infinite, then /pj A = $& . 

Therefore we need only prove that there exists a subset A C SI 
for which the density of SI coincides with that of A ^ By virtue 
of Maximal Theorem we can find a maximal subset A C Si with a one-to- 
one correspondence between A^ and a subset S^CJT. such that A 8 A 
and the density of A is infinite. Then the density of Jl - B/l is 
not greater than that of A" Because, if the density of ;0u - B + 
is greater than that of A *** i then for an element OL Jl - B^ the 
density of {a , A }" - A^ is lese than that of Jl - B 4 , since the 
density of \& , A J w coincides with that of A "* Thus we can find 
a subset &, .. c id &n ^ a one-to-one correspondence between {a , A}** 

i **/*! 

and 6^ a ^\ such that \ a , /4 \ C g> /a ., and this correspondence in- 
cludes the correspondence between A and B^ , contradicting the maxi- 
mality of the subset A . Therefore the density of JI - BA is not 
greater than that of A w , and hence the density of Tl coincides with 
that of A"* t because the density of TI is infinite. 
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